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Resumen

En esta tesis obtenemos el resultado exacto para la amplitud cuatro-fotén
a un-lazo fuera de la capa de masa en D dimensiones y con uno, dos y
cuatro fotones en el limite de bajas energias en electrodinamica cuantica
escalar y espinorial. Para este proposito, usamos las técnicas y metodos
del formalismo linea de mundo. Ademads, verificamos nuestros resultados
al calcular una correccién del propagador del fotén en un campo externo y
de la funcion-g a dos-lazos.

Palabras clave: Electrodinamica cuantica, un-lazo, escalar, espinorial,
hipergeométrica.






Abstract

In this thesis, we obtain the exact result for the one-loop off-shell four-
photon amplitude in D dimension and with one, two and four photons in the
low energy limit in both, scalar and spinor quantum electrodynamics. For
this purpose, we use the techniques and methods of the worldline formalism.
Furthermore, we test our results by computing a correction to the photon
propagator in an external field and the two-loop S-function.

Key words: Quantum electrodynamics, one-loop, scalar, spinor, hyper-
geometric.
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Introduction

The study of light has been of big interest in physics, because the study of
this, in the long term, could help us to understand in a more precise way
the behavior, the structure and basic properties of matter. Classically, the
description of light propagation is given by Maxwell equations that are a
set of linear equations both in the sources and in the fields. For this reason,
Maxwell equations do not predict photon-photon interactions since it is a
nonlinear effect and a purely quantum-mechanical process.

The photon-photon interaction is possible due to the production of
virtual electron-positron pairs, for example Delbriick scattering (1933) or
the elastic scattering of a photon by the Coulomb field of nuclei is one
of the first nonlinear effects that has been observed experimentally [I, 2,

, 4]. This process is shown in Figure 1, diagrammatically, where the
crossed lines in the diagram mean that there is an external interaction in the
corresponding leg; in the case of Delbriick scattering this interaction is with
a Coulomb field. This diagram also can be associated to the birefringence,
but in this case the interaction is with a magnetic field, since birefringence
refers to the change in the polarization of photons when they travel through
a region of intense magnetic field. This effect was first pointed out by Adler
in 1971 [5]. Unfortunately, as to date, there is no experimental observation
of this effect even with the big effort that has been done to observe it, for
example, the PVLAS (Polarisation of Vacuum with LASer) experiment in
Ferrara [0, 7, 8, 9, 10] that dates back to the end of the '70s and now is
in its fourth generation. However, photon splitting or the process where a
photon splits into two photons after the interaction with an external field
[11], is another good example of an observed nonlinear effect [12].

In this work, we focus in the photon-photon scattering, particularly
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Figure 1: From left to right, Delbrick scattering or birefringence, photon
splitting and light by light scattering.
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in the interaction between four photons mediated by an electron-positron
loop, also known as light by light scattering. We analyze in more detail
this effect in Chapter 1 starting with the Euler-Heisenberg Lagrangian and
ending with a short review of the most recent experiments related to this
process. In Chapter 2, we present a brief explanation of the formalism
we implement to carry out our calculations, the “worldline formalism”.
In Chapter 3, we present the integral form of the one-loop four-photon
amplitude for none, one, two and four legs in the low energy limit for
scalar /spinor quantum electrodynamics (QED). In Chapter 4, we present
the analytical result for the amplitude with one photon in the low energy
limit and we connect it with some theoretical results. In Chapter 5, we
present the explicit result for the amplitude with two photons in the low
energy limit and we verify this result by comparing with the photon prop-
agator in an external constant field and with the corresponding two-loop
corrections to the S-functions of scalar and spinor QED. In Chapter 6, we
present the result for the amplitude with all photons in the low energy
limit. In Chapter 7 we present some conclusions. In the appendices we
present some conventions, formulas and a lot of details of our calculations
that were too lengthy to present in the main text.



Chapter 1

History of the four photon
amplitude

In 1936, Euler and Heisenberg inspired by Dirac’s theory of the positron
computed the nonperturbative, renormalized, one-loop effective Lagrangian
for quantum electrodynamics in a classical electromagnetic background of
constant field strength for spinor QED [13]

Lopin = —— / 0 e ¢ abiy” S (02 — a?)
s he Jo 73 tanh(ebn)tan(ean) 3 ‘
(1.1)

where €. is the critical field strength

and

= VEIE-F b= VEIGE+F (13

with F and G two Lorentz invariants
1 /= = Lo
]-":—§<E2—BQ), g:-(E-B). (1.4)

This effective Lagrangian, equation (1.1), generates all the perturbative
diagrams in Figure 1.1, only when all external photon lines are in the low

3



4 1. History of the four photon amplitude

energy limit, since in this limit, the background field strength tensor F),,
can be taken to be constant. This allowed Euler and Heisenberg to write
(1.1) in a relatively simple closed form. Nowadays we know this expression

»wp b wwd/g\rmm +
N

Figure 1.1: Perturbative expansion of the Euler-Heisenberg effective La-
grangian in terms of Feynman diagrams.

as the FKuler-Heisenberg Lagrangian.
In the same year, Weisskopf computed the analogous Lagrangian for
scalar QED [14]

T 2he fy B sinh(ebn)sin(ean) 6 '
(1.5)

A detailed review of Euler-Heisenberg Lagrangian and its applications can
be found in [I5]. Furthermore, one consequence that they found from
Dirac’s theory and from this Lagrangian is the possibility of light by light
scattering. In Figure 1.1 the second diagram, left to right, corresponds
to the first contribution to photon-photon scattering. This diagram is,
schematically, the process where four photons interact mediated by a vir-
tual electron positron loop. The cross section for this process with the four
external photons in the low energy limit was first computed by Euler [16]
in the same year, 1936. After them, Akhiezer (1937) computed the same
cross section but considering all photons in the high energy limit [17]. A
good review of both cases can be found in [18, 19].

Later, in 1951, Karplus and Neuman obtained the analytical result
for this cross section with an arbitrary energy in each photon [20]. After
them, in 1971 Costantini, De Tollis, and Pistoni calculated the four-photon
scattering amplitude but now with the assumption that two of the four
photons were off-shell and the other two on-shell [21].



Nevertheless, the propagation of light in an external magnetic field has
been studied in [22, 23] and in the presence of an external electromagnetic
field in [24, 25]. Also in [26] it is obtained an integral representation for the
dimensionally regularized one-loop vacuum polarization tensor for scalar
and spinor QED. In [18], there is a detailed review of such propagator in a
constant electromagnetic field and some physical applications like photon-
splitting, birefringence, speed of light in presence of an electromagnetic
or gravitational background, light by light scattering, pair production and
some others.

In the context of photon amplitudes, it was possible to compute a closed
expression for the one-loop N-photon amplitude in scalar and spinor QED
[27] (Bern-Kosower master formula, 1992), where they used the methods
and techniques of the worldline formalism to obtain this result. A few
years later, in 1997, from this master formula, Schubert obtained an in-
tegral representation for the scalar/spinor QED, four-photon amplitude

totally off-shell [28]. Moreover, the only case with more than 4 photon and
with arbitrary energy is the on-shell six-photon amplitude in scalar QED
obtained in [29] for the massless case. However, in [30] it was possible to

compute the explicit result for the on-shell N-photon amplitude with all
external legs in the low energy limit.

[EAN3 P

.
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Figure 1.2: Schematic diagram of elastic photon-photon collisions. Adapted
from [35].

In the experimental side, many laser experiments have been performed
at low energies and unfortunately this effect of light by light scattering
remains still unobservable in laser experiments; some examples of this are
[31, 32, 33]. Even though, in 2017, ATLAS collaboration, finally, observed
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light by light scattering in a high energy experiment [34], in the Large
Hadron Collider (LHC), where they followed the approach proposed in
[35]. In Figure 1.2, it is shown, schematically, the process in which photon-
photon scattering (yy — 77y) occurs. The experiment is carried out in
the following way; beams of lead (Pb) nuclei are accelerated to velocities
close to the speed of light ¢, in the LHC and then a Pb nuclei beam collide
with other Pb nuclei beam that is running in the opposite direction. In
this interaction, a lot of processes can happen, in particular the one that is
shown in Figure 1.2, where each of the two Pb nuclei emit a photon of high
energy with a coherent initial state and then these two photons interact
mediated by an electron-positron loop. Finally, the data that signals of
the possible diphoton events is analyzed and compared with a Monte Carlo
(MC) simulation. In Figure 1.3 it is shown the experimental data compared
with the Monte Carlo simulation. Here the red line is for photon-photon
scattering (yy — 77), blue bars are for dielecton production (yy — e*e™)
and the gray bars refer to some other backgrounds that could mimic the
diphoton event signatures (central exclusive production, CEP), for example
the production of quark-antiquark pairs.

| —e Data, 480 ub™' ATLAS

1o L = yMC Pb+Pbs,, =502 TeV
vy —ee MC

g |- [ CEP yyMC

Signal selection
with Aco <0.01

Events/3 GeV
o

0 5 10 15 20 25 30
m,, (GeV)

Figure 1.3: Kinematic distributions for vy — v event candidates. Adapted
from [7/].



Laser experiments are in the region of low energies and in this region,
the cross section is extremely small (0,, ~ 0.7 x 107%¢cm?, [32]). This
is the main reason why it is very difficult to observe this process in a
laser experiment. Therefore, new proposals of laser experiments have been
offered in the last few years, for example [36, 37], where one of the proposed

Figure 1.4: Schematic light by light interaction in a laser experiment.

Adapted from [77].

examples consist in a triple collision of high-intensity laser beams (Figure
1.4), with the propagation directions €, polarization vectors €, and two
of them with the same wavelength, giving as a result a signal of dispersed
photons (green arrow in Figure 1.4, vx). The difficulty here is that laser of
such intensity are still in development.

Moreover, as to date, there is no result for the one-loop four-photon
amplitude totally off-shell. For this reason, the purpose of the present
work is to give a first step in this direction by computing the analytical
result for the one-loop four-photon amplitude totally off-shell and with one
of its four external photon lines in the low energy limit. Then, in order to
compute this amplitude, we start from the representation given in [28] and
after some mathematical manipulations, we are able to give the exact result
for the desired amplitude in terms of derivatives of known integrals [/1].
Further, we are able to compute a more general and explicit expression for
the four-photon amplitude with two legs in the low energy limit in terms of
the hypergeometric function 9F}. These are new results. However, we
use the worldline formalism to compute such amplitudes that offers many
advantages in the calculation and also we test our results by comparing
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them with particular cases already known like the photon propagator in an
external field and the two-loop S-function.



Chapter 2

Worldline formalism

It was a long time ago (around 30’s) when people like Dirac, Klein, Gordon
and others were constructing theories in order to understand the propa-
gation of relativistic particles. They used to write differential equations
to describe these theories; an example of this is the Schrédinger equation.
However, people used to construct those theories based on differential equa-
tions and the “canonical quantization”, where the first quantization of a
classical theory is usually for single particles and the second quantization
is usually considered when the number of particles is not constant.

Then, in the 40’s Feynman realized that working with differential equa-
tions was too hard in the relativistic case and also he realized that there
is another way to obtain the same results but with an easier method, path
integral method. Feynman developed this integral representation of the
relativistic quantum theory focusing on integrals over the fields of the the-
ory, but also he realized that it was possible to work with the particle path
integral, and he did not consider that this particle path integral was easier
than the path integral over fields. Thus, he and many others after him
preferred to work with fields.

Many years later, in the 90’s Bern, Kosower and Strassler [358, 39] rec-
ognized the advantages of this particle path integral or like it is known now
“worldline formalism” or “string-inspired formalism”. It is called string-
inspired formalism because its construction, the one that Bern, Kosower
and Strassler developed, has its origins in string theory, but we do not refer
to it anymore because this formalism is not really part of string theory. In

9



10 2. Worldline formalism

this chapter, we present a short review of the worldline formalism and we
focus on the case of the one-loop effective action in QED and the associated
photon amplitudes.

2.1 Scalar QED

The one-loop effective action for scalar QED in the worldline repreesenta-
tion is given by

F[A] _ /oo dTe—m2T/ Da e~ fOT dT(ij+i€i‘-A(x)>’ (2.1)
o T 2(T)=2(0)

where A is an arbitrary background field, m is the electron mass, e is the
magnitude of electric charge carried by a single electron and x = z(7). The
symbol Dz in (2.1); tell us that this integral is over all possible trajectories
that satisfy the boundary condition z(7") = z(0), in fact, an infinite number
of trajectories. Our sign convention for the Minkowski metric is n** = (—+
++) but in the following, we work in the Euclidean space, n** = (++++).

However, we can work with (2.1) directly as the effective action or also
we can fix the field A to work with an amplitude either in position space or
in momentum space. If we chose to work with the effective action, what we
usually do is the following: We perform a Taylor expansion on the field A.
Then, we perform another expansion, but in the exponential order by order
respect to the field A and its derivatives. Finally, we see that it is possible
to write these expansions in terms of the field strength tensor F*” and its
derivatives. In this work, we are more interested in the amplitude, more
precisely in those of photons. For this reason, we choose the background
field to be a sum of plane waves

N
A = Y e 22
=1

with definite polarization €; and momentum k; for each photon. Now, we
expand the exponential in (2.1) and we only take the terms multilinear in
g; of this expansion, because those are the only terms that contribute to
the one-loop N-photon amplitude. Then we exponentiate the remaining
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integrals using the following trick

T ) T ) )
/ dr; &; - pethi® = / dr; lhi-ateid
0 0

in such way that it can be possible to write the amplitude as a Gaussian
integral in the variable “z”. Consequently, we perform this integral and it
leaves the amplitude in momentum space (for more details, see Appendix

C)

; (2.3)

lin €,

dT
Clk1,e1;..;kn,en| = (—ze (2m) Dg (Zk) / —(4nT)™ Fem’T

N T Nooq . 1.
X H /0 di exp Z <2GBijki . kj — iGBijEi . /Cj + iGBijEi . Ej)
k=1 4,j=1 lin &
(2.4)

where Gg;; = Gp(7; — 7;) is the bosonic Green’s function of the operator
<_TlddTQ2> with periodic boundary conditions and G Bij G Bij its first and

second derivatives respect to 7;

1 a2\

il (T am) 5 =26t - ), (2.5

(i—m)?* T
GB(Ti_Tj):|Ti_Tj|_?_€a (26)
Gp(r — 7;) = sign(r; — 75) — 27(Ti _ Tj),

g (2.7)

. 2 :
Gp(ti — 1) =20(15 — 1) — T

The equation (2.4) is also known as the Bern-Kosower master formula.
Since no assumptions have been made on the momenta k; or polarizations
€i, this master formula gives us an off-shell amplitude. Hence, we can
manipulate our results to obtain corrections of higher order (multi-loop).
For reasons of symmetry, we must take all photons to be incoming or
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outgoing. In this work, we take all as ingoing. Thus the energy-momentum
conservation law is written as

N
> ki=0. (2.8)
=1

Furthermore, if we look carefully at the equation (2.4), we can see that
it is possible to write the exponential in the integral as

Py(Ggij, Gpij)exp ZGBZ]k kil (2.9)
,j=1

since (2.4) is linear in ¢;. Here Py is a polynomial of G Bij and G Bij and it
can be turned into another polynomial ) depending only on the Gp;;’s

through an integration by parts (IBP) (see [38, 39, 40])
QN (G pij)exp Z Gpijki - kj| . (2.10)
i,j=1

As a result of this IBP, one finds that certain combinations of the k;’s and
g;’s will appear in @y as ”"Lorentz cycles” Z,,, [39]

Zg(lj) =&;" kjEj . kl —&; Sjki : ]{Zj,
n
Zn(ilig...in) =1tr H (kizj & €i; — Eij &® kzj) s (TL > 3),
7j=1

(2.11)

that also can be written in terms of the corresponding field strength tensor
fi, defined by
= klel — kY (2.12)

771

as

Zo(ij) = %tr (fifi),
Zn(inig...in) = tv (fir fi -~ fin), (02 3).

(2.13)
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Notice that f/* is not the same as F*”, in fact

N
P =iy " i ethir, (2.14)
=1

since we have defined f/* as the field strength tensor for each photon. It is
easy to check (2.14) with the definition of FF = gAY — 9¥ A* and (2.2).

2.2 Spinor QED

For spinor QED, the one-loop effective action can be written in a similar
way as in (2.1) but at this point and for this thesis, we do not need to work
directly with this spinor effective action because we can use the result
above in (2.4) to reach the spinor amplitude via a “replacement rule” (see
[38, 39, 40]). In order to perform this replacement rule, we only need to
replace every 7T-cycle appearing in )y in the following way

@n scalar — @n spinor

GB’iliQGB’LQ’ig Tt GBZkll — GBi1i2GBi2i3 e GB’ik’il - GF’iliQGFiQ’ig Tt GFikilv
where

1d

~1
Grij = Gp(i,75) = (73] <2d’r> |7j) = sign(r; — 75), (2.15)

is the fermionic Green function of the operator (%%) with anti-periodic

boundary conditions. Further, we need to multiply the scalar amplitude
by an overall factor of “-2”. This rule of replacement is related to the
worldline supersymmetry.

2.3 Advantages of worldline formalism

There are some advantages of the worldline formalism compared with the
standard Feynman calculations.

e [t is a first quantized approach to quantum field theory.
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2. Worldline formalism

We can compute amplitudes in QED, QCD and quantum gravity.

We do not need to calculate any trace of gamma matrices in a one-

loop calculation. This is possible because of the “replacement rule”.

We can write the effective action or the amplitude in terms of the
field strength tensor making the gauge invariance manifest.

We do not need to compute any momentum integral over the loop.
We do not need to fix any order to perform the integrals (for QED).

In the specific case of the four-photon amplitudes, the Feynman di-
agram calculation suffers from spurious UV divergences that in the
worldline formalism are eliminated by the standard integration-by-
parts procedure.

We do not need to look at different diagrams of the same kind to
construct the amplitude. As we have already seen, there is a master
formula that gives us the amplitude; we only need to fix the number
of external legs and perform the integrals.



Chapter 3

Integral representation of
the four photon amplitude

The four photon amplitude can be obtained from the Bern-Kosower master
formula Eq. (2.4), by taking N = 4, this looks like

et *®dT D _
Dscatlk1,€1; .3 kg, 4] = 5 / —T* Ze mQTI(Q4), (3.1)
(4m)2 Jo T
with
k3
k1 k2
k4

Figure 3.1: Feynman diagram for the four-photon amplitude.

15



16 3. Integral representation of the four photon amplitude

111l e
1Q= [ [ [ [ dundusdusdu@uet St aa)

for scalar QED, and

—2¢4 © dT D -~ ~
Pspin [kl, €15 ...; kg, 54] = 5 / fT47767m2TI(Q4), (33)
(4m)= Jo T

with

s 1,1 p1 pl C rew
o Jo Jo Jo

for spinor QED, where the factor “—2” comes from the “replacement rule”
described in section 2.2, and the “tilde” helps us to differentiate the terms
that correspond to the spinor case. In this expressions, ()4 comes from
the IBP procedure described in Chapter 2, Eq. (2.10). In fact, Q4 has
already been worked out in [10], so we take it from there and we use the
“replacement rule” to obtain Q4 from it.

In the following sections, we write the explicit result for Q4 and Q4.
Then, we take the low energy limit in the fourth photon and we integrate
over uy. Successively, we do the same for the other three photons, one by
one until we have all photons in the low energy limit and all the integrals
over u; have been performed. We define the low energy limit in a photon
as the linearization of the amplitude respect to the momentum k;. This
means, for example, in the case of the fourth photon, that we expand
the exponential in k4. Then, we put this together with Q4 and from this
big expression we only take the linear part in k4, since ()4 contains terms
that are of order zero, linear and some others of higher order that we do
not consider anymore. Hence, sometimes we take the linear term of the
exponential when the term in @4 is of order zero in k4. Similarly, when the
term in Q4 is linear, we take the zeroth order term from the exponential
and we never take the zeroth order term in both, Q)4 and the exponential,
since these terms cancel because of the gauge invariance. We can see this
in the integral of (2.3) if we take only the terms up to linear in k;. After
the expansion of the exponential, we will have

T . T
/ dr - 61'6”%'3{j = / dr;T - 81'(1 + ik; - LE), (35)
0 0
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where we can see that the constant term in the previous integral is a total
derivative and it is canceled because of the boundary conditions, z(T") =
2(0). In the remaining integral, if we perform an integration by parts, it
can be rewritten as

T 1 T
0 2 Jo

It means that, when we take the low energy limit in one or more photons,
it is possible to write the full amplitude in terms of the field strength tensor
fi, as we will see. This comes from the fact that the master formula (2.4)
has been constructed from integrals like those in (2.3). In order to write
all the amplitude in terms of f;’s, sometimes, it is necessary to introduce
some arbitrary vectors r;’s that must satisfy the condition 7; - k; # 0. It
is important to mention that each time we take the low energy limit in
a photon, the integrals that we need to perform to obtain the amplitude
become easier. In fact, if we take the low energy limit in the photon with
momentum k;, we can perform the integral over u; easily. It is important
to mention that, in our case, we can not fix k; = 0, because, if we do it, we
lose the amplitude completely. (For more details, see Appendices D and

& & g <z
k2 >k2 k3 k3 >k4 Ska
o N 2 o N s
/\/\/\7 Y\/\/\/ * \/\/\f\ \/\/\/ + ’\/\/\ )W\/\/\/ + /\/\/\7 Y\/\/\/ * \/\/\f\ \/\/\/ + ’\/\/\ )W\/\/\/
o / e
k4 >k3 Ske Ok >k2 >
2 > 2 >

Figure 3.2: Sum of Feynman diagrams for the four-photon amplitude.

Now, let’s compare with standard Feynman calculations. If we want
to compute the four-photon amplitude with the standard procedure, first,
we need to construct, using Feynman rules, the integral representation for
the amplitude of each diagram in Figure 3.2. Then, we need to perform
all these integrals and finally we need to combine all these contributions in
a nontrivial way. While, in the worldline formalism we only need to solve
the integrals in (3.1) for scalar or (3.3) for spinor amplitude that is much
easier than the Feynman procedure, because we have all the information
of the diagrams in Figure 3.2 in a single expression.
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Moreover, in this chapter we proceed as follow: First, we present the full
expressions for Q4 and Q4. Second, we present the integral form of the four-
photon amplitude with one of its four legs in the low energy limit. In this
case, Q4 (Q4) transforms into Iy (f(4)) when we perform the integral over
uyg. Here the subscript “(4)” says that the integral is performed with the
assumption of low energy in the fourth photon. Furthermore, we present
this result in terms of G'p;; only, because in this form we can compute the
remaining integrals easily. Third, we present the integral form of the four-
photon amplitude with two of its legs in the low energy limit. Similarly, /(4
(I, (1)) transforms into (34 (I, (34)) and all is in terms of G'p;; also. Finally,
we present the integral form of the four-photon amplitude with its four
legs in the low energy limit, and now I3y (.f(34)) transforms into I(134)
(1: (1234))- Here and in the following, Q4 without superscript means the sum
of all Qu’s with superscript, and similarly for Q4 and the different I’s, I’s
that we will use.

3.1 Four arbitrary momenta

In this section we present every term that must be integrated in (3.1) and
(3.3) to obtain the most general four-photon scalar and spinor amplitude
respectively (Figure 3.1). As these integrals are hard to attack, we leave
this as a future work.

3.1.1 Scalar @,

In order to be precise, we take Q4 from section 4.8 of [10] and we write the
full expression as follows (the sum of all the terms in this section is Q4)

Q1(1234) = Gp12G p23Gp3aG par Z4(1234), (3.7)
Q1(1243) = G p12G B24GpasG ps1 Z4(1243), (3.8)
Q1(1324) = Gp13G p32Gp2aG a1 Z4(1324), (3.9)

Q3(123) = G'p12Gp23Gp3173(123) (GB4154 k1 + Gpasey - k2)

. . . . (3.10)
+ GB12G B23GB3123(123)G Bazey - ks,
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Q3(234) =G 3G p3aGpanZ3(234) <G81251 ko + Gpize - k3)

.. . (3.11)
+ Gp23Gp31GRa223(234)G B14er - ku,
Q3(341) =G p34G'pa1Gp137Z3(341) <GB2152 - k1 + Gposen - k3) (3.12)
+ Gp3uGp11Gp1373(341)Gposes - ka,
Q3(412) =G 41 G p12G p24Z3(412) (GB3153 - k1 + Gpaoes - kQ) (3.13)
+ GG p12Gpai Z3(412)G psacs - ka,
Q3(12) =G p12G a1 Z2(12)
X [GB3153 - k1Gpares - k1 + Gpaies - kiGpases - ko
+ Gp3ies - k1Gpases - k3 + Gpaacs - kaGpaies - by
+ Gp3aes - koG pases - ko + Gp3aes - kaGpazeq - k3 (3.14)
+ Gpases - kaGpares - k1 + Gpases - kaGpasey - ko
1. . .
+5GB3ags ey (GB31/<33 k1 — Gparky - kl)
1. . .
+ §G334€3 - €4 (GB32/<33 ko — Gpaoky - k2>] ,
Qi(l:ﬁ) :G313G33122(13)
X [G32162 - k1Gpares - k1 + Gpoea - kiGpases - ko
+ Gpaieg - k1Gpazes - k3 + Gposea - k3Gpaies - ki
+ Gpasey - k3G pasey - ko + Gpasea - k3G pazey - k3 (3.15)

+ Gpocs - kaGparea - k1 + Gpouca - kaGpazes - k3

1. . .
+ §GB2452 - €4 (GB217<?2 k1 — Gparks - kl)

1. . .
+ §GB2452 €4 (G323k72 k3 — Gasky - k:s)] ,
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Q35(14) =G p14Gpn Z2(14)
x |Gp2iea - kiGpsies - k1 + Gpoiea - kiGpsoes - ky
+ Gpoiea - k1Gpsaes - ka + Gposea - ksGpaies - by
+ Gpaser - ksGpaacs - ka + Gpaaer - kaGpaies - b (3.16)

+ G'pasen - kaG p3aes - ko + Gpauca - kaGpaacs - ks

1. . .
+ §G323€2 - €3 (G321k2 k1 — Gp3iks - kl)

1. . .
+ 5G323€2 - €3 (GB247€2 k4 — G3aks - k‘4)] ,

Q3(23) =G pa3Gp3aZ2(23)
x |Gpise1 - kaGpaiea - ki + Gpioer - koG pases - ke
+ G1oe1 - kaGpases - ks + Gpiser - ksGpnes - b
+ Gpizer - ksGpases - ko + Gpiser - ksGpases - ks (3.17)

+ Gpaer - kaGpaoes - ko + Gpiacr - kaGpazes - k3

1. . .
+ 5031481 €4 (GBmkl - ko — Gagky - k2>

1. . .
+ §GBl451 " €4 (GB137<?1 - k3 — Gagky - k‘3)] ;

Q3(24) =G paaGpaaZ2(24)
x |Gpi2e1 - kaGpsies - k1 + Gpizer - kaGpsses - ky
+ Gp1se1 - kaGpaaes - ka + Gpiser - ksGpaoes - ke
+ Gpiser - ksGpaaes - ka + Gpuaer - kaGpaies - by

. ] ] ] (3.18)
+ Gpiae1 - kaGp32es - ko + Gpiact - kaGpaaes - kg

1. . .
+ 5031361 - €3 (GBuk‘l - ko — GB32ks - k2>

1. . .
+ 5G31351 - €3 (GB14k1 k4 — G3aks - k4>] ,
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Q3(34) =G p34Gpa3Z2(34)
X [031261 - koGpasea - ks + Gproer - kaGpauea - ka
+ Gpser - ksGpnen - ki + Gpser - ksGpasen - ks
+ Gpiser - ksGpoaga - by + Gpuer - kaGpnes - b

+ Gpuaer - kaGpazes - k3 + Gpiaer - kaGpaser - ky

1. . .
+ 5G312€1 o) (Gms/ﬁ - k3 — G'pagka - ks)

22(12,34) = Gp12G 21 Z2(12)G p34G pazZa(34),
22(13,24) = G'p13GB3122(13)G B2sG paz Za(24),

1. . .
+ §G31251 o) (GBMk‘l k4 — Gposks - /€4>] ,
(
(
22(14,23) = Gp14G a1 Z2(14)G Ba3G 32 Zo(23)

3.1.2 Spinor Q,

21

(3.19)

(3.20)
(3.21)
(3.22)

In this section, we use the “replacement rule” described in section 2.2 to
obtain Q4 from @4, and also we use the equations (B.2), (B.3) and (B.4)

to transform any combination of G'r;; into some other in terms of Gp;;.

Then, we have (the sum of all the terms in this section is Q)

Q1(1234) :[ <G312 + Gpos + GB31> <GBS4 + Gpa1 + GB13>

+ G312@B23G334GB41} Z4(1234),

Q1(1243) :[ <G312 + Gpaa + GB41) <GB43 + Gpa1 + GB14>

+ GB12GBQ4GB43GB31} Z4(1243),

Q1(1324) Z[ (GBB + Gpsa2 + Gle) (GB24 + Gpa1 + GBI2)

+ C.TVB13G'13:1,2(;524G1341} Z4(1324),

Q3(123) = (GBIQGB23GB31 + Gpi2 + Gpas + GB31) Z3(123)

X (GB4154 k1 + Gpases - ko + Gpasey - k3> ,

(3.23)

(3.24)

(3.25)

(3.26)
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Q3(234)

X

3. Integral representation of the four photon amplitude

(GBZ3GBS4GB42 + Gpas +Gpas + GB42> Z3(234)

Gpi2e1 - ko + Gpiser - ks + Gpuaer - k4> ,

Q3(341) = (G p34Gpa1Gp13 + Gpsa + Gpay + Gpi3) Z3(341)

Q3(412)

@3(12)

X

Gpai€2 - k1 + Gpasea - k3 + Gpaea - k 4)

(
(¢
(GB41GB12GBQ4 + Gpa1 +Gpia + G324> Z3(412)
(¢

x (Gp3ies - ki + Gpases - ko + Gpases - k4)

(GBI2GBQI + 1) Z5(12)

X [GB3153 - k1Gpares - k1 + Gp3ies - k1Gpases - ko

+ Gp3ies - k1Gpazeq - k3 + Gp3oes - kaGpaies - ki
+ G'3acs - koG pases - ko + Gp3aes - kaGpazes - k3

+ Gpaacs - kaGpares - k1 + Gpaaes - kaGpasey - ko

1. . .
+ §GB:3453 €4 <G331k3 k1 — GBarks - kl)

1. ) )
+ §GB34€3 €4 (G332k3 - ko — Gagky - k2>] ,

Qi(13) = (GB13GB31 + 1) Z5(13)

X [Gfmﬁz - k1Gpaies - ky + Gpotes - kiGpases - ko

+ Gpaieg - k1Gpases - k3 + Gpazes - k3Gpares - ky
+ Gpaser - k3G pases - ko + Gposes - k3G pasey - ks

+ Gpasca - kaGpares - k1 + Gpouca - kaGpazes - k3

1. . .
+ §GB24€2 - €4 (GBQIk'Q k1 — GBaiks - kl)

1. . .
+ 5G32482 €4 (GstkQ - k3 — Gagky - k3>] ,

(3.27)

(3.28)

(3.29)

(3.30)
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Qi(l4) = (GB14GB41 =+ 1) Z5(14)
X [GB2152 - k1Gpsies - k1 + Gpores - k1Gpases - ks

+ Gpaies - k1Gpaaes - ka + Gpages - ksGpaies - ki
+ Gpaser - ksGpaaes - by + Gpocs - kaGpaies - by (3.32)

+ Gocs - kaGp3aes - ko + Gpouca - kaGpaacs - ky

1. . .
+ 5G323€2 - €3 (GBZIkQ k1 — G3iks - kl)

1. . .
+ §GB2352 - €3 (GB24k2 ks — Gp3aks - /€4>] )

Q3(23) = (03230332 + 1) Z5(23)
X [G312€1 koG paies - k1 + Gpiaer - kaGRaseq - ko
+ Gpiae1 - koG pases - k3 + Gpiser - k3Gpaies - by

+ Gpiser - ksGpaes - ko + Gpser - ksGpases - ks (3.33)

+ Gpuacl - kaGpasey - ko + Gpraer - kaGpazes - k3

1. . .
+ §GB14€1 - €4 (GB12/<31 ko — Gaoky - k2)

1. . .
+ §G314€1 - €4 (GBl3k1 - k3 — G'pagks - kg)] ,

Qi(24) = <GBZ4GB42 =+ 1) Z5(24)
X [GBl251 - koGpaies - k1 + Gpizer - kaGpases - ko

+ Gp1ae1 - koG psacs - ks + Gpiser - ksGpaoes - ko
+ Gpser - ksGpaaes - ka + Gpuer - kaGpaies - ki (3.34)

+ Gpuaer - kaGpaaes - ko + Gpiac1 - kaGpaacs - ky

1. . .
+ §G313€1 - €3 (GBmkl - ko — G32ks - /€2>

1. . .
+ §G31351 - €3 (GB141€1 k4 — Gp3aks - k4)] ,



24 3. Integral representation of the four photon amplitude

Q1(34) = (GBS4GB43 + 1) Z5(34)
X [631261 - koG poses - k3 + Gpioer - koGpasea - ky

+ Gpiser - ksGpaiea - ki + Gpiser - ksGpasea - ks
+ Gpiser - ksGpacs - ka + Gpiaer - kaGpaner - by (3.35)

+ Gpuac1 - kaGpases - ks + Gpraet - kaGpaaes - ka
1. . .
+ §G312€1 ) <G313k1 k3 — Gpasks - k3>
1. . .
+ 5G312€1 €9 (GB14k‘1 - ky — Gpasko - k4>] ;
)22(12,34) = (GB12GB21 + 1> Z>(12) <G334GB43 + 1) Z5(34), (3.36)
722(13,24) = (63136*331 + 1) Z5(13) (63246*342 + 1) Zo(24),  (3.37)
022(14,23) = (G314GB41 + 1) Zs(14) (GBQ3G332 n 1) Z5(23).  (3.38)
Notice that, in the spinor case, everithing is written in terms of G Bij be-

cause we use the identities in Appendix B (equations B.2 and B.3) to
transform any combination of G'r;; into some other in terms of Gp;;.

3.2 One low energy photon

When we perform the integral of Q4, Q4 over w4 and we recall this as T, (4)>
f(4) respectively. Then I(Q4) and I(Qy) transform into

1 1 1
I<Q4) = /0 /0 /0\ duldu2du3j(4)eT(GBIQk’l'k2+GBl3k’1‘k3+GBg3k2.k‘3), (339)

1 1 1
I(Q4) = /O /0 /0 duldu2du3[(4)eT(GBmk1'k2+G313k1'k3+G323k2-k3). (340)

Notice that here the exponential does not contain k4 anymore because of the
linearization. (Some useful formulas that we use to perform these integrals
over uy are enlisted in Appendix B and some details of our calculations of
these expressions are in Appendices D and E.)
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3.2.1 Scalar result for the one low energy photon

In this section, we write the explicit form of /(4y. (The sum of all the terms,
in this section, is [(4).)

ko -k ky - k 1
I})(1234) = <2G312 + 2G 23 4 b) ( - 2G313> Z4(1234),

ko - k3 ko - k1 3
(3.41)
ki-k k- k 1
4 - 1 h2 3
1(4)(1243) = <2G312 Ty - s + 2G313k s a> (3 - 2G323> Z4(1243),
(3.42)
k1 - ks ko - k3 1
It (1324) = ( 2 2 — Z4(1324
(4)( 3 ) < GBlgk TEs + 2G By kl s +C> <3 G312> 4( 3 ),
(3.43)

-T
I3,)(123) = ?23(123)

ki - ks ko - k3
[<2G313 kl s + 2Gpas + C) (1 -4Gpi2) Gpigks - f1- ki

ki - ks
ki1 -k ki-k
+ (2GB12——2 4+ 2Gp13 > +a) (1 —4Gpas) Gpasks - f1- ks
ki - k3 kq - ko
ko - k ko - k
2G 1022 4 2Gpog——2 4+ b (1 —4Gp13) Gpiski - fa- k3|,
ko - k3 ko -k

(3.44)

1 ky - k ko - k ok
Ié34)(234) = <3 — 2G323) Z3(234) [<2G312 2° M 1+ 2G g3 2R3 +b> r1- f1- ke

kZQ k k‘ -kl Tl'kl
ki - ks ko - k3 r1- f1-ks3
2G 2G _
< B13k ks + B23k1‘k3+6> 1k )

(3.45)

! ki-k ky - k: ok
1(34)(341):<3—2G313> Z5(341) [(26’312 1 h2 +2G Bt 5—1—@) ro - fa - k1

ki - ks ki - ko ro - ko
ki - ks ko - k3 ro - fa - k3
2G 2G e
< B13k ks + B23k1_k3+6> . )

(3.46)
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1 ki - ko ki - k3 r3 - f3 - k1
I3 (412)=(= -2 Z5(412) | [ 2G 2G BLARL R
(4)( ) (3 GBIQ) 3(412) [( B12k1 ks + 13131{:1 s + a) T

ko - k1 ko - k3 r3 - f3- ko
— | 2G 2G b )
< B12k2.k3+ B23k2_k1+ ) S

(3.47)

=T
Ity (12) = S (1 —4Gpi12) Z2(12)

X [(1 —4Gp13) Gpisk1 - fa- f3- k1 + (1 —4Gpa3) Gpasks - f1- f3 - k2
k1 - ks ko - k3
+ (2GBis + 2G Ba3 +c | (Gpiski - fa- f3-ko+ Gpaska- fa- f3-k1)
ko - k3 k1 - ks

(2pn" 2 Logp R LY g™ Ja-kira- f3- ks
]{fl'k‘3 kl‘k?

T4 - k‘3
ko - k1 ko - k3 ko fa-kira- f3-ka
b
+ <2G312 Ty Es + 2G Bas3 s + > GBi12 1 ks ],
(3.48)
I? 13—_T1 4G p13) Z2(13
) )—?( —4Gp13) Z2(13)
X [(1 —4Gp12) Gpi2k1 - fa- fo- ki + (1 —4Gpa3) Gpasks - fa- fo - k3
ko -k ko - k3
+ | 2GBi2 +2Gpa3 +0b ) (Gpigki - fa- fo-ks+ Gpasks- fa- fo- k1)
/{72 . k‘g k2 : kl
k1 - ko k1 - k3 k3 - fa-kirs - fo- ke
<2GB12 Ty ks +2Gp13 T + a) GB13 pa—
ki - ks ko - k3 ks« fa-kirs - fo-ks
2G 2G G
+< B13k2_k3+ B23k1.k3+c> B13 — },

(3.49)
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12,(93) = L (1 — 4G pos) Zo(23
(0)(23) = —~ (1 — 4Gp23) Z2(23)
X{ 1_4G312)G312k2 fao-f1-ke+ (1 —4Gp31) Gpsiks - fa- f1-ks
ki-k
+<2G312 +2GB13k k3 a) (Gi2ka - fa- f1-k3+ Gpsiks - fa- f1-k2)
ko - k ks fq-korg- f1-k
2GB21 —I—2G323 2% 4 b)) Gpag— Ja kars - 1 ko
k 'k‘ T’6~k1
k‘ k ko - k kg - fa-korg- f1-k
n 2G313 1° 3+2G323 2R3 ) ™ fa-kore - f1 3]7
k? k‘g 7"6']{31
(3.50)
 Z(14) k1 - ko ki - ks
I7,\(14) = 2 2
(4)( )= " 3r7 - karg - k3 (GBH/ﬁ'k * GBlgk' - ko —i—a) rs - fa ke f2-k

k ko - k
<2G313 L 3+2G 3

C> (rg - fs-kiry - fo-ks+2r7 - fo- fg-rgks- k1)

ki - ks
k k ko - k3
<2GBQl 2" 1+ G’323k2 kj +b>(Ts-f3-k27“7'f2~k1—7'7-f2.f3-7’8]€2-k1) s
(3.51)
Z5(24) ks - b ks - k3
I7(24) = ———————~ || 23 2G b - f3 - korg- f1 -k
i (24) = " 3re ko Fa [< g 20— >7"10 f3 - karg - f1- ko
ki - ks ko - ks
2G313k2 s +2G323k s +c | (ro- fs-karg- f1-ks+2rg- f1- f3-T10ks - k2)
ki1-k ki1-k
— (2GB12 2 +2Gp1s——2 +a) (ro- f3-kiro - f1 - ko — 7o f1- f3-r10k1 - ka)|
k1 - k3 k1 - ko
(3.52)
BBy -y ko - ks
I?,(34) = e +2G k k
(4)( ) = T 31y - kyr1s - K [( Ths 323k: s +c |z forksrin - fi1- ks

k‘
ko - k k k:
<2G321 21 +2GB23 ZRCINE )

Ty s ri2 - fo - karin - fi - ko + 2r11 - f1 - fo-rioks - k3)

k1 - ko k k
<2G312k1 o +2G313k o +G> (rig- fo-kirin - fr-ks—rin - fi- fa-rioky - ks) |,

(3.53)

(4)(12 34) = 5 (1 — 4G pB12) Z2(12)Z>(34), (3.54)

W\H
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1
1(242)(13, 24) = 3 (1 — 4G p31) Z2(13) Z2(24), (3.55)
1(242)(14, 23) = % (1 — 4G pa3) Z2(14) Z2(23). (3.56)

3.2.2 Spinor result for the one low energy photon

In this section, we write the explicit form of I, (4)- (The sum of all the terms,

in this section, is f(4).)

- ko - 1
It)(1234) = Z4(1234) [(2@*32 hy - k1 + 2G oy —2—-3 +b> (3—2(;313)

ko - k3 ko -k
Ky - k‘3 k1 - kg - ko ko - ks
2 2 2 -1
2 <k‘1 . k‘2 ko - ks ) ( G312 k‘l ks +2G 23 ki - k3> tate } ’

(3.57)

- k- k ky -k 1
4 (1243) = Z4(124 2 1°™2 19 173 -9
T4y (1243) = Z4(1243) G312k1~k + GBl3k1‘k2 +a) (3 Gpas

kq - ko ky - k3
2(Gpa3 — Gpi2 — Gpi3) — <2G1312 Ty s + 2G313k T a)} ,
(3.58)

~ ks ks - k 1
Ity (1324) = Z4(1324)[ 2GR Logp R L Y (Lo,
k1 - ks 3

k - k3
ky - /i?2 k:g k3 ki - ks
26 2G pYe b—1],
i () (i e )
(3.59)




3.2 One low energy photon 29

. T
15’4)(123) = ?23(123) [— (1 — 4G B12) GBioks - f1- k1
— (1 —4Gp23) Gpasks - fa- ko — (1 —4Gp31) Gpaiki - fa- ks

k1-k ko - k
+ (2GB13 2 4+ 2Gpas 2 4e (1 —4Gp12) Gpigka - f1- k1
ko - ks k1 - ks
k1 -k ki-k
+ (2GB12 2 +2Gp13 > +a) (1 —4Gpas) Gpasks - f1- ko
ki - ks kq - ko
k ko -
+ (2Gpn 2 +2Gp3—2"2 4+ b (1 —4Gp31) Gpaik1 - fa- k3
kg k k? : kl
ko -k ko - k3
2 2 .
+ < Gpa1 Ty s + GB23k2 e + b) Gpazks - fa - ko
ky - ko ki - ks
+ (2G312 Ty ks +2G B3 T o +a | Gpsiky - fa- k3
ko - k1 ko - k3
2 2 b - fy-
+ ( Gp21 Ty Es + Gstk2 Ty + > Gpigka - fa- k1
ki - ks ko - k3
2G G Gpsrki - f4-
+< Bl3k2_k3+ B23k1~k3+c> B31k1 - fa- k3
kq - ko ki - ks
2G G ko f4-k
+( B2y Bl3k‘k2+a>G3122 fa- k1
k1-k ko - k
+ <2GB13 k:: k3 + 2G323k: kz + C> Gpazks - fa- kz] ,

(3.60)

= 2 k1 - k3 ko - k3 ri- f1-ks
I2,(234) = | £ +2G Z3(234) | | 2G +2G
(4)( ) <3 + B23) 3(234) [( B137 " ks B233 ks + C> S

ko - k1 ko - k3 1 - f1- ko
2G b)) ———
kQ k‘ + B23k‘2'k‘1+ ) 7‘1'k‘1 ’

<2GB21
(3.61)

i 2 ki - k: ko - ko E ok
1(34)(341)=<3+2G331> Z3(341) [(2@*313 LN e 5+c> 2 f2 - ks

ko - k3 k1 - ks T2 - k2
ki - ko ki - k3 ro - fo - k1
2G 2G = - -
< B12k1 s + BlSk k2+a> . ,

(3.62)
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- 2 ko - kq ko - k3 r3 - f3 - ks
I3,(412) = [ = +2G Z5(412) | [ 2G 2G p) =22 =
(4)( ) (3 + 312) 3(412) [( B21k2 ks + 323k2 Ty + ) .

ki - ko k1 - k3 T3 f3 - k1
2G 2G .
< Bl2g + B13k1_k2+a> T3 - k3

(3.63)

- 4
Ity (12) = §TG,_mZQ(m)

X [(1 —4Gp31) Gpaik1 - fa- f3- k1 + (1 —4Gpas) Gpasks - f1- f3 - k2

ki1-k ko - k
+ (2GB13 "2 4+ 2G a3 Ly (Gpsiki - fa- f3- ko + Gpaska - fa- f3- k1)
ko - k3 k1 - ks
ki - ko k1 - ks ko fa-kira- f3- ki
— 12 2
(GBHkl'k + GBISkl " >G1 1 ks
ko - k1 ko - k3 ko fa-kira- f3-ka
<2G1321 Ty Es + 2G Bas3 s + b> G B2 1 ks ,
(3.64)
I%,(13) = 4TG Z5(13
(9(13) = 3TGp512>(13)
X [(1 —4Gp12) Gpi2ki - fa- fo- ki + (1 —4Gpa3) Gpasks - fa- fo - k3
ko - k ko - k3
+ (2Gn =21 +2Gpas +0b ) (Gpigki - fa- fo-ks+ Gpasks- fa- fo- k1)
/{72 . k‘ k2 kl
k1 - ko k1 - k3 k3 - fa-kirs - fo- ke
<2G312k: s +2Gp13 T + a) GB31 pa—
ki - ks ko - k3 ks« fa-kirs - fo-ks
2 2
( GBIBk s + GB?Sk s + C) GB31 R, ,

(3.65)
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. 4
I3(23) = gTGBZLQ,ZQ(%)

X [(1 —4Gp12) Gpigka - fa- f1 - ko + (1 —4Gp31) Gsiks - fa- f1- k3

-k ki-k
+ (2G812 kz +2GpBi3 " ki + a) (Gpi2ka - fa- f1-ks+ Gpsiks - fa- f1-k2)
2GB21 +2GB23 54 b) Gpag—> Ja-kars - 1 ko
k‘ kl Te - ]{71
n 2G313 +2G323 288 L Gy fa-kare- f1-k3 ’
k1 - ks r6 - k1

(3.66)

22,(14) by - ko by - ks
I7,,(14 2 2 k k
(4)( ) = 3 ]{?27“8 k [< GBuk1 s + GB13k s +a) rs - f3 - kirr - fa-ky

ko - k3
<2G315 —i— 2G Bo3 k‘2 s ) (7'8 - fa-kirr - fo-ks+2r7- fo- f3-rgks- kl)
ko - k3
QGBgl —|—2G323k k1+b (7“8.f3.]€27“7.f2.k1—7“7-f2.f3-r8k‘2-k1) s
(3.67)
27,(24) ks -k ks - ks
I7,.(24 2G 2G - fa-k - f1-k
(4)( ) = CT S— K BT + . )7“10 f3 - karg - f1- k2
k ko - k
<2GB13 L 3+2G 3y k’i >(Tlo'f3'k27“9'f1'k3+27“9'f1'f3'7’10k3'k2)
ki - k3
2G312 + GBISkl k:2+a (rio- fa-kirg- f1-ka—rg- f1- f3-rioki - k)|,
(3.68)
3 275(34) ki - ks ks - ks
I’ 34)=—"2"2 _ |(2G 2G k k
(1)(34) TP S, ( B3 .t 20Ba +C> ri2 - fo - kgrin - f1- ks
ko - k1 ko - k3
_ 2G321k2 ks + 2G323k = +b) (ri2- fa-karin- fi-ka+2r1 - fi- fo-rigks - k3)
k1-k ki - ks
<2G312k‘1 ]: + 2G313k‘ o +a> (rig- fo-kirin - fr-ks—rin - fie fo-rioky - ks) |,

(3.69)

2(12,34) = 2031222(12)22(34), (3.70)



32 3. Integral representation of the four photon amplitude

8
I75(13,24) = 3G331Z2(13)Z2(24), (3.71)

1214,28) = S Gas Z5(14)25(23). (372

Notice that all the previous equations are written in terms of the field
strength tensor f; and in some of these equations, it appears 7;’s, as we
already mention in the beginning of this chapter. Further, there are some
parameters a, b and ¢ that come from the fact that we write all in terms
of G'pi;’s only, and are given by (see Appendix D for more details)

1'k1-k2—2 kl-k3—2'

Tk oy - ko (373)
1'/€2-k‘1—2 kg-k3—2'

b=—= 3.74
21 ko-ks ko - k1 ( )
1'k1-k3—2 kQ'k3—2'

= —— . 3.75

T ke Ky ks (3:75)

3.3 Two low energy photons

Similarly, we take the result of the preceding section. Then, we take the
third photon to be in the low energy limit and we integrate over us. Now,
we have

1 1
1(Q4) = /0 /0 duy dup I (39 e" B2k k2 (3.76)

1 1
I(Q4):/O /0 duldUQI(34)€TGBl2k1'k2. (377)

Similarly, we write all in terms of G'p;;’s only and of course in terms of f;
also.

3.3.1 Scalar result for the two low energy photons

In this section, we write the explicit form of I(3y4). (The sum of all the
terms, in this section, is I(34).)
2
3

I(34(1234) = 2 (G 12 — 4GEy,) Z4(1234), (3.78)
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Ityy(1243) = S (Gp1a — 4G15) Z4(1243), (3.79)

wil N

I(34(1324) = = (1 = 12Gp1a + 36GEyy) Za(1324), (3.80)

O =

-T

I(39)(123) = - (Gpi2 — 10G% 5 + 24G%15) Z3(123)ks - fa - k1,  (3.81)
3 -7 2 3

I3)(412) = o (GBi2 — 10G By + 24G15) Z3(412)ky - f3 - k1,  (3.82)

-T
Iy (12) = mzz(m)[(l —4Gp12) (k1 - fa- f3 k1 +ko- fa- f3-k2)
+ (1 -4Gp12 — 30G%, + 120G3§12) (k1 fa-fa-ka+ ko fa-fz-k1)

+ T (10G%H5 — 80G% 5 + 160G 15) ko - fa - kiks - f5 - kl},

(3.83)
If)(13) = %TZz(l?)) (Gpi2 —4GBy9) k1 - fa+ fo - ki, (3.84)
1(234)(23) = _TTZ2(23) (Gp12 — 4GBya) ko - fa- f1 - ko, (3.85)

I3y (14) = 97’1227€(217j‘;)/€3 [T (Gpia — AG%15) ko - kara - f3 - kiry - fo - ka

+T (Gp12 — AGh1o) ks - k1 (r1 - fo - f3-roka -k — 1o f3 - kary - fo- ki)

+ (1 —=6GR12) (12- f3-kir1- fa-ks+2r1- fo- f3-roks-ki)|,
(3.86)

Z(24) )
22 (Gpis — AGH,) ks - kira - f3 - kars - f1 -k
97 - ky7s - ks [ (Gpr2 Bi2) ks - kira - fa - kors - f1- ke

+T (Gpi2 — AGh1o) ka - ks (r3 - f1- fa - raky - ko —ra- f3 - kars - f1 - ko)
+ (1 = 6Gp12) (ra- f3-karg - f1-ks+2r3- fi- f3-raks - ka2) |,

1(234) (24) =

(3.87)

1
1(2324)(12, 34) = 3 (1 — 4G B12) Z2(12)Z5(34), (3.88)
1%(13,24) =  2,(13) 25(24), (389)

1
I175(14,23) = 522(14)Z2(23)- (3.90)
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3.3.2 Spinor result for the two low energy photons

In this section, we write the explicit form of I(34). (The sum of all the

terms, in this section, is I(34).)

- 4
I(34(1234) = -3 (Gpi2 — 2G%13) Z4(1234), (3.91)
. 4
I(34(1243) = -3 (GBi12 — 2GBy5) Z4(1243), (3.92)
4 _ A, o2
L34 (1324) = 9 (2= 6GB12 — 9G By ) Z4(1324), (3.93)

- 2T
I3(123) = 5 (Gp12 — Ghio — 12G%hy) Z5(123)ks - fa- k1, (3.94)

" 2T
[34(412) = 5 (Gp12 — Ghig — 12G%15) Z3(412)ks - f3 - k1, (3.95)

~ T 2
1(234)(12) :gGBl2Z2(12) 'H (kv fa-f3-k1+ka- fo- f3- ko)

+ % (1-30G%1a) (k1 - fa- fs-ko+ka- fa-fa-k1) (3.96)

4T
t 3 (Ghia —4GB19) ky - fa-kika - f3- k1|,
" oT ,
IG34(13) = 322(13) (Gpi2 — 4GB10) k1 - fa- f2 -k, (3.97)
" o ,
I(34)(23) = 322(23) (Gpi2 — 4GB1o) k2 - fa- f1- ko, (3.98)
—27,(14)

1%, (14) = T —4G2 : . e
(30 (14) 97y - kors - k3 [ (Gp12 = 4GByp) k2 - kara - f3 - kart - fa - ka
+ T (Gpi2 —4GB1o) ks ki (r1- fo - f3-roke ki — 7o+ f3 - kory - fo - k1)

+(1*6G312)(T2'f3'k‘17"1'f2'k‘3+27’1'f2'f3'7“2k73'k1)],
(3.99)
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—275(24) )
— T (G —4G ka-kira - fa-kors- f1 -k
9r3-k1r4-k3[ ( B12 312) 3 - kiry - f3 - kors - f1 - ko

+T (Gp12 — AGh1o) ko - ks (r3 - f1- fa-raky -ka —ra- f3 - kirs - f1- ko)
+ (1 —=6GpB12) (ra - f3-kars- f1-ks+2r3- f1- f3-14k3 - k2) |,

Ify(24) =

(3.100)

175)(12,34) = §G312ZQ(12)22(34), (3.101)
175)(13,24) = 322(13)22(24), (3.102)
175,(14,23) = 322(14)22(23). (3.103)

3.4 Four low energy photons

Now, we jump to the case where we consider all photons to be in the low
energy limit, because the case of three photons of low energy is equivalent
as the case with four in the low energy limit. Since when we have three legs
in the low energy limit, the remaining leg must be in this limit too because
of momentum conservation (k; + k2 + k3 + k4 = 0). Then, systematically,
we take the low energy limit in k9 and we integrate over uo and finally, we
do the same for k;. Hence, in this case I(Qq) and I(Q4) are simply

I(Q4) = I1234), (3.104)
1(Q4) = f(1234)- (3.105)

3.4.1 Scalar result for the four low energy photons

In this section, we write the explicit form of I(;934y. (The sum of all the
terms, in this section, is I(1234).)

1
1%1234)(1234) = £Z4(1234)7 (3.106)

1
1{*1234)(1243) = E24(1243), (3.107)
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I{1934)(1324) = %24(1324), (3.108)
12, (12,34) = 322(12)22(34), (3.109)
12, (13,24) = 322(13)22(24), (3.110)
12, (14,23) = 322(14)22(23). (3.111)

3.4.2 Spinor result for the four low energy photons

In this section, we write the explicit form of 1:(1234). (The sum of all the

terms, in this section, is I(1234).)

—14

1(1234)(1234) EZ4(1234), (3.112)
—14

I{1934)(1243) = 324(1243% (3.113)
—14

(1234)(1324) EZ4(1324), (3.114)
4

[F0)(12,34) = 922(12)23(34), (3.115)
4

I{y4)(13,24) = §Z2(13)ZQ(24), (3.116)
4

I(1234)(14 23) = 522(14)22(23)- (3.117)

In the next chapters, we will solve the integrals that remains and we
will obtain the amplitude in explicit form for each of those cases, except
for the case where all photons have arbitrary momentum.



Chapter 4

Low energy limit in one
external leg

In the previous chapter, we performed the integral over u4 with the assump-
tion that the corresponding photon was in the low energy limit (section 3.2).
We are left with the following integrals

k3

Figure 4.1: Feynman diagram for the four-photon amplitude with the fourth
photon in the low energy limit.

1 1,1 0o
ar ks
IZT[123;4):/0 /0 /0 duldUQdUS/O ?T‘l*%G_T(mQ—%Z?&GBifkl'kﬂ)I&),

(4.1)
that we need to compute in order to obtain the scalar amplitude. For
the spinor amplitude, we have a similar expression for IZT[123, e In these

37
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expressions we use the super-index [ = 4,3, 2,22 to make reference to all
the equations in section 3.2, the subindex “I™ tell us that the integral
over the proper time is included,. In fact, we already perform this integral.
Moreover, the subindex [123;4) tell us that the fourth integral is performed
with the assumption that the corresponding photon is in the low energy
limit and the other three integrals are performed without any condition,
since we use the notation “(...)” for low energy integration and “[...]” for
integration without conditions.

Notice that the most general integral that we want to solve looks like:

11 g1 dT , ,
/ / / dmduzdu3/ TR e R ke kg B12GB13G B3
0 0 0 0 T
:F@_D)f/ﬁf duy dugduzGly 1, Gy 15 Glgs
o Jo Jo (m?—Gpiaky ks — Gpisks - ks — Gpasks - k3)"~ 2

2 / / / duldugdugGlBuGglgGg% _ i
m2” e (1 - Gpiox — Gpizy — Gpazz)" 2 i

where © = ki - ko/m?, y = ki - k3/m?, 2 = ko - k3/m? and Yy can be
rewritten as

(4.2)

r (n — 2)
You; = 2
m2n— D(n—lff ﬂ*l*l*%)(n—lfzfjfg)j
l o8 / / / duld’quu;g (43)
61:1 8y 02 (1 — Gpiox — Gpisy — GB23z)nflfifj7%
=9l0O K,

zYy~z

in which (a),, is the Pochhammer symbol, defined as
(a)p=ala+1)(a+2)---(a+n—-1), (a) =1, (4.4)

for general a and nonnegative integer n. Now, we define

5 duld’UQdU;}
2n D _ D> (45)
m (1 — G2z — Gpizy — Gpagz)"™ 2

and the operator 79" acting on K,, such as

KTL
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F(nf—

m2n D(n—l—*

LK

il | o

39

d’LL1 dUQ dU3

Gpior — Gpizy — Gpazz)" 1~
(4.6)

similarly for y and z. This is the equivalent of “tensor reduction” in this
formalism. It is important to mention that the analytic result for the triple

integral in (4.5) is already known |

|. Therefore, we can now write all in

section 3.2 in terms of the three point function K, and its derivatives.

4.1 Explicit result for scalar case

In this section, we write the explicit result for I7(123.4), in terms of 9;, 9y,

0, and K. (The sum of all the “I” terms, in this section, is I )
T[123;4)
I 123.4) (1234) = (2& Zz Z; +20. Zz :‘f + b) (% - 2@) Ka1Z4(1234) (4.7)
IT123,4)(1243) = (281 ki ’Z + 29, :1 :z > ( ) K1Z4(1243) (4.8)
I3 105.0(1324) = (20 Mks | og ke ks | 7—28>KZ (1324), (4.9)
T[123;4) Y ey - s T - ks r 424 .
~1 ki -k -k
Iifiasa)(123) =~ Z3(123) KQay k; . k"’ +20.% T kz c) (8 —402) k2 - f1 -k
(28 .:2 +28y];1 :3 +a) (0. — 402) ks - fa - ko
-k
+ (28%2%; +20.% k2 T +b> (8 — 497) k1 -f4-l€3] Ks,
(4.10)
I3 193.4)(234) = (% - 2@) Z5(234) KQ@ ik :1 + 20. Z"’ Z‘"’ + b) #
ko - k3 2 1 r1 1 (4 11)
k3 ko - k3 ri- f1-ks '
2 20. Ky,
(aykg k3+8k1-k3“) - ] :
Bias (341) = (é - 2ay) Z5(341) {(26 F - :2 +20, Zl Zs + a) #
3 1 2 T2 2 (4 12)
k)1~]€3 kz-kg 7’2'f2'k3 ‘
(Qay Ty s +20. T k:3 + c) k:2 ] Ky,
I3 123.0) (412) = R Z5(412) 28 R 20, Raks | \TeSsk
3 k k k r3 - kg (4 13)
kg-lﬁ k‘z-kg 7’3'f3'k2 .
(2azk2_k3 +20. +b) —. :|K4»
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1—49,) Z2(12)

ko -
zkl

k3
ks

ki fa fs kit (0

4. Low energy limit in one external leg

+ c) [Oyk1 - fa- fz- ko + O:ka - fa- f3-ki] (4.14)

ko fa-kira- fz-k1

+CL) 81

7"4'](13
ko fa-kira- fa - ko

+b> Oy

T4 - k3

—402) ko fa- f3 - ko

}K57

fa fo k4 (8- —46)k3~f4'f2'k‘3

k3
k -k

k1 ks
+28yk1.k2
ko - k3
k1 - ks

-k
- k3
ky - ko
. k‘g

k1 -ks3
(zay o

+28 b) [Ock1 - fa- fo-ks+ O-ks- fa- fo- ki) (4.15)

cfy ks - fa -k
a) yk3 fa-kirs - f2- k1
}KS,

5 - k2
+C> Oy

ks - fa-kirs- fo-ks
5 - k2

+20;

7T (1 - 40.) Z»(23)

x—433)k72'f4'f1'k2+(8y_48§)k3'f4'f1'k3
+ 20 k1 - ks

v k1 - ko
ko - k3
kg - k1
)
- k3

(o

+C> (rs - fa-kiry - fa- ks +2r7- f2- f3-78ks - k1)

|

k1 - ks
ko - k1
Ikg-k);g
k1 - ks
2+ ks

+a) [Ocka - fa- f1-ks+ Oyks - fa- f1- ko] (4.16)

ks - fa-kors - f1 - ko
Ta‘kl

k. k
+c)6k3 fa- 2?“6 fl 3}K5,

+20;

+b> 0

+28

Z2(14)
3r7 - kars - k3
ko - ks

k1
k1 - ks

. kQ kl
2
+ 209, "

ks
172“[123;4)(14):_ ko +a) rs - fa-kirr - fa- k1

ki - ks
- (2(‘% kQ . k3 + Zaz k‘l . kB

k1 k2 . k3
2 20,
( 0.2 00, 2

K,
(4.17)

+b|(rs- fa-kory- fo-ki—r7- fo- fa-rska- k1)
ks ko
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2 ZQ 24 k1 ko - k3
' — 3 fa kot - f1 - k
I7(123,4)(24) T kl'rw " K 200 H ) o fa - karo - fu- ke
-k
23y 2 (rio- fa-koro - f1-ks+2rg- f1- f3-r10ks - k2)
kg ks .
-k
~ (20,5 F2 1 g9, (ri0- fs - kiro - f1-ka —ro - fi - fs - rioks - k2) | Ka,
kl . k‘3 k'l

(4.18)

Z2(34)
3ri1 - kirie - ke

-k ka -k
I%[123;4>(34) = — |:<23 3 + 20, 208 + C) r12 - f2 karii - f1 ks

Yk - ks ki - ks

ko - k ko - k
— (2&5 2 kl + 232 2 ]: +b> (ri2 - fa - ksri1 - f1-ka+2r11 - f1- fo - ri2ks - k3)
) - k1

ko ks
(28 k3 Y k ko

> (riz- fo-kirin - fi-ks —ri - f1e fo - rigky - ks)| Ka,

(4.19)
215.0)(12,34) = %(1 — 40,) K1Z5(12) Z5(34), (4.20)
I7%123.4y(13,24) = % (1 — 40,) K472(13) Z5(24), (4.21)
I7195.4y(14,23) = % (1 —48,) K4Z5(14) Z2(23). (4.22)

Then the amplitude for this case looks like
o
Cscatlk1, €155 ka, e4] = 5 Lr[123,40)- (4.23)
4m)2

4.2 Explicit result for spinor case

In this section, we write the explicit result for IT[123 :4), in terms of 0y, 0y,
9, and K,,. (The sum of all the “I” terms, in this section, is IT[123 4)-)

IH2sa) (1234) = Z4(1234) [(28 kg keks b) (1 _ zay)

ko -k ko -k 3
ki -k ko -k . Z k 2k lk (4.24)
20, K2 | g5 F2 'l 9 1 k3 188 o 1l K
+<8k1-k3+ak1~k3 + 20, kl-k2+k-k+ +a+c 4
IT1128.4)(1243) =Z4(1243) | ( 20, Facka | 20, Fiks o) (L= 90,
! k1 - ks k1 - ko 3 (4 25)

k1 - ke ki - ks
+ 2(0s — 0z — Oy) — <Qazk1~k3 +28y]€1']€2 +a>:| fa
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IHasa) (1324) = Z4(1324) [(28 k1 - kg o+ 29, k2 ks +c) (1 _ 281)

ki ko ko k -k ks (4.26)
20, (222 4 22 49 2 342 b—1| K
20 (lfl'lf?,Jrk:z'kB+ 8yk1 k2+ 8k32 k1 tat v
. -1
Tinasun(123) = = Z(123) [ — (0 — 40 ks fu -
— (0= —402) ks - fa - ko — (Oy — 40}) k1 - fa - ks
'kS 2'k3 2
2 22 56_41: : )
+(8yk2-k3+ 8k1~k3+c> ((9 8)k2 fa- ko
+(28 'k2+20yk1'k3+a (8. — 402) ks - fa - ko
k1 - ks k1 - ko
5 ki ko - ks
+(2a -k3+2azk2~k1+b) lc1 fa-ks
+(28 ':1+2azz2':3+b)82 fa ko (4.27)
ks _— .
1k ki k
+ (26x ]: +28yk1 ks +a) Oykr - fa-ks
- 3 1 R2
+(26 Zl+2az:2':3+b>az faka
3 2 " Rl
-k ko -k
+(2ayk k3+282k2 k3 )a 1 f1ks
2 " Rh3 1°h~3
+ (26r 22 jtzayz1 ’23 —|—a) Ouks - f1-ky
3 1 Rh2
Ky - ks ko - ks
z z : ° K7
+ (28yk2.k3+28 kl_k3+0>3/€3 Ja kz} 5
f%[123;4)(234):(§+28z) 23(234)[(2ay - :5+2az:2':3+c) rfiks
2 - k3 1-k3 r1 -k (4.28)
k2~k1 k’z-k’g 7”1'f1'k22 .
- 2:6 2 z K7
<ak2-k3+ 8/€2'/€1+b) 1 k1 ] *
Fraas (41) = (5 +20,) 20031 | (20,1252 2020 o) P2 forls
2 - k3 1 k3 ro - ko (4.29)
k’l-k‘z ki1~]€3 7’2'f2'k1 '
<28“”k1-k3+289k1-k2+“> — :|K4>
Basay (412) = 2 90, Z3(412) 20,72 R | gp R2iks | ) Ta s ke
3 ko - k3 ko - k1 rs - k3 (430)

k:1~k32 k’1'k‘3 1"3'f3'k1
(28””k1.k3 +20 +a> P— }K“’
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Piiasay (12) = 822(12){(8 —48)k1 fo-faokn+ (0. — 402 ko - fu - fa- ko
1k
+ 23y > 429 [Oyk1 - fa- f3-ka+ O:ka- fa- f3- ki)
k‘2~l€3
1 - ko ko fa-kira- f3-k1
(28 -k3+ ykl k2+a> 8:8 7”4'k3
+ (2007 Rk o, +b o e ta kara s ko | o
‘ks T4~]€3

(4.31)

= 4
Bpaan(13) = 20,2,013){ <6 AR - fo b (0 —402) K - fa -k
ko - k1
+ <26xk2 ks +2(9 +b> [8,;k:1~f4-f2-k3+8z/€3-f4-f2'k1}
s -
ki - ko ks - fa-kirs - fo- k1
_<28Ik1~k3+ yk1 k2+a>ay rs - ko
k1 ks k3 fa-kirs - fa-ks
K57
+ (26y ko - ks +2 +C) Oy Ts - k2

(4.32)

- 4
I%[123;4) (23 = §82Z2(23){ (81 — 463) ko - f4 . f1 - ko + (ay — 485) ks - f4 . f1 - ks

)
ky - ko -k
+(2azk1.k +25‘yk k;3 a)[azkz»f4.f1-k3+3yk3‘f4.f1.kz]

ko - k1 ko - k3 ks - fa-kore - f1 - k2
20, 20, b) 0.
ak2'k3+ak2~k1+> re - k1

k1 - ks ko - ks ks - fa-kors - f1- ks
22 z K’
+<28yk2~k3+ 6k1'k3+c>8 7’6']61 °

(4.33)

= 275(14) - ko - k3
[T[123;4)(14) = 3r7 - kars - k3 28 ks +2 Yk - ks

ckir - fa -k

ki-k ko - k
—<28yk;k3+28 2 kz+C)(7“8~f3'/f17’7'f2'k3+27“7'f2'f3'7“8/€3'/€1)

k ko -k
— (20 L4920, 222 1y (rs - fa-kory- fo-ki—1r7- fo- fa-rske-k1)| Ka,
ko - ks ko - k1

(4.34)
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o 275(24) k2 k3
IT[123,4)(24) = 3 - k17’1o s [(23 sz v +b) ri0 - f3 - karo - f1- k2
-k
(2(9y 2 k’3 + 28 ) r10 * f3 korg - f1 ks + 2rg - f1 . f3 -r10ks - ]4:2)
2 k3
-k
— (28 k2+ —I—a) rio - f3-kirg - f1- k2—7“9'f1'f3'7’10k31'k32):| Ky,
3
(4.35)
- 275(34) kz )
T2 0 4 2 9, . L
Tri23;4)(34) = ETR e [< 0y kr ks +C> r12 - fo - karii - f1 - ks

ko - k1 ko -k
— (20,-2 +20. 2% 4 (r12 - fa - kari1 - f1-ko 4+ 2r11 - f1 - f2 - rizks - k3)
kz-kg k2'k1

ki-k ki-k
— (20,22 2+23y L' g (ri2 - fo - kirin - f1-ks —ri1 - f1- fo-rigks - ks)| Ka,
k1 - ks k1 - ko

(4.36)
IFt105.4)(12,34) = gamK4ZQ(12)ZQ(34), (4.37)
I7t193.4y(13,24) = %ayK4ZQ(13)ZQ(24), (4.38)
- 8
I7t123.4y(14,23) = 582K4Zg(14)Z2(23). (4.39)
Similarly, the amplitude in this case is
—2¢t .
Cscatlk1, €155 ka, e4] = ——5 Irp123,4), (4.40)
(4m)%

4.3 How does K, look like in the literature?

As we already mentioned, the exact result for the triple integral in K, is
given in [11] by J. Bliimlein, K. G. Phan and T. Riemann. Hence, let’s see
how is it related the notation used in [11] against ours. For our particular
case, they have

k1

Jz = J(d; {pip;}, {m7}) Z/W2 DDy (4.41)

with inverse propagators D; = (k+¢;)% — mf + i, momentum conservation
Zf’ p; = 0 and all momenta to be incoming. Hence, we need to write J3 in
a similar way as (4.5). In the following, there are enlisted the steps to do
this.
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e First, notice that they use a different convention of the metric. They
use (+ — ——), while we use (— + ++). So, if we change their con-
vention of the metric to ours, we get D; = —(k + ¢;)* — m? + ic.

e Second, J3 is in the Minkowski space, so we change to Euclidean.
This removes the factor of ”4” in the integral.

e Third, we change p; by k; and k by [, just notation.

e Fourth, we choose ¢ = 0, g9 = —k; and g3 = k9. Then, J3 can be

written as
d’l 1
Js= | — . 4.42
- | FEren e 04
In Srednicki [12] it is shown, in section 16, that this integral can be written
as
d Lot
J3 = F(S — )/ / / dl’ldwgdl'gd(l'l + o+ T3 — 1) 7 (4.43)
27 Jo Jo Jo D> 2
where
D, = m? + 561.733,%% + ajgxgk:% + xll‘zk%. (4.44)

Using that k1 + k2 + k3 = 0 and z1 + x9 + x3 = 1, we can rewrite D, as
D* = m2 — x3(1 — 1‘3)/61 . kQ — xl(l — xl)kl . ]{3 — .’Bg(l — .%'Q)k‘g . kg. (4.45)
If we fix an order and we use the change of variables
=1~ us,
T2 = U3 — u2, (4.46)
T3 = U2,
we can write our Green functions as

Gpi2 = z3(1 — x3),
Gpiz = z1(1 — z1), (4.47)
Gpas = x2(1 — x2),
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here we have made use of the freedom to choose the zero somewhere on the
“worldloop” for setting u; = 0. And now we can write D, as

D, =m? — Gpiaki - k2 — Gpisk: - ks — G pasks - ks, (4.48)

that is exactly what we have in the denominator of (4.5) and this tells us
that J3 and K, are related by

K, = J3(D + 6 — 2n; {kik;}, {m?}). (4.49)



Chapter 5

Low energy limit in two
external legs

In section 3.3, we performed the integrals over u4 and us under the as-
sumption that the corresponding photons were in the low energy limit and
this leaves us with the following integrals

Figure 5.1: Feynman diagram for the four-photon amplitude with the third
and fourth photons in the low energy limit.

) 1 rl © T )
IlT[12;34) :/ / dmduQ/ ?Tzlf%efT(mQ,GBmkl-kz)I(gél)7 (5.1)
0 Jo 0

for the scalar amplitude and equivalently flT[12-3 o) for the spinor amplitude.
Similarly, we include the integral over T" and the integrals over u; and

47
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uo must be performed with arbitrary momenta. Because of the translation
invariance in the loop we can fix the zero to be at the location of the second
vertex operator, ug = 0 and u; = u. Hence, (5.1) transforms into

i ! FdT 4 D pm2- ko) 1i
T[12;34) :/0 d“/o ?TAL 2o =Gl k2)1(34)a (5.2)

(similarly for f,fp[12,34)) where Gp(u1 = u,us = 0) = u(l —u) = Gp. Notice
that the most general integral that we want to solve looks like

Y —
= n—-—- du o = Inls
2)Jo (m?—Gpky- k)" 2
and this can be rewritten as
T'(n-2 1 l
oo A= Gt (5.4

_Ted) P,
o

D —i- By det Jo " Gper ik

with 2 = k1 - ka/m?, (a), the Pochhammer symbol, and we know that

1 1 3z
/0 Y- G T 1(’ ’2’4)’ >

where 9F] is an hypergeometric function whose series expansion is (see
Appendix F)

oFi(a,b;c;x) = Z — (5.6)
n=0 ’

Therefore, in the next two sections we write the solutions to our integrals
in terms of what we call Y,;. (In Appendix G there is an explicit form of
some Y,;;’s, which are required in this chapter.)
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5.1 Explicit result for scalar case

In this section, we write the explicit result for I7[i9;34), in terms of Y.
(The sum of all the “I” terms, in this section, is I7[12:34)-)

2
174“[12;34)(1234) =3 (Ya1 — 4Yao) Z4(1234), (5.7)
2
IT19:34)(1243) = 3 (Vi1 — 4Yy9) Z4(1243), (5.8)
1
1§[12;34)(1324) =3 (Yyo — 12Ya1 + 36Ya2) Z4(1324), (5.9)
-1
In34)(123) = - (Y51 — 10Ysq + 24Y53) Z3(123)ky - f4 - ki, (5.10)
-1
I%[12;34) (412) = o (Y51 — 10Y50 + 24Y53) Z3(412)ks - f3 - k1, (5.11)
-1
Ipig8a)(12) = %Zﬂl?) [(Yso —4Y51) (k1 fa- f3- k1 + ko fa- f3-ka)
+ (Yo — 4Ys1 — 30Yss + 120Ys3) (k1 - fu - fi - ko + Kz - fa- f3- k) (5.12)
+ (10Ys2 — 80Yg3 + 160Y54) ko - fa - k1ka - f3 - k1],
—1
ITpa:34)(13) = 322(13) (Ys1 —4Y52) k1 - fa - f2 - kn, (5.13)
—1
I%[12;34)(23) = ?Z2<23> (YSI - 4Y52) ko - fa- f1- ke, (5-14)
Z5(14
IQT[12‘34)(14) = 9# [(Ys1 — 4Y52) ko - kara - f3 - kir1 - f2 - Fka
’ r1 - koro - k3 (5.15)
+ (Ys1 —4Ys2) ks - ki (ry - fo - fa-roka -k — 1o - fy-kary - fo - ky) '
+ (Yao — 6Ya1) (12 - fa - kiri - fo- k3421 - fo- f3-raks- k)],
Z5(24
Ip1a0)(24) = m [(Ys1 —4Y52) k3 - kiry - f3 - karg - f1 - ko
5.16
+(Y51—43%2)k2'/€3(7’3'f1'f3'7“4k1'k2—7‘4'f3'k17“3'f1'k2) ( )
+ (Yao — 6Ya1) (14 - f3 - kors - f1- ks + 213 f1 - fa-raks - ka)],
1
I7Hha:34)(12,34) = 3 (Yao — 4Y41) Z5(12) Z(34), (5.17)

1
I h.34)(13,24) = §1/4022(13)22(24), (5.18)
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1
1%2[12;34) (14,23) = §Y40 Z5(14)Z5(23).

Then, the amplitude in this case is

4

Lscarlkr, €155 kg, 4] = 5 IT[12;34)-

T)2

5.2 Explicit result for spinor case

(5.19)

(5.20)

In this section, we write the explicit result for ITDQ :34), In terms of Y.

(The sum of all the “I” terms, in this section, is IT[12 .34)-)

= 4
I%[12;34)(1234) =3 (Y1 —2Ya2) Z4(1234),

= 4
I%[12;34)(1243) =3 (Ya1 — 2Yy2) Z4(1243),
74 4
Lrs, 34)(1324) ~3 (2Ya0 — 6Yy1 — 9Ya2) Z4(1324),
Lio0(123) = § 2 (Yo — Yaz — 12Va3) Z5(123)ks - o - o,

- 2
I3 19:34)(412) = 9 (Ys1 — Y2 — 12Y53) Z3(412)ka - f3 - k1,

1

1:%[12;34)(12) Zgz( 2) 15Y50 (ky-fa-f3-ki+ko- fa- f3-ko)

15 (Y51 30Ys3) (k1 - fa- fa-ko+ ko fa- f3-k1)

+ 5(3%3*4Y64)k2‘f4'k1k2'f3'k1 ,
- 2
L712,80)(13) = §22(13) (Ys1 = 4¥s2) kv - fa - fo - b,

~ 2
IF119:34)(23) = 922(23) (Yoo — 4Y52) k2 - fu - f1 - ke,

—27,(14)

119,30y (14) = Oy kgre - ks [(Ys1 —4Y52) ko - kara - f3 - kiry - fa - ka

+ (Y1

*4Y52)k3'k1(7”1'f2'f3'Tzkz'kl*7”2'f3'k27”1'f2'k1)

+ (Yao — 6Ya1) (ro - fz-kare - fo- ks +2r1 - fo- f3-roks - k1)),

(5.21)

(5.22)
(5.23)
(5.24)

(5.25)

(5.26)

(5.27)

(5.28)

(5.29)
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~ —275(24
I710:34)(24) = 2524 (Y51 —4Y52) ks - kirg - f3 - kars - f1- ko
’ 97‘3 . k17“4 . /4}3 5 30
+ (Ys1 —4Y50) ko - kg (13- f1 - fa-raky -k — 14 - f3-kirs - f1-ka) (5.30)
+ (Yao — 6Ya1) (ra - f3 - korz - f1- ks +2r3 - f1- f3-raks - ka2)],
~ 8
I7h0.:34)(12,34) = §1/4122(12)22(34), (5.31)
~ 4
I7h0:34)(13,24) = §Y4022(13)ZQ(24), (5.32)
. 4
I7%9.34(14,23) = §1/4022(14)22(23). (5.33)
Similarly, the amplitude in this case is
—2e* .
Cscatlk1,€15 5 ke, €4) = ——5 Irpiogsa)- (5.34)
(4m)2

5.3 Verification of results

In this section, we test our previous results by comparing them with known
results.

5.3.1 Propagator in an external field

In order to verify our results, we will compare them with those obtained in
[26, 10] for the photon propagator in presence of a constant electromagnetic
field. This propagator in terms of Feynman diagrams is shown in Figure 5.2,
which comparing with Figure 5.1 we can see that the four photon amplitude
with two photons in the low energy limit is equal to the second term in the
expansion of the propagator in Figure 5.2 when we fix ky = —ko = k.

In [26, 40], an integral representation for the dimensionally regularized
scalar/spinor QED vacuum polarization tensors is obtained as

oo . 1

Iy, (k) = 62D/ Lo (o7 g1/ Fm(z)]/ duy I, e~ Th P12k
(4m)yz Jo T Z 0

(5.35)

22 [®dT, 5 b _,op. 15 [tan(2)] [1
1 k) = / 7T2_7 —-m Td t 1/2 / d T —Tk~<I>12~k’
s;mn( ) (47T)% y T € € Z o UL gpin©

(5.36)
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AN RV +
\\:/ -

Figure 5.2: Feynman diagram for photon propagator in an external field.
(left photon ingoing and right outgoing.)

where Z = eT'F, with F =i(f3 + f4) the field strength tensor,

prym = Q%Qk -Gpia -k — Gtk - Grig - k
> y mA (G ; v B AUk K LA
- (9311 —Gr11 — 9312) (9321 —Gpoa + ngz) + G597 | BRES.

(5.37)
Here Gpio, Gr1o are the generalized Green’s functions, and the first few
terms of Gp12, Gri2 in the expansion in F' are

. . T 2 .
Op12 =Gpra+2i <G312 — 6) el + gGBlgGBuT(eF)Q + O(Fg), (5.38)

Gr12 = G2 — iGp12G p1aTeF + 2Gp12Gp12T(eF)? + O(F?).  (5.39)

In our particular case,
2, 1 2
Tk-®12-k=Gpiok™ + 3TG3121<: - Z° -k, (5.40)

and I[;, is obtained from I[ by deleting all quantities carrying a sub-
script “F”; also here it is rescaled to the unit circle and set us = 0.

We are interested in the expansion of (5.35) and (5.36) in F' up to
O(F?) because this is exactly what it is shown in Figure 5.2. Hence, after
some mathematical manipulations of the previous equations and taking

the product of the polarization tensor with the corresponding polarization
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vectors, we obtain

v — 0 dT pa—L _m?T 1l —TGp12k?
ElHEQVHscal(k) - fO T T ze f(] dule

(4m) %
| Ghialer -esz—sl-keM)[— (1) — 5 (1—G2312)2k-f3~f4~k
+%tr(f3f4)] <G312 G%lQ) [251 ceak - fa- fa-k+ k21 fs- fire2
—eg-k(er - fs- f4 k+51'f4'f3'2k)—€1'k(€2'f3'f4-k+52-f4~f3~k)
+her - fu- f352} -1 (1 - G2312) (e1-f3-kex-fa-k+er- fo-kea- f3- k)},
(5.41)

v _ =2 (oo dTpa- D e—m 2r —TGpi12k?
61#621’Hspin(k) (4m) T fo T T f duye B2

x{ (G%H— )(51 ceok? — ey key k)| — (eT) 2= L ( Gm) ke fs- fa-k
—%tr(f3f4)] (1 - G312) (G%u -3 [251 : Ezk . f3 . f4 -k + k g1 f3 . f4 * €2
—e2 - k(er- f3- f4 k+eq- f4'f3'2k)—€1'k(52'f3'f4-/€+82'f4'f3'k)
k2o fu- foea| = 5 (1= Ghug) (o1 fo koo fu-kter- fu-hea fy-R)}.
. (5.42)
Notice that the previous expressions are written in terms of Ggio. Thus,
we take the result presented in sections 5.1 and 5.2 and with the help of

(B.1) we write this in terms of Ggio. Then, we fix k1 = —ko = k and we
compute the corresponding expressions obtaining

Scalar result

Ity (1234) = ¢ (GB12 nglz) Z,(1234), (5.43)

Ity (1243) = (GB12 G‘}m) Z4(1243), (5.44)

I (1324) = = (162 9G4, ) Z4(1324 5.45

(34)( )= 62 ( — 6GR1p + B21) a( ), (5.45)
I2,,(12) = 5263, (1 — 202, + G‘}glg) Zo(12)k - fa- fs - K, (5.46)
12,,,(14) = ( 3G312> Zy(14)es - f5 - k (5.47)

Ity (24) = 5 (1 - 3G2312) Zy(24)e1 - fs - k, (5.48)
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1.
1%3,,(12,34) = gG?Buzg(12)22(34), (5.49)

1
1%,)(13,24) = =25(13) Z3(24), (5.50)

1
12,)(14,23) = = Z(14) Z3(23). (5.51)

Spinor result
Ity (1234) = ¢ (4G312 G, — 3) Z4(1234), (5.52)
=4 1 "9 ‘4

Ity (1243) = 2 (4G, — G — 3) Za(1243), (5.53)

~ 1 .
Ity (1324) = (1 4262, + 9G321) Z,(1324), (5.54)

12,02) = 5 (1= Ghiy) (1- 26810 + Chio) 22020k fu- f3 -k, (5.55)

2,4 =2 (1 - 362312) Zy(14)ey - f3 - ki, (5.56)
I2,,(24) = (1 - 3G312) Zo(24)e1 - f5 - K, (5.57)
%2,(12,34) = % (1 - GQBH) 75(12) Z5(34), (5.58)

172,(13,24) = 322(13)22(24), (5.59)
172,(14,23) = §Z2(14)Z2(23). (5.60)

Now, we need to write the Lorentz cycles “Z,” in terms of 1, €9, k, f3
and f4 in the scalar/spinor result, then we put similar terms together and
we obtain exactly the terms that appear in (5.41), (5.42) respectively, with
the only exception of the term “(eT)~2”, because this corresponds to the
vacuum polarization diagram in Figure 5.2.
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5.3.2 Two-loop QED 3 function

In sections 5.1 and 5.2 we presented the off-shell four-photon amplitude
with two external legs in the low energy limit for scalar and spinor QED
respectively. Hence, as the amplitude is off-shell, from these expressions
we can compute the two-loop vacuum polarization amplitude (Figure 5.3)
by performing the following replacement

SHH
72
in Feynman gauge, and computing the integral over the momentum k.
In the previous section we already performed the first two replacements
(k1 = —ka = k). Then, we take the part that contains the information on
the momenta and polarizations in equations (5.52)-(5.60), and we perform

the third replacement (ef'e} — ‘Z—;) Thus, in terms of f3, f1 and k, we
have the following relations

k2Z4(1234) = (D — 2)k - f3 - fa - k + k*tr(f3fa),

k2Z4(1243) = (D — 2)k - f3 f1 -k + k2tr(fafa),

k2Z4(1324) =2k - f3- f1 - k

k2Zy(12)k - f1 - f3 - k—(D—l)kz2k fi-fs-k

]43222(14)62 f3 k‘——k‘ f3 f4 (562)

k2Zy(24)er - f3 -k =k fs- fa-k

k2Z5(12)Z5(34) = (D —1)k222(34),
(13)Z
(14)Z

ki =k, ke— —k and efey — (5.61)

k2Zy(13)Z9(24) =k - f3- f1 - k
k2Z3(14)Z9(23) =k - f3- f1- k

Now, we use the fact that k- f3- fy - k
above as

2tr(f3f1) to rewrite relations

1234) = 22241 (f5 f

243) = 222 tr(fs f
324) = Btr(fsfa),
2)k-fa-f3-k= %k%r(ﬁ%ﬁ),

d)ea- f3- k= —*tf(f3f4) (5.63)

= pk
/1),
1),

r(f3f1),

Z

Z>(14)

Z5(24)

Zs 12>22( )— %(D D)t fsfa),
Z5(13) = ptr
Z5(14)Z5(23) = $tr(f3fa).
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Notice that the result presented in equations (5.52)-(5.60) is simpler than
the presented in sections 5.1 and 5.2 because of the replace k1 = —ko = k
already done in (5.52)-(5.60). Then we take this result and with the help
of (B.1) we write it in terms of Gpi2 for each case, scalar and spinor.
Furthermore, we compute the two-loop scalar/spinor amplitude and the
corresponding B-function correction for each case.

Figure 5.3: One-loop four-photon amplitude transforms into the two-loop
vacuum polarization amplitude.

Scalar result

We rewrite (5.43)-(5.51) in terms of Gpi2

2
I(34)(1234) = 2 (G1a — 4Gh12) Za(1234), (5.64)

2
I3)(1243) = 3 (Gp12 — 4G Za(1243), (5.65)

1

I(3)(1324) = 5 (1 — 12Gp12 + 36G%y ) Z4(1324), (5.66)
Iy (12) = =L (Ghip — 4Gh,) Z22(12)k - fa- f3 - K, (5.67)
I%yy(14) = 3 (1 = 6Gp12) Zo(14)es - f3 - k, (5.68)
I73)(24) = =5 (1 = 6Gp12) Z2(24)e1 - f3 - &, (5.69)
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1
1(34)(12 34) = 3 (1 —4GB12) Z2(12)Z2(34), (5.70)
1
I5y)(13,24) = §22(13)22(24), (5.71)
1
I73,(14,23) = 922(14)2(23). (5.72)

Now, with the help of (5.4) and (5.63) we write all in terms of Y,; and
tr(fsf1)

I(34)(1234) = 4(251) (Yar — 4Ya2) tr(f3fa), (5.73)
I(34)(1243) = 4(251) (Yar — 4Ya2) tr(f3fa), (5.74)
1?34)(1324) = 9% (Yao — 12Yy; + 36Yy2) tr(f3f4), (5.75)
It (12) = — 2051 (Vag — 4¥s3) K2t (fa fa), (5.76)
I3,y (14) = — g5 (Yao — 6Ya1) tr(f3.fa), (5.77)
I734)(24) = —g5 (Yao — 6Ya1) tr(f3 fa), (5.78)
133(12,34) = DG_ ! (Yao — 4Ya1) tr(f3fa), (5.79)

1
I175(13,24) = g—DYmtr( f3f1), (5.80)
12/(14,23) = S S Vaote(fu ). (5.81)

Finally, summing all these terms and taking the integral over k (the factor
1/(27)P comes from the convention of this integral), we have the two-loop
amplitude for scalar QED (after sewing)

) et dPk 1D -1
Fscal (47‘(‘) / (27_[_)[) |: 6 }/40 3D (D 4) (D — 1)}/41
(5.82)
- i(4D 7)Y — A1) (Yso — 4Y53) k2| tr(f3f4).

3D 3D
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Spinor result

We rewrite (5.52)-(5.60) in terms of Gpi2

. 4
15*34)(1234) =3 (Gpi12 — 2GB5) Z4(1234), (5.83)
. 4
15134)(1243) =3 (Gpi12 — 2Ghy5) Z4(1243), (5.84)
It (1324) = 4 (2 — 6GB12 — 9GB5) Z4(1324) (5.85)
(34) 9 B12 B12 4 , .

3, (12) = 5 G, 22(12)k - fa- f3 -k, (5.86)
f(234)(14) =—3(1-6Gp12) Zo(14)e2 - f5 - k, (5.87)
f(234)(24) =3 (1 - 6Gp12) Z2(24)e1 - f3 - k, (5.88)
I(34)(12 34) = *GBl2ZQ(12)Z2(34), (5.89)

4
I75(13,24) = §22(13)22(24), (5.90)

4
1(34)(147 23) = §Z2(14)Zz(23)- (5.91)

Now, with the help of (5.4) and (5.63) we write all in terms of Y,; and
tr(fs.fa)

f€34)(1234) = —8(251) (Ya1 — 2Yao) tr(f3fa), (5.92)
Ify)(1243) = _8(D31;1) (Va1 — 2Vio) tr(f3fa), (5.93)
I(34)(1324) = gi (2Y40 — 6Ya1 — 9Ya2) tr(fsfa), (5.94)
12, (12) = 2050kt (fa fa), (5.95)
1(34)(14) o5 (Yao — 6Ya1) tr(f3fa), (5.96)
1334)(24) = g5 (Yao — 6Yar) tr(f3 fa), (5.97)

A(D

i2y02,30) = Py 050, (599
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- 4
I3)(13,24) = = Yaotr(fa ), (5.99)
- 4
I73,(14,23) = ®Y4Otr(f3f4)- (5.100)

Finally, summing all these terms and taking the integral over k, we have
the two-loop amplitude for spinor QED (after sewing)

4 D
(20 _ —2e d“k i _ B

(5.101)

8 8(D—1
+ 752D+ 1)Yae + )

3D (3DY53]<52} tr(f3f4).

Notice that, in order to calculate this S-function, we combine the world-
line formalism with Feynman rules, since the off-shell four-photon ampli-
tude with two external legs in the low energy limit was obtained using
the worldline formalism and the procedure that we followed to obtain the
two-loop amplitude comes from Feynman rules.

Result of § function

Now, we compute the integrals in (5.82) and (5.101) in Mathematica. Then,
we fix the dimension to be D = 4 — 2¢, (for € > 0 & € < 1) and we expand
around € = 0, obtaining

4

@ € 0

Fscal ~ (47T)46tr(f3f4) + 0(6 ), (5102)
4

2 _  be 0
Fspin ~ *Wtr(fgle) + 0(6 ) (5103)
These two expressions are in agreement with those obtained from the two-

loop with the worldline formalism in [10]. Hence, the beta functions are
2) 2) o’

/Bscal<a) = ﬂspin(a) = ﬁ? (5104)
which is exactly the same result that was obtained in [19] with the standard
Feynman procedure and in [10] with the worldline formalism in a direct

two-loop calculation.
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5. Low energy limit in two external legs



Chapter 6

Low energy limit in four
external legs

In Chapter 3, we presented the integral result for the four photon amplitude
with all its legs in the low energy limit (section 3.4). In fact, in these
expressions the only integral that remains is

°° dT ra-2
/ AT pa-g g _ L= 3) QD). (6.1)
o T (m2)4==

Therefore, in the next section we present the result for these amplitudes.

Figure 6.1: Feynman diagram for the four-photon amplitude with all pho-
tons in the low energy limit.
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6.1 Explicit result for scalar case

Now, we write the explicit result for I(Q4)

1
(6.2)
1
Then, from (3.1), the amplitude is
e _84D D
Uscatlky, €15 i ks e4] = ——5m ™70 (4 — — ) 1(Q4). (6.3)
(4m)? 2
6.2 Explicit result for spinor case
Now, we write the explicit result for I(Qy)
~ o~ —14
1(Qu) ==~ [2a(1234) + Z,(1243) + Z,(1324)]
6.4)
4 (
+ § [22(12)Z2(34) + Z2(13)ZQ(24) + Z2(14)Zz(23)] .
Then, from (3.3), the amplitude is
—2¢t DY - -
Fspin[kh €15 .. kg, 54] = 73] miSJFDF (4 — ) I(Q4) (65)
A7) 2 2

It is worthwhile to point out that it is also possible to compute these
amplitudes directly from the Euler-Heisenberg effective Lagrangian, [13,

, 15].



Chapter 7

Conclusions

The worldline formalism is totally equivalent to the standard “a la Feyn-
man”; it is often possible to find the result in an easier way.

We obtain the analytic result for the one-loop four-photon amplitude
off-shell for one, two and four external photon lines in the low energy limit
in D dimension.

We obtain the result for the off-shell four-photon amplitude with one
external photon line in the low energy limit in terms of derivatives of known
integrals, J3 from [11]. This is a new result.

We obtain the explicit result for the off-shell four-photon amplitude
with two external photon lines in the low energy limit in terms of the
hypergeometric function 9F;. This is more general than what had been
obtained by previous authors, because, for us the only condition on the
momenta is 23:1 k; = 0, while other authors also fix k1 = —ko.

It was possible to verify some of our results by comparing them with
some particular cases in the literature.

The techniques developed here for the calculation of the four-photon
amplitudes are also of relevance for other amplitudes with four gauge
bosons, such as, the four-gluon amplitudes and amplitudes involving W
or 7 bosons.

We do not need to calculate any trace of gamma matrices. This is
possible because of the “replacement rule”.

We can write the effective action or the amplitude in terms of the field
strength tensor making the gauge invariance manifest.
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We do not need to compute any momentum integral over the loop.

We do not need to fix any order to perform the integrals (for QED).

In the specific case of the four-photon amplitudes, the Feynman dia-
gram calculation suffers from spurious UV divergences that in the worldline
formalism are eliminated by the standard integration-by-parts procedure.

Future work

Compute the exact result for the one-loop four-photon amplitude off-shell
with arbitrary momentum in each external photon line.
Use our approach to calculate some particular multi-loop corrections.
Use our approach to recalculate the three-loop correction to the “g—2”
factor (see Figure 7.1 and [11]).

Figure 7.1: Feynman diagram for the three loop correction to the g — 2
factor with one external photon line in the low energy limit.
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Appendix A

Conventions

In all our calculations we use natural units (A = ¢ = 1) and our metric
convention for Minkowski space is (— + ++) and at the path integral level
we work in the Euclidean space with a positive metric convention (++++).
The Roman indexes run from 1 ton (i = 1,2,3,...), and Greek indexes run
from 0 ton (un=0,1,2,...), with n a positive integer.
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Appendix B

Some useful formulas and
integrals

B.1 Formulas

In general, we have the following relations

Ghiy =1 —4Gp;;, (B.1)

GBi2 + Gpaz + Gp31 = —Gr12Gra3Gran, (B.3)
Gr12GFr23GFr3aGrar = — <G312 + Gpos + GB31> <G334 + Gpa + GBI?,) ,
(BA)

ki fi-kj =k ke -kj—ki-ek-kj, (B.5)

Tl-fi~fj-T’n:m-ki&‘i'kjé‘j-Tn—T'l-kiEi~€jkj-7’n

B.6
—Tl-Eiki-k}jﬁj"l”n—l-ﬁ-E,‘ikﬁi'é‘jkj"l“n. ( )
B.2 Integrals
In general, we have the following integrals
! 1
/ du1Gpi2 = 5’ (B.7)
0
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1
/ du1Gp12 = 0, (B.8)
0
1 1, 1
; dusGp13Gp32 = _EGB12 + 30’ (B.9)
1 ) 1.
/ dusGp13Gpse = —gGBHGBl% (B.10)
0

1
vk ~l _
/0 duzGp13Gpsy = 9 ml(k+1—m+1)!

m=0
(B.11)
1
/ dusGpa1GpaaGRaz = _E(GBH — Gp23)(Gp2s — Gp31)(Gps1 — Gpi2).
0
(B.12)
Some particular cases of (B.11) are
1 _ 1
0 3
1 _ 1
/ du3G%13 = -, (B14)
0 5
1 . ) 11, 1
du3Gp13Gp3e = = — sGp1o = 2GB12 — , (B.15)
0 6 2 3

1 1
.. . 1 . .
/ duzGp13Ghsy = / duzGh13Gp32 = g(GBlz — G%19), (B.16)
0 0

1 3 1 ) 3 3! G‘}B
/0 dU3G313G332 = /0 d’LL3G313G332 = 5 — 412, (B.17)
1 2 4
. . 4 2G G
O . . .

1 1
. . . . 1 . .
/ dU3GZ]§13GB32 = / dU3GB13G4332 = E(GBlg — GEJ)S’H)? (B.lg)
0 0

1

1 1
/0 dU3G?1’313G2B32 = /0 du3G2313G3é32 = E(GBH - G5Bl2)' (B.20)

l —m Ym m\/ -m
kmz<1—<—1>k+l G, — (1 (—1)™)Ghtm

i
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In the case in which we have one leg in the low energy limit, we will need

1 3
. T .
. o(4) —— § . .
/0 dU4GB4j e n k3 - GszGBz]kz ky, (B.21)
where
e('4) _ eT(GB14k'1‘k?4+GB24k2'k’4+GB34k3'k4). (B.22)

Similarly, when we have two legs in the low energy limit, we will need

1
1
/ dusg e(3) = — (ka-ks+ ks k1), (B.23)
0 links 6
where
e('3) _ 6G323k2~k3+G'B31/€3'k1_ (B.24)
Further,
1 ) 1 . )
/ dU3GBgl 6('3) ) = f(GBlg — G%u)kg . ]{73, (B25)
0 lin k3 12
1 . 1 . ..
/ dU3G323 6(43) ) = f(GBlg — G%12)k3 . kl, (B.26)
0 lin k3 12
Lo 13 262, Gt 2 ]
du=G2... (3 — |2 B2 FBI2 |\ b fea ke - ke
/0 wsGhn @ T A\ 10 e "o )Rk gghs Ry
] (B.27)
/Id G2y L3 —l_ik k3 + E—QGQEMG%H k k:-
e T Sl ET- e R R TV R TR R
] (B.28)
/lduG Gps1 e® _2 E—GQBIM% (ko ks + ks - k1)
0 3\ B23U B31 lin ks — 4 5| 2 4 2 3 3 1)
(B.29)

1 -2 . 1. 1.
[ e M

7. 1. 1 .
+ <30GBI2 + §G3j312 + mGEme) ks - kl} )
(B.30)

1
/ dU3GQBQ3G331 6('3)
0
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1 -7 . 1. 1 .
= |:<30GB12 + gG%lg + 10G%12> k2 : k3

1
dusGpasGhay el
/0 Ustrp2stipsL € ) T

9. 1. 1.
+ <15GB12 + gG:}BH + 5G%12> ks - kl} .
(B.31)



Appendix C

Explicit derivation of
Bern-Kosower master
formula

In order to construct the Bern-Kosower master formula, we start from the
effective action (2.1)

o8} T 22, ..
I'[A] :/ ?e_m%/Dx e Jo dT(THex'A(w)), (C.1)
0

and we choose the background field to be a sum of plane waves
N .
Au(x) =) ey e, (C.2)
i=1

Therefore, we replace (C.2) into (C.1), we expand the exponential of A(x)
and we only take the term completely mixed in ¢;, i.e. the term that
contains every polarization vector at linear order; this looks like

T ﬁ s T iz T )
e Jo dT( e A(z)) =e o d74/ dri(—ie)ey - & etk1®
0

T T
X / dro(—ie)eq - & etk .. / dry(—ie)en - & elhn-T (C.3)
0 0

T T .2
. B (L N (e itik:-
f— (_Ze)N/ dT]_ .. / d'TN e f() dT 4 +Zi:1(52 1’+7fk7, :B)
0 0

lin &;
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Since, these are the only terms that contribute to the one loop amplitude
and also we use the trick of (2.3). Moreover, notice that

N N

T .
Z (€ - () +iki - z(my)) = / dTZ <—€i cx(1)0(T — 7)) + ik - x(T)0(T — Tz))
i=1 0 i=1
T
= [ aritr) a0,
(C.4)

where we have defined

jir) = i (ié(v‘ — 1)k — (5(7’ — Ti)€i> . (C.5)

i=1

Then, putting all this together we are able to write (C.1) as:

> T T T &2 .
F[A] = (—Ze)N/ ?emQT/D$/ dry - - / dTNe_ fO dT(T—].m>
0 0 0 lin g;
(C.6)

Now, the integral over “z” has the form of a Gaussian integral in D dimen-
sions. Hence, we look at the free coordinate path integral at fixed proper
time T’

2
/Da; e~ Jo 4 = (4nT)P/?, (C.7)

and then we write the amplitude in terms of it

-\~ [T dT —D/2 ,—m?2T g g
['[A] =(—ie) ?(47&'1—') e dry - dry
0 0 0

[ Dze fng(%fjm)
X :
[ Dz e Iy it

(C.8)

lin o0

Now, in order to perform the Gaussian integral, we need first to separate
off the integration over the loop center of mass zg defined as

T
zh = ;/0 drzt (7). (C.9)
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Thus, reducing the path integral to an integral over the relative coordinate
q:
zH(1) = xfy + ¢"(7), (C.10)

where we can see from (C.9) and (C.10) that ¢ satisfies
T
/ drq(r) = 0. (C.11)
0
Furthermore, using (C.10) in (C.8) we can see that

/D.CE e_fonT(%_j'@ = /dDa:O/Dq e_fonT(§_j'q)eimo-va:1 ki,

(C.12)
look carefully (C.4) to see that

Td ] = Td ] ) - k C.1
/0 m(v)w(ﬂ—/o rilr)-alr) + im0 3k (C.13)

and of course

. -2
/Dx e_fonT% = /Dq e~ Jo drir (C.14)

Then, this transforms (C.8) into

[T dT —-D/2 ,—m2T T ’
I'[A] =(—ie) ?(47TT) e dry - dry
0 0 0

T ar (£ —jq (C.15)
fDq e Jo dr%
lin Ej
where N
/ dPxpei Xliki — (97)Dg (Z k:) : (C.16)
=1
o dr (G —jq _
[Dge ™ (4 ) I ar fT i (Fi) )

[Dgelah (C.17)

_ R dr [ ari(nGe(r-m)(r)
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Here, Gp is the Green function of the operator (‘Tl %),

1 2\ !
(7| (41;72> |7') = —2Gp(r — 1), (C.18)
no_ / (T - 7—/)2 T
GB(T—T)—|T—T|—T—6. (C.19)

Further, we notice that

/dr/ dr'j()Gp(r —1")j(7)

= Z( Gpijki - kj — ZGBUEZ ki + GB”EZ EJ>

4,j=1

(C.20)

where Gp;j = Gp(7; — 7;) and dots are the derivatives respect to the first
parameter 7;

Gp(ri — 1) = sign(r; — 7j) — 222
T (C.21)

éB(Ti —75) = 20(1; — 1) — T

Hence, we can write (C.15) as

N [dT -D/2 ,—m?2T g g
['[A] =(—ie) ?(47TT) e / dry - / dry
0 0 0

N
(2m)Ps (Z ) ti—1(5GBijki-kj—iCGpijeiki+5Gpijeie;)

Y

lin g;
(C.22)
or
*°dT
Llki,e1; ik, en] = (—ie)N (2m)P6 Zkz / o (4rT) PR m T
i=1 o T
T N 1 . 1.
X Hévzl/ diexp Z (GBijki . kj — iGBZ‘jé“z‘ : kj + *GBijEi . Ej)
0 <\ 2 2
1,j=1 .
lin g;
(C.23)

that is exactly the Bern-Kosower master formula.

i



Appendix D

Explicit calculation of low
energy integrals (scalar case)

In this appendix we present explicitly all the calculations needed to obtain
all the formulas presented in Chapter 3, in the scalar cases.

D.1 One low energy photon

In this section we will perform the integral over us of (3.2) with the as-
sumption that the corresponding photon is in the low energy limit. This
means that we only consider the linear terms in k4. Then we define

1
with
(4 — eT(GB14k1‘k?4+GBQ4k2‘k’4+GB34k3~k4)7 (D.2)
and
1(14) :/ dU4QZ€('4), 1=4,3,2,22. (D.3)
0
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D.1.1 Integral of Q]

Since Qj is linear in k4, we can disregard the exponential. Then with the
help of (B.15) we can integrate each term of Q1 in (3.7) and we obtain

14, (1234) = Gp12GBa3
1(4)( 43) = Gp12Gpan

1?4)( 324) = G pa3Gpa

—-1G2,,) Z4(1234),
— 3G ) Za(1243), (D.4)
- %6%12 Z4(1324).

= D= O

D.1.2 Integral of Q3
First we cancel all the terms O(k3?) in (3.10)-(3.13)

Q3(123) = Gp12G B23Gp31Z3(123) (GB4154 k1 + Gpaey - k‘2>
+G'12G 3G 31 Z3(123)Gpazes - ks,

Q3(234) = Gp23G p31Gp12Z3(234) (031261 - ko + Gpiser - k3) (D.6)
+G B23G p31G 12 Z3(234) G pracr—Fa,

Q1(341) = G p34Gpa1GB137Z3(341) <G82152 - k1 + Gpaszey - ks) (D.7)
+G p34G pa1 G p1373(341) G poasa k1,

Q3(412) = Gpa1G p12G B2t Z3(412) (GB3153 - k1 + Gpsoes - k‘2) (D.8)
+G Ba1GB12G B2423(412)G p3aes—Fa.

Now this equations without O(k?) terms and with the help of (B.5) can be
rewritten as

Q3(123) = Gp12G p23Gp31Z3(123) [GB4154 k1 + Gpageq - ko + Gpazes - k‘3},

(D.9)
Qi(234) = GBQ3GB34GB42Z3(234) (GBIQ Tlrflkiﬂ + G 7"1‘511.1211%2 )
+GB23GBB4GB42Z3(234) (GBL‘% Tlrflkfg + G lelllicllk ) ’

(D.10)
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Q3(341) = Gp34Gpa1Gp1325(341) (GB 17"3;7@51 + )
+G p34G a1 G p1373(341) (GB23%% ) )
(D.11)
Q1(412) = G pn1Gp12Gpas Z3(412) (GB lrifkfl + )
+G Ba1G B12G 21 Z3(412) (GB gl 4 ) '
(D.12)

Here, we introduce the vectors ri1, ro and r3 with the only conditions that
ri k1 #0, ro- ke # 0 and r3 - k3 # 0 and we use this because with this
trick we can write these equations in terms of f; the field strength tensor.
Moreover, notice that I ?4)(123) must be calculated using (B.21) because

Q3(123) is zero order in ky, (here an in the following we will use 7 = 1,
but this extra factors of T" must be restored and as we can see there are
extra factors of T' only when we take the linear term of th exponential)

(4)(123) G'12GB23G B3175(123) [% S Gp1iGpiki - kaes - Ky

+3 Z?Zl Gp2iGpiski - kacq - ko + 3 Z?Zl Gp3iGpiski - kaeg - ks} ,
(D.13)
we expand the sums

17y (123) = 3G B12G B23G p31 Z3(123) [GBlzGlelw - kagq - kr
+GB13GB31ks - kaes - ki + Gpa1Gpizki - kaes - ko + GpasGpaoks - kaes - ko
+ Gp31Gpisk: - kaes - ks + Gp32Gpasks - kaey - ks} ;
(D.14)
we factorize
134)(123) = 1Gp12Gp23Gp3173(123) [G312GB21(1€2 kges -k — k1 - kagy - ko)
+G p23Gp3a(ks - kacy - ko — ko - kaey - k3)
+ Gp31Gpi3(ky - kacy - ks — ks - kaeq - /ﬁ)] ,

(D.15)
finally we use (B.5) to write this as

Ié”4)(123) = 1Gp12Gp23Gp31Z3(123) [GBI2GB21k2 “fa-ky

. . (D.16)
+ Gp23Gp3gks - fa- ko + Gp31Gpigk: - fa- k3} .
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While in (D.10)-(D.12) we cancel the marked terms because these form a
total derivative, in each case, that does not contribute to the integral and
we use (B.11) and (B.12) to integrate the remaining terms

15)4)(234) = Gp23 <2GB32 — 3> Z5(234) <GBIQW + GBl?’lrlf_lkl?)) ’
(D.17)
1 : - ro - . k‘ . ro - . k:
15)4)(341) = 2GB31 -5 GB13Z3(341) G321 2 f2 1 + GB23 2 f2 3 7
’ 2k T2 - ko
(D.18)
1 . . T3'f3’k1 . s f3'k2
I3 412) = 2 — — Z412 3 J3 M T3 )3 K2 .
(D.19)

Now we use (B.1) to write all in terms of G’s (also we arrange the sub-
scripts)

3
Result of I (1)

15’4)(123) = LG p12G 3G p31Z5(123) [9312 (1 - G2B12> ko - fa- ki
+ G2 (1 - GQB%) ks - fa- ko + Gpa (1 - GQB31> ki~ fa- ks} ;

(D.20)
1. I ori-firke . e fi-ks

1(34) (234) = §G323 (3 - GZBQ3> Z3(234) <G3127"1~k;1 - GB31 7"1]{;1> 5
(D.21)
1/1 . . . ro-fo-kir . ro-fa-ks

15’4)(341) = 5 <3 — GzB31> G33123(341) <GB127“2-]{72 — G323W> R
(D.22)
1/1 . ) N N

Iy (412) = 3 (3 - G2312) G p1aZ3(412) (GBMW - GB%W) :
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D.1.3 Integral of Q2

First we cancel all the terms O(k?) in (3.14)-(3.19)

Q3(12) = G12GRa1 Z2(12) [GB3153 - k1Gpares - k1 + Gpsies - k1Gpascs - ko

+GB3153 . k‘lGB43€4 k3 + GB3253 . k’2GB4154 -k
+GB32es - koGpasey - ko + Gpaoes - kaGpages - k3
+G p3aes - kaGpaies - k1 + Gpases - kaG pases - k2

+1Gp3ies e (GBmks -k — Gpaks - kl)

+ $Gpsucs - 4 (GB321€3 +ky — Gpaky - kz)] ;
(D.24)

Q%(13) = Gp13Gp3122(13) [932162 k1Gpaes - ki + Gpaies - k1Gpaes - ko
+G321€2 : k‘lGB4354 ks + C?32362 : k3G341€4 Ky
+Gpa3er - k3Gpases - ko + Gpasea - k3Gpazes - k3
+Gpo4es - kaGpaies - k1 + Gpoaca - kaGpases - k3
+1Gpoer &4 (GBmkz k1 — Gparka - kil)
+ 1Gpuer e <G323k2 kg — Gpagha - k3>] ;
(D.25)

Q3(14) = G p14Gpa1Z2(14) {GB2152 - k1Gp3ies - k1 + Gpaiea - k1G paacs - ko

+C:;32182 . k1G334M+ C:;32352 . ksGB3183 -k
+Gpaser - k3G paues—Fa + Gpauca—+1Gpaies - ki
+G poaca~Fk1GRB3oes - ko + Gposca—k1Gp3acs—Fka

—i—%GstEz - €3 (GB21k2 k1 — Gpaiks - kl)
+ %@92382 - €3 (GBQ4M— GB34M>] ;
(D.26)
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Q3(23) = Gp23Gp32Z-(23) [631261 koG pares - ki + Gpioer - kaGpases - ko
+C:;312€1 : k2G:B4354 k3 + G:B1351 : k3C:;B41€4 k1
+Gpise1 - k3Gpazes - k2 + Gpiser - ksGpages - ks
+GB14€1 - kaGpasey - ko + Gpraer - kaGpasey - k3
+1GBuer -4 (GBmkl -k — Gpasks - k2>
+ 3Gpuer & (GBISkl -k — Gpaska - k3)} ;
(D.27)
Q%(24) = Gp2uGp12Z>(24) [GBI251 koG psies - ki + Gpioer - kaGpaoes - ke
+GB1251 : k2GBS4£3//kZ+ G:Bl351 : k3GB3253 )
+Gpiser - ksGpaaes—Fa + Gpracr-F1Gpsies - ki
+Gpraer—HaGpsaes - k2 + Gpraer—k1Gpsaes—Fka
+1Gpiser - €3 (GBnk‘l -k — Gpaoks - k‘2)
+ 1Gpiser €3 <G314M— GB3M)} ;
(D.28)
Q%(34) = Gp34G 13 Z2(34) [GBl251 - koG pazea - ks + Gpioer - kaGposer k1
+GB1361 : k3G321€2 k1 + G313€1 : k3GB2352 - k3
+Gpuser - k3G pauca~Fa + Gpuer—+*aGpaer -k
+G praer—k4Gpases - ks + Gpraer—F1Gpasea—Fy
+1GR12e1 - €2 (GBISkl - ks — Gpasks - k3>
+ $Gpizer - &2 <GB14M— GBQ4M)} :
‘ (D.29)
Then, after a factorization respect to G pg;j, I (24) looks like

1(24)(12) = Gp12Gp2122(12) fol |:GB31GB43<53 ~kieq - ks — 3e3 - eaks - ki)
+Gp32Gpas(es - koey - k3 — %_53 - e4k3 - ko)
+Gpa1(Gpsies - kiea - k1 + Gp3oes - kacy - k1)
+ GBa2(GB31e3 - k€4 - ko + Gpages - kaey - k?2)] e duy
+Gp12Gp2122(12) f;) [9334(;341(63 ~kagq - k1 — Je3 - eaka - k)
+Gp3aGpaz(es - kacy - ko — Leg - caka - k2)} duy,
(D.30)
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1(2)( 3) = Gp13Gp3122(13) fo [G321GB42(52 kieq - ko — o - eaky - ki)
+GB23GB42(52 kses - ko — Leo - eako - k3)
+Gpa1(Gpaes - kieg - k1+GB2352 ksea - k1)
+ Gpa3(Gparea - kieq - k3 + Gpasea - kaeq - k3)} e duy
+Gp13Gp31Z2(13) fo [GBQ4GB41(52 kaes - ky — o - eaky - ky)
+Gp2aGpaz(ea - kaca - ks — Leo - caks - ka)} duy,
(D.31)

1(24)(23)=GB23GB32Z2 (23 fol [G'BHGBM( ~kogy - k1 — Se1 - eaky - ko)

+GBI3GB41(51 kseq - ki — e1 - eaky - k)

+G a2(GBi2er - kagy - ko + G31361 ksey - k2)

+ Gp13(Gpioer - koea - ks + Gpizer - kaea - k‘3] (™ duy
+Gp23Gp327Z2(23) fo [GBI4GB42(51 kags - ko — Se1 - eaky - ky)
+ Gp1uGpas(er  kaes - ks — ey - eqky - k‘a)} dug,

(D.32)

I7y(14) = = Jy GB14GB4122(14)du4 [GB21GB31€2 ~kigs - ka
+GB23G331(52 kses - k1 — 82 e3ks - k1) (D.33)
+ Gp21Gpaa(e2 - kies - ko — Seo - e3ks - kl)}

1(24)(24) = fol G 24G B12Z2(24) duy [GBIQGB3251 - koes - ko
+Gp13Gpa2(e1 - kaes - ko — %81 - e3ks - ko) (D.34)
+ Gp12Gpsi(e1 - koeg - k1 — &1 - e3ky - kz)} :

1(24) = fol GBS4GB4SZ2(34)dU4 [GBl3G32351 - k3eg - k3
+G313GB21(€1 kseo - k1 — 3e1 - eaky - k) (D.35)

+ Gp12Gpas(er - koeo - ks — et - eaks - k3)} .

We use (B.15) and (B.21) to integrate (4)( 2), 1(2 )(13) and 1(2 )( 3) (again

we take T' = 1). While we only use (B.15) to integrate (4)( 4), 1(2 )(24)
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and I (24) (34), as result we have

12,)(12) = Gp1oGpn Z(12) |
+%GB31 S G3iGpiski - ka(es - kieq - ks — Les - eaks - kr)
+%GB32 S GB3iGriski - ka(es - kocy - ks — te3 - eaks - ko)
+3 . Gp1iGriki - ka(Gpsies - kies - ki + Gpaoes - koey - ki)
+ 13, GaiGpiski - ka(Gpsies - kiea - ko + Gpsaes - koey - k‘2)}
+G312G321Z2(12) [(2GB31 — )(e3 - kaca - k1 — 3e3 - caka - ky)

+(2Gp32 — ) (e3 - kaes - ko — 53 - eaky - ko)),
(D.36)

12, (13) = GpsGps Z2(13) |
+3G321Z Gp2iGpiski - ka(e2 - kiea - ko — o2 - eako ki)
+3G3232 Gp2iGpiski - ka(e2 - ksea - ko — &2 - €4k - ks)
+3 ZlGBuGlek ky(Gparea - krey - k1+GB23€2 k3eq - k1)
+ %Zl Gp3iGpiski - k1i(Gpaiea - kies - ks + Gpazea - kaey - k3)}
+Gp13Gp3122(13) [(2Gpa1 — 3)(e2 - kuca - by — 3ea - eakes - i)

+(2Gp2s — 3)(e2 - kaey - ks — 52 - eaky - k3)]
(D.37)

I7))(23) = GBZSGB32Z2(23)[
+3G312Z GB1iGpitki - ka(e1 - kaeyg - k1 — 61 4k - ko)
+3G313Z Gp1iGpinki - ka(e1 - kseq - ky — 3e1 - eaky - k3)
+1 3 Gp2iGpioki - ka(Gpiser - ke - k2+G313€1 kseq - k2)
+§ZiGB3zGBz3kz ka(Gpi2er - koca - ks + Gpiser - kseq - k3}
+Gp23Gp32Z5(23) [(QGBIZ—%)(Q kags - ko — e1 - eaky - ko)

+ (2G313— %)( ~kagy - kg— 5€1 - caky - k3)]
(D.38)

(14) 1Z2(14) [G321G331€2 k?163 . /{31
+Gp2sGpsi(ea - kses - k1 — teo - e3ks - kr) (D.39)
+ GpnGpaa(er - kies - ko — 2eo - e3ks - k1)]

(4)
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1(24)(24)_ —175(24) [GBI2GB32€1 koes - ko
+Gp13Gp3a(er - kses - ky — 3 61 esks - ko) (D.40)
+ Gp12Gpsi(e1 - koes -k — Se1 - esky - RQ)},

1(24)(34)_ $75(34) [GBIBGB2351 kaeo - k3
+GB13Gpai(e1 - kzeg - k1 — 61 eoky - k3) (D.41)
+ Gp12Gpas(er - koo - ks — 3e1 - 2k - k3)}.

Working with 1(24)(12) I?

7y (13) and I7,)(23)

For now, we will work with I(24) (12), 1(24) (13) and 1(24) (23) only. Our purpose
is to write this expressions in terms of the field strength tensor (2.12). First
we expand the sums

12,)(12) = 3CpiaGpn Z:(12)|
G31(G31Gpisky - ks + GpaaGpasks - ka)(e3 - kiea - ks — ge3 - eakz - k)
+G p32(Gp31Gpisk - ka + GpsaGpasks - ka)(es - kaea - ks — %Eg -eqks - ko)
+(G12Gp21ks - ka + Gp13Gpaiks - ka)(Gpaies - kiea - k1 + Gpages - kaeg - k1)
+ (Gp21GBi2k1 - ka + Gpa3Gpazks - ka)(Gp3ies - kiea - ko + Gpages - kacy - k2)
+Gp12GB2172(12) [(2G 31 — 3) (€3 - kues - by — ge3 - eaky - k1)
+(2Gp32 — 3)(e3 - kaey - ko — 53 - eaka - ko)),
(D.42)
1(24)( 3) = IGBI3GB3122(13)[
GBQ1(GBQ1GB12/€1 kq + GBZSGB32k3 ka)(e2 - kiea - ko — 82 eaky - k1)
+GB23(GBQIGB12k1 k4 + Gpo3Gpaaks - k4)(€2 kseq - ko — 62 e4ks - k3)
+(Gp12Gparks - ks + Gp13Gp3iks - ka)(Gpaiea - kies - k1 + G323€2 kaeq - k1)
+ (Gp31Gpisk: - k4 + Gp32Gpasks - ki) (Gpai1€2 - kiea - ks + Gpazea - kseq - k3)
+G p13GB3172(13) [(QGle — 2)(e2 - kaca - ky — e2 - €aka - k1)
+(2Gp2s — §)(e2 - kaey - ks — 52 - eaky - k3)]
(D.43)
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1(24)( 3) = lGBQ3GB32Z2(23)[
GB12(GBIQGB21k2 ks + GBl3GB31k3 ka)(e1 - kogq - k1 — 61 eaky - k2)
+GB13(GB12G321k2 ki + Gp13Gpsiks - k4)(61 kseq - k1 — 81 eqky - k3)
+(Gpa1Gpi2k1 - ks + Gpa3Gpaoks - ka)(Gpizer - kacy - ko + GBl3€1 kseq - ko)
+ (Gp31Gpisk - ks + Gp3aGpasks - ka)(Gpioe1 - koes - k3 + Gpizer - kseq - k3}
+Gp23Gp32Z2(23) [(2Gp12 — *)( ckagy - ko — e1 - eaky - ko)
+ (2Gp13 — 3)(e1 - kaes - k3 — 5e1 - e4ky - ks)]
(D.44)
Then, we factorize respect to G'g;;’s and Gp;;’s

12,,(12) = 3G p12Gpa1 Z2(12)

—1e3 - eaks - leB31(GB31GBl3k1 kg + GB32GBQSk2 - ka)
—%'53 -€4ks - koG p32(Gp31G i3k - ks + Gp32Gpasks - ka)
+Gp31Gp31Gpi3es - ki(ky - kaca - k3 — ks - kaes - k)
+G 32GB31GB13e3 - ko (k1 - kagy - k3 — kg - kaeq - k)
+Gp31G p32G pases - ki (ke - kaga - k3 — ks - kaey - k2)
+G p32G 32G p2ses - ka(ka - kaga - k3 — ks - kagy - k2)
+GpB12GB31GB21€3 - k1 (ko - kaes - k1 — ky - kaey - ko)
+G p12Gp32Gpones - ka(ka - kacq - k1 — ki - ke - k‘z)}

+GB12GBQIZQ(12) [(2Gps1 — 1)(e3 - kaca - k1 — 3e3 - caka - ky)
+(2Gp32 — £)(e3 - kaes - ko — 5e3 - eaka - ka)]
(D.45)
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12)(13) = 3G p1sGn Z2(13)
—2eo - eaks - leBQl(GBQlGBmkl kg + GB23GBs2k3 - ky)
—%EQ -€4ky - k3Gpa3(Gp2a1G 12k - ka + GpasGrsaks - ki)
+Gp21Gp21Gpi2e2 - ki(ky - kagq - ky — kg - kagy - ka)
+GB21G23Gp3aes - ki(ks - kaca - by — ko - kaey - k3)
+Gp23Gpa1Gpi2es - kg(ky - kaga - ko — ko - kyeq - kn)
+G 23Gpa3Gpaes - k3(ks - kaey - ky — ko - kacy - ks3)
+GB13GB21GB31€2 - k1 (k3 - kags - k1 — ki - kaey - k3)
+G p13G p23Gpsies - ks(ks - kaea - k1 — ky - kaey - k3)}
+GB13GB3122(13) [(2G a1 — 3)(e2 - kucy - ky — §eo - €4k - k1)
+(2Gpos — 3)(e2 - kaes - ks — 52 - caka - k3)]

(D.46)

1%, (23) = 5G p23Gp3222(23)
—1e1 - eaky - k2C?312(C?312G321k2 kg + GBI3GB31k3 < ka)
—%_61 -€4k1 - k3G p13(GB12GBa1ks - ka + Gp13Gpsiks - ka)
+GB12GB12G 2161 - ka(ky - kaca - ki — k1 - kagy - ko)
+GB12GB13GB31E1 - ka(ks - kaga - k1 — k1 - kyeq - k3)
+Gp13Gp12Gpaer - ks(ka - kaga - ki — ki - kaeq - ko)
+Gp13G13Gp3ier - ks(ks - kaca - k1 — k1 - kagy - k3)
+Gpa3Gp12Gpager - ka(ks - kyey - ko — ko - kaey - k3)
+G p23Gp13Gp3act - ka(ks - kacq - ko — ko - kaey - k‘3)}
+Gp23Gp3222(23) [(2GB12 — ) (€1 - kaca - ko — er - eakis - o)
+ (2G313 — %)(81 < kacy - k3 — %61 - eqky - k‘g)] .

(D.47)
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We use (B.5) to write the last equations in terms of fy

I2,,(12) = 3G p12G a1 Z2(12)
—1eg-eqks - leBSl(GBSlGBBkI “ka+ G332G323k2 - ka)
—%63 -€4ks - koG ps2(Gp31Gpisky - ku + Gp32Gpasks - ka)
+Gp31GB31Gpises - kiky - fa- k3 + Gp32G31Gpises - kaky - fa - k3
+Gp31GB32Gpases - kiks - fa - ks + Gp3aGp32Gpases - kaka - fu - k3
+Gp12Gp31Gaaies - kiks - f1- ki + G3126332G32153 “koka - f4 - k1}
+Gp12Gp1Z2(12) [(2Gp31 — L) (g3 - kuca - by — Ses - eakis - Ky

+(2Gp32 — §)(e3 - kaes - ko — 53 - eaka - k)],
(D.48)

1(24)( 3) = 1GB13GB31Z2(13){

%62 gqkz - k‘lGle(GBmGBlzk‘l ks + G323GB32k3 + ka)

_52 eqks - k3G 23 (G p21G 12k - ka + G p23Gpsaks - ka)
+Gp21GB21GB1262 - kiky - fa - k2 + G21GB2sGra2es - kiks - fa - ko
+Gp23Gpa1Gpi2es - k3k1 - fa - k2 + Gpa3GpasGpazes - k3ks - fa - ko
+Gp13GpnGpsiez - kiks - fa- k1 + Gp13GpasGpaies - ksks - f1- k1
+Gp13GB3122(13) [(2Gp21 — 3)(e2 - kaca - by — Sea - eakis - Ky)
+(2Gpa3 — %)(62 kagq - ks — 5€2 - eaky - k3)]

(D.49)

1(24)( 3) = lGBQ3GB3QZ2(23){
561 e4ky - kQGB12(GB12GBz1k2 Ky + GB13GB31/<?3 k4)
3e1 - eakr - k3G p13(Gp1aGparks - ky + GBl3GB31k3 ky)
+GB12GB12GB21€1 koko - fa- k1 + G312G313GBg161 koks - fa- k1
+Gp13G12GB2ie1 - kska - f1- k1 + Gp13Gp13Grsier - ksks - fa -k
+G pa3Gp12Gp3et - kaks - fa - ko + GpasGpi3Gpazer - kaks - fa - ke
+Gp23Gp3222(23) [(2Gp12 — g)(€1 kaey - ko — €1 - eaky - ko)

+ (2Gp13 — ) (e1 - kaca - k3 — 51 - €4k - k3)] .
(D.50)
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Rearranging

1(24)(12) = %03129321%(12)[
—363 - €4k - kaGp31(Gp31Gpisks - ki + Gp3aGpasks - k2)
—%53 - €4k - kaG32(G p31Gasks - ki + Gp3aGpasks - k2)
+GB31GB31Gpises - kiky - fa - k3 + G32Gp31Gpises - koky - fa - k3
+Gp31GB32GB23es - kika - f4 - k3 + Gp3aGR32G pazes - kaka - fa - k3
+GB12GB31Gp21€3 - kika - fa- k1 + Gp12Gp32G p21€3 - kaka - fa - kd
+3GpB12GB2122(12) [(6G 31 — 1) (g3 - kuey - k1 — ge3 - eaky - k1)
+(6Gp32 — 1)(e3 - kaca - ko — e - eaka - ko)]
(D.51)
1(24)(13) — $CpsGpn Z(13) |
52 eaky - ksGp2a1(Gp21Gp12ks - k1 + GpasGpizks - ks3)
3€2 - eqk - k4G B23(Gpa1Gpasks - k1 + GBQ3GB32k2 - ks3)
+GB21GB21G312€2 kiky - fa- ko + GB21GB23GB3252 “kiks - fa- ko
+Gp23Gpa1Gpioes - ksky - fu - ko + Gpa3GposGpaoes - kaks - fu - ko
+GpB13GB21GB31e2 - kiks - f4 - k1 + Gp13GRa3Gpaiea - k3kz - fa - /ﬁ}
+3Gp13Gp3122(13) [(60321 - 1)(52 kagq - ki — 3e2 - caka - ky)
(6G323 — 1)(62 k‘4€4 k‘ 62 64/64 kg)}
(D.52)
1(24)(23) = %G3230332Z2(23)[
—3e1 - €aka - kaGp12(Gp12Gpark: - k2 + Gp13Gpa ki - ks)
—%_61 €4k - k4G p13(Gp12G 31k - k2 + Gp13G 31k - k3)
+GB12GB12G 2L - koka - fa - k1 + GB12GB13GB31e1 - koks - fa - Fy
+Gp13Gp12Gp2i€1 - kaka - fa- k1 + Gp13Gp13Gpsie1 - kaks - fa- ki
+Gp23Gp12GB32¢e1 - kaks - f4 - ko + Gpa3GR13G 3ger - kzkz - fa - kz}
+3G323G33222(23) [(GGB]_Q — 1)(81 kycq - ko — %81 -eqky - kg)
(6G313 — 1)(61 k‘4€4 k‘g — 51 €4k‘4 k‘g)]
(D.53)

Notice that in the last equations there are terms like the one that appears
in the left side of the following expression

Gp31Gp13(Gp3iks - ki + Gpsoks - ko) = (6Gp3; — 1). (D.54)
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It is worthwhile to point out that the last expression is valid only in our
case because the ever truth equation is

03 (GB31G3316(’3)) = [GB3lGBl3+G2331+GB31G313(GB311€3'1€1+GB:32]€3'1€2)]6('3),
(D.55)

in which we use the following relations
éBgl == 25(U3 - ul) -2 y G2B31 =1- 4GB31, (D56)

and we see that neither the Dirac’s delta nor the total derivative contribute
to the integral, and with this we get (D.54). Then we use (D.54) to write
these integrals as

1(24)( 2) = GBlQGB21Z2(12){
+Gp31Gr31Gpi3es - kiki - fi- k3 + Gp3aGp31Gpises - kaki - fi- k3
+G'p31GR32G Bases - kika - f1- k3 + Gp3aGpsaGrases - koka - fu- k3
+GB12GB31GB2163 - kiko - f4 - k1 + Gp12GB32G 2123 - kaks - fy - kl}
+3GB12GB2122(12) [(6Gp31 — 1) (€5 - kacy - k1 — €3 - e4ks - k1)
+(6G332 — 1)(63 ~kycy - ko —e3-c4ky - kg)] ,
(D.57)
1(24)(13) = %GBl3GBS1Z2(13){
+GB21Gp2a1Gi2e2 - kiky - fa- ka2 + G21GBa3Gpaea - kiks - fu- ko
+GpB23Gpa1GBi2es - k3ki - fa- ko + Gpa3GRasGpaoen - ksks - fa- ko
+GB13GB2a1GR31e2 - kiks - f4 - k1 + Gp13Gpa3Gpaica - kaks - f4 - k1}
+3GB13GB3122(13) [(6G a1 — 1) (€2 - kaca - k1 — &2 - 4k - k1)
+(6G a3 — 1)(e2 - kaeq - k3 — €2 - e4ky - k3)],
(D.58)
(4)(23) GB23GBB2ZQ(23){
+GB12GR12G o1 - koka - f1- k1 + G312G313GBg161 koks - fa - k1
+Gp13GB12GB21e1 - k3ka - fi- ki + Gp13GR13GB3ie1 - ksks - f1- k1
+GB23Gp12G 32t - kaks - fa - ko + Gpa3Gp13Gpazer - kaks - fa - /62}
+1Gp23Gp3222(23) [(6G g1z — 1)(e1 - kacy - ko — €1 - eakes - ko)
+ (6G313 — 1)(51 . k‘4€4 . k‘3 — €1 64/{74 . k‘g)] .
(D.59)
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Again we use (B.5) to write this in terms of f4

17, (12) = %GBMGBQlZz(l?){
‘|‘C?B31GBSIGB1353 ckiky - fy ks + C:;B32C?331G31353 koky - fa - ks
+GB31GB32GBases - kiko - fa - k3 + Gp32Gp3aGpases - koka - f1 - k3
+Gp12Gp31Gpnes - kiky - fa- ki + Gp12Gp32Gpaes - koka - f1-ka
+(6Gp31 — 1)(e3 - fa- k1) + (6Gp3a — 1)(e3 - fa- kQ)},
(D.60)

12,(13) = %GBlg,GBngQ(l?)){
+GB21G321GB1252 kiky - fa ko + G321G323GB3262 kiks - fa - ko
+GB23Gpa1G 1282 - ksk - fa- ko + GpasGpasGpazey - ksks - fa - ko
+GB13GB21GB31€2 - kiks - fa - k1 + GB13GB23GB31€2 - k3ks - f4 - k1
+(6GB21 — 1)(e2 - fa- k1) + (6Gpas —1)(e2 - fa - k3)}7
(D.61)

12,)(23) = 3CrasGina Z2(23)
+G p12Gp12Gpner - kaka - fa- k1 + Gp12Gp13Gpaier - kaks - f1-ka
+G313GB12G321€1 “ksko - fy - k1 + GB13G313GB31€1 “k3ks - fa-k
+GB23GR12GB32¢e1 ~ koks - fa - ko + Gp23Gp13GB32er - ks3ks - fu - ko
+(6GB12 — 1)(e1 - fa- ko) + (6Gpis —1)(e1 - fa - k3)}
(D.62)
Further, notice that

ki-fa-ksez-ky=1Fki-fa-f3-ki+ki- fa-esks-k, (D.63)

which will help us in the second and third line of the las three equations.
For the fourth line it will be useful to notice that

ko fa-kir-kses-ki =ko- fa-ki(r- fs-ki+r-esks- ki), (D.64)
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(1998}

where “r” is an arbitrary vector that satisfy r - k; # 0. Then, we have

12,)(12) = 4Cp1aGpn 2:(12){
+GB31GB:31G313(1€1 “fa-f3 ki +ky- fa-esks-
+Gp32Gp31Gpis(ky - fo- f3-ka+ ki fa-esks-
+Gp31Gp32Gpos(ke - fa- f3- ki + ke fa-esks-
+Gp32GB32Gpas(ky - fa- fs- ko + k- fa-esks - ks
+Gp12GB31Gpa zﬁ?kl (ra- f3-k1+ra-esks k)
+Gp12Gp32Gpar IR (ry - f - kg 47y - £3k3 - ko)

r4-k3

o~

1
2
1

G

™
T — D —

Zf?‘

+(6GB31 — 1)(e3 - fa- k1) + (6Gp32 — 1)(e3 - fa - k‘z)},

17, (13) = lG.15113(;133122(13){
+G321G321GB12(k1 fao-fo k14 ki fa-eoks-
+G321G323G332(/€3 f4 Jo ki 4 k3 fa-eaka-
+G323G1321G1312( 4 fo-kz+ ki fa-e2ko-
+GB23GB23GB32(k3 f4 fo-ks+ ks fo-eoka- ks
+Gp13Gp21G par 2% kl (r5 - fo - k1415 -e2ky - k1)
+Gp13Gp23Gra ™ it L(rs - fo - k3 415 - g2k - k3)

r5-ka

o~

1
1
3

T

e
e

k‘

+(6Gpa1 — 1)(e2 - fa- k1) + (6Gpaz — 1)(e2 - fa- /fs)},

)

1(2)( 3) = LG pa3Gp3222(23) {
+GB12G312G321(/€2 fa-f1-ka+ ko fa-eiks -
+Gp12Gp13Gp3i(ks - fa- f1-ka + ks fa-erkn -
+Gp13Gp12Gpa (ke - fa- f1- ks + ke fa-erky -
+GB13GB13G331(’€3 “fa-f1 k3t ks fa-e1ki k3
+G p23Gp1oGpsp Katits (re - f1-ka+16-c1k1 - ko)

. . 6k
+G p23Gp13G B3t kaofychs 2(rg - f1- ks +re-ec1ky - k3)

re-k1

>~

2
2
3

I

>
e

?T‘

+(6GB12 — 1)(e1 - fa- ko) + (6Gp13 — 1)(e1 - fa- k3)}'

(D.65)

(D.66)

(D.67)

Again, notice that in the previous equations there are terms that can be

rewritten as it is showed in the next equations
ki« fa-e3 (GB31GB31G313/€3 k1 + Gp32Gp31Gpisks - k‘2)
=ki-f1-€3 [67('3)83 (G331G313€('3)> + (6GB31 — 1)} ,

(D.68)
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and

%T - €3 <G312G331G321k‘3 k1 + GB12G B32G B21 k3 - kz)

:k‘z'f4'k‘1
r- ks

_ (D.69)
T- 636_('3)83 <G312G3216('3)) .

Since this total derivatives do not contribute to the integral we cancel them
and now we have

12,)(12) = 3Cp1aGpn 2:(12){
+Gp31Gp31Gpiskt - fa- f3- ki + GpsaGpa1Gpisky - fa- f3 - k2
+Gp31GB32Gpasks - f1- f3- k1 4+ Gp32GpsaGpasks - 1+ f3- ko
+Gp12G p31 G oy B MILIEML 4 Gy G gy G gy P2 St ok
+k1 - fa-e3(6Gp31 — 1) + ko - fa-e3(6Gp3z — 1)
+(6Gp31 — 1)(e3 - fa- k1) + (6Gp32 — 1)(e3 - fa - kiz)},
(D.70)
1(24)(13) = %G313G331Z2(13){
+GpnGpnGpizkr - fa- fo- ki + GpsGpnGpizky - fa- fa ks
+Gp21Gpa3Gpaks - f1- f2- k1 + Gpa3GrasGpaaks - f1- f2- ks
+G313G321G3317%'](4'5;252’&%1 + GBl3GBQ3GB317k3'f4}{?.2§f2'k3
+k1 - fa-€2(6Gpa1 — 1) + k3 - fa-€2(6Gpas — 1)
+(6Gpn — 1)z f1- k1) + (6Gpas — Dlea- fa- k),
(D.71)
1(24)(23) = %GBQ3GB3QZQ(23){
+GB12GB12GBoky - fa- f1- k2 + Gp13GB12GBatke - fa- f1- k3
+GB12GB13GB31ks - fa- f1- ko + Gpi13GR13GB31ks - fa- f1- k3
+GBQ3GBIQGB32W + GB23GB13G332%
+ko - f1-e1(6Gpi1a — 1)+ ks fa-€1(6Gp13 — 1)
+(6Gp12 — 1)(e1 - fa- ko) + (6Gp13 —1)(e1 - fa - ks)}
(D.72)
Now, notice that

ki-fi-e3=—e3- fa-ki, (D.73)
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then

12,(12) = %GBmGBmZQ(n){
+Gp31Gp31Gpisk - fi- f3- k1 + Gp32Grai1Gpiskr - f1- f3 - ko
+G p31GB32Gpasks - f1- f3- k1 + Gp32GpsaGpasks - f1- f3 - ko
+GpB12GB31GB21 7162'}04'7]?41,2?&%1 + GB12GB32GB217k2.f4.7il.2§f3'k2 }7
(D.74)

12, (13) = 4Cr1sGpn 2:(13)
+GB21G321GB12k1 “fa-fa k1 + GB23C:;B21GB12]91 “fa-fa-ks
+GB21GB23GB32ks - f1- fo- k1 + Gpa3GpazGRazks - fa- fa- k3
+Gp13Gpa1 Gpgy B frieloky GBl:aGBQ?,GleW},
(D.75)

12,)(23) = ACpasGpaZ2(23){
+Gp12Gp12Gp21ke - fa- f1- k2 + Gp13Gpi1aGpaitky - fa- f1- k3
+GB12GB13GB31k3 - fa- fi - ko + Gp13GB13GB31k3 - fa- f1 - k3
+G 3G p12Gpap e lrherelike G3239313G332W#}'
(D.76)

Now, we use (B.1) to write all in terms of G’s (also we arrange the
subscripts)

Result of 12

&y (12), I?,(13) and I?

() (2(23)

12, (12) = 13G%1,2(12)

X{GQBM (1 - G2331) ki- fa- f3-k1 — Gp23Gr31 (1 - G2331> ki fa-f3-ke
~Gp23Gpar (1 — Gy ) ko~ fu- f3- k1 + Gy (1 — G2323) ko fu- f3- ko
+Gp12Gpar (1 - Gy ) Refakiradsks _ G0 Cipys (1 _ (;2312) M}

ra-ks r4-k3

(D.77)



Appendix D 95

1(24)(13) = 4 G%,,75(13)

X{G2B12 (1 - szz) ky - fa- fa- ki — Gp1aGpas (1 ( - GQB12> ki fi- fo-ks

~Gp12Gp2s (1 — Gos ) ks f1- fo k1 + Gy ( GQB23> ks« fa- fo-ks

+Gp1aGm (1= Gy ) PR — GGy (1 B GQle) %W},
(D.78)

12)(23) = 73 Gh3 Z2(23)

X{G2B12 (1 - C'71215;12> ko fa- f1- ks — Gp12aGpa1 (1 — GQBH> ko fu-fi-ks

fG‘Bl2GB31 1- GQB31 k3« fa-fi-ka+ Gl (1 — GQB31> ks fi- f1- ks
(D.79)

Working with 1(24)( 4), 1(24)( 4) and 1(24)(34)

Similarly, we work with I(24)(14), 1(24)( 4) and I(Q)( 4) in order to write
them in terms of the field strength tensor (2.12).

1(24)(14) = 122(14) [GBgléBglEQ k1€3 . kl
+Gp23Gpa (2 - ksey - by — 62 esks - k1) (D.80)
+ Gp21Gpsa (22 kies - ky — 2o - esks - kl)}

I2

(4)(24) = —17,(24) [GBI2GB:3251 koes - ko

+Gp13Gpsa (e1 - kses - ko — 3 61 esks - k) (D.81)
+ Gp12Gps1 (e1 - kaes - k1 — L1 - esky - k2)},

1(24)(34)_ 322(34) [GBISGBZ:’,Q ksea - ks
+Gp13Gp2r (1 ksea - by — Se1 - eoky - k) (D.82)
+ Gp12Gpas (e1 - koo - k3 — et - eks - k3)}

The las equations can be written as

IQ

(4)(14) 1Z (14)% [6321G33182 . k‘1€3 . k‘l

r7-kars-ks

+GB23GB3152 kses - k1 + Gpa1Gpszea - kies - ko (D.83)
— 3G pa3Gpsiea - e3ks - k1 — 3G pa1Gpsaea - e3ks - kl} :
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I2)(24) = —§ 75 (24) popirage [G312GB3251 “koes - ko

+Gp13GR32e1 - kaes - ko + Gp1aGpaier - kaez - ki (D.84)
— 3G p13Gpsger - e3ks - ko — $Gp12Gpsier - e3ky - kz} ;

ro1-k1roz-k2

+Gp13GRaie1 - kaea - ki + Gp1aGpazer - kaca - k3 (D.85)
— 3Gp13Gpaier - e2ky - k3 — $Gp12Gpaser - eaks - k3} :

1(24) (34) = —%Zg(i%t)w |:G313G323€1 . k‘362 . k‘3

Using (B.5) and (B.6) in the las equations we could replace some terms as
follows

2r - kogog - k:17‘/ - kges - k1 = r . kses - kl(T‘ . f2 k1 +1-e9ko - kl)

D.86
+’r‘-k282-kl(’l”/‘fg-kl+T/‘€3k‘3~k1), ( )

and

—1 koo -e3r’ kg3 =1 fo-fy-1 —1-koeo-kgeg -1’
262+ €3 3 fa-f3 / 22 - k3es / (D.87)
+T'€2k2-k3€3"r—T'€2k2-53k3-7“,

then we have

17 (14) = —%{Gmléml[rs ~kseg - ki(rr - fo- ki +rr-ea ke k)
+17 - kago  ky(rs - f3 - ki +7s - eslkg k)]
+Gp2sGpsilrs - kses - ki(rr - f2- ks +r7-eaka-ks)
+r7 - kogo - k3(rs - f3 - k1 + rg-esks - k1)]
+Gpa1Gpaalrs - kses - ka(r7 - fo - ki +Tpetesks - k1)
+r7 - kogy - ki(rs - f3- ko +rs- eslks k2]
+GpB23Gp3i(r7 - fo- f3-18 — 17 - koga - k3ez-rg
+17 - e2ka - kgeg - s — 17 - €2k - e3ks - rs)ks -
+Gp21GB32(r7 - fa- f3-18 — 17 - koo - k3ez - 18
+17 - e2ko - k3es - rs — Tr=egks - €3k3 - 18) k2 - k1}7
(D.88)



Appendix D 97

1(24)(24) = M{GBHGBSQ[TO kaes - ka(rg- f1-ka+r9-c1k1-ka)

" 6ro-kiro-ks
+rg - kier - ka(ro - f3 - ko + o - eskg k2]
+Gp13Gp32[ro - kses - ka(ro - f1 - ks + 79 -1 k1 - k3 )
+rg - kg1 - k3(ro - f3 - k2 + ro-e3ks - k)]
+Gp12GB31[ro - ksez - ki(rg - f1 - ko +To=etky - ka)
+T9 . kl.El . ]{72(7’0 ~fs- k14710 63-)]
+Gp13Gpaa(ry - f1- f3-T0 — 19 - kie1 - k3ez-rgy
+rg - 1ky - kseg - 1o — 19 - €1k - €3ks - 1o )k3 - k2
+GB12GB31(ro - f1- f3-70 — 19 - k1g1 - k3ez - 1o
+rg - e1k1 - ke - ro — To=<etky - e3k3 - o) k1 - kz},

(D.89)

I17))(34) = _%{GBBGBZB[T(E ~koga - ks(ror - fi- ks +ro1-e1 ki ks)

+7o1 - k1e1 - ks(roz - fo - ks +roz - 62-)]

+Gp12Gpaslroz - kaea - ks(ror - f1- ko + 701 €1 by - ka)

+ro1 - k1€1 - ka(roz - f2 - k3 + roo-ezks - k3)]

+GB13GB21[roz - k2ez - k1(ro1 - f1 - k3 + Tor=€1k1 - k3)

+ro1 - kie1 - ka(roz - f2 - k1 + 7oz - eolla ky)]

+GB12GB23(ro1 - f1- f2-T02 — T01 - k1€1 - kagarum

+ro1 - €1k1 - kaga - T2 — ro1 - €1k1 - €2ka - ro2)k2 - k3

+GB13GBa1(ro1 - f1+ f2 - T02 — 701 - k1€1 - kaga - o2

+ro1 - €1k1 - kaga - To2 — Tor=£1k1 - £2k2 - To2)k1 - k3}-

(D.90)

Notice that some terms cancel each other and the terms marked with green
or yellow putting together form total derivatives that do not contribute to



98 D Explicit calculation of low energy integrals (scalar case)

the integral. Then, the terms that remains are

1(24)(14) = —% GpnGasilrs - kses - karr - fo -k
+r7 - kogg - kirs - f3 - ki
+Gp2sGpai(rs - kses - kirr - f2 - ks + 17 koo - ksrs - f3 - k]
+GpnGps2(rs - kses - kar7 - f2 - ki + 77 - koo - kars - f3 - kol
+Gpa3Gpai(rr - fa- f3- 18
+17 - €2k - kseg - s — 17 - €2ka - €3ks - rs)ks - Ky
+Gpa1Gpaa(ry - fo- f3- 78
+r7 - €9k - kaeg - 18 — 17 - ko - kaes - rg)ka - k‘l],
(D.91)
7)) (24) = —% Gp12GB32[ro - kses - karg - f1 - k2
+rg - kg1 - karo - f3 - ko
+Gp13Gp32(ro - kses - karg - f1 - ks + 19 - ki1 - ksro - f3 - ko]
+Gp12Gp3i(ro - kses - kirg - f1 - k2 + 19 - ki1 - karo - f3 - k]
+GB13GB32(re - f1- f3- 10
+T’9 . 61%:1 . k3€3 *rg—T9- €1k1 . €3k3 . To)k3 . kg
+GB12GB31(re - f1- f3- 10
+rg - e1ky - kseg - ro — 1o - kiey - kgez - o)k - kz],
(D.92)
7)) (34) = —% G p13Gpaslroz - koe - ksror - f1 - ks

+ro1 - kg1 - ksroz - fa - ks

+G p12G pas[roz - kaea - karor - f1 - ko + o1 - kiex - karoz - fa - ks

+Gp13Gpa(roz - kaea - kiror - f1- ks + o1 - kiex - ksroz - fa - ki

+GB12GB23(ro1 - f1- f2 - o2

+ro1 - €1k - koga - To2 — 101 - €1k - €2k - To2) k2 - K3

+GpB13GB21(ro1 - f1 - f2 - o2

+ro1 - €1k1 - kaga - mo2 — o1 - k1€1 - kaga - To2) k1 - ks}.

(D.93)

Similarly, in the last equations there are terms that with the help of (B.5)
can be replaced in the following way

T"k3€3'k‘1:T'fg'k1+r'€3k3'k‘1, (D.94)



Appendix D 99

then
17 (14) = e [93216331[(7“8 “fa ki +rs-esks ki )rr- forka
+(r7-fa- kit eolla k)rs - f3 - ki
+GposGpail(rs - f3 - ky + rs - o3RRI - f2 - ks
+(r7- fa-ks+r7- eolla " k5)rs - f3 - ki
+GpnGp3a(rs - f3 ko +71s-e3 ks ko )rr- fo-ka
+(rr- fo k1 + 17 oo RS - f3 - Ko
+Gp23Gp31(r7 - fo- fa-rs+ 17 €2k f3 -
+GpaGpsa(rr- fa- fs-rs — 17 fa2- kses -],
(D.95)
17, (24) = —% [GB12GBS2[(7"O fs-kat+ro-es ks ka)ro- fi-ke
+(ro- f1-k2+rg- e[l k)0 - fs - ko)
+Gp13Gp32[(ro - f3 - ko + 1o - e kaka))ro - f1 - ks
+(ro- fi-ks+ro- ex[lL ks )ro - f3 - ko]
+Gp12Gp31[(ro - f3 - k1 +7ro-e3 ks - ki )rg - fi - k2
+(rg - f1 ko + 1o - 1|0 - f3 - K1
+Gp13Gasa(ro - fr- fa 1o+ 79 -1k - fs - [DIGRI
+Gp12Gpsi(ro - f1- fs 10 — 719 - fi - kses -],
(D.96)
I7))(34) = —(ﬁaofz(% [GB13G323[(7“02 “fa ks +ro2- €2 ko kg)ror- f1-ks

+(rov - f1 - ks + oy - exlel S ks))roz - fo - k3]
+Gp12Gpas((roz - f2 - ks + oz - cofKOKG)) o1 - f1 - ko
+(ror - f1 - ko + oy - exlil o ka))ron - fo - k]
+Gp13Gaa|(roz - fa - k1 + roa - €2 ko - ky )ros - f1- ks
+(rov - f1 - ks + oy - <1 | RN o2 - f2 - K]
+Gp12Gpas(ror - f1+ fa- To2 + 101 - €1k1 - fo -

+GB13GBa1(ror - f1 - f2 - To2 — To1 - f1 - kogo -}

(D.97)
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Putting together the colored terms this cancel because they form total
derivatives. And now we have

I7(14) = % [G1321GB31?“8 “f3kirr - faka
+GpasGpar (s f3-kirr - fo- ks +are- for f3-rshks - k)
+GpnGpsa (rs - f3 - karr - fo ki + 3r7 - fo- f3-rska k) },
(D.98)
1(24)(24) = 2l [GBl2GB32TO  f3 - karg - f1- ko

3rg-kiro-ks
+Gp13Gpsa (ro - f3 - karg - fi - ks + &rg - fi+ f3 - roks - ko)
+Gp12Gp31 (ro - f3-kirg - f1- ke + iro- fi- f3- ok - ko) },
(D.99)

17, (34) = —% [G1313GB23T02 “f2 - ksro1 - f1- k3
+Gp12GRas (o2 - fo - ksror - f1 - ko + 3101+ f1 - fa - ro2ks - k3)
+Gp13Gp21 (roz - fo - kiror - f1- ks + 3701+ f1 - fo - Tozky - k3) }

(D.100)

Finally, notice that we can use

1. 1. . .
iGB12k2 -k — §GB137€3 k1 = —Gpi2ka - k1 — 2Gpisks - k1, (D.101)

to forget about the “1” in the last equations and the verifications of our

results is easier in thls form.

2
Result of I 1

I7y(14) = % [ — Gp12Gpairs - f3 - kirr - fo - Ky
+Gpa3Gpa1 (rs - f3 - kirr - fo - ks +2r7 - fo- f3-rsks - k1)
+Gp12Gpas (rs - f3 - karr - fa ki — 17+ fo- f3 - rska - 7~€1)},
(D.102)

(1 )I(24)( 4) and 1?,(34)

(4)

3rg-kiro-ks

+GpasGr31 (1o - f3 - karg - f1 - ks + 2rg - f1 - f3 - Toks - ka)
+Gp12Gp3i (ro- fs-kirg - fi-ka—rg- f1- f3-1oki - k2)}7
(D.103)

17, (24) = — 2 [ — Gp12GRasro - f3 - karg - fi - ks
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Iy (34). = —ﬁ% — Gp23Gpairoz - fa - ksror - f1 - ks
+Gp12Gpas (rog - fa - ksro1 - f1 - ke + 2ro1 - f1+ fa - To2ks - k3)
+GB12GB31 (ro2 - fo - kiror - f1- ks —ro1 - f1- fa-ro2k1 - k3) |,

(D.104)
D.1.4 Integral of Q%
Using (B.11), we have that
1. .
185(12,34) = — Gp12CGpn 22(12) Z2(34), (D.105)
1. .
1(242)(13, 24) = _5G313G331Z2<13)Z2(24), (D.106)
1. .
175(14,23) = _gGBQSGB3QZZ(14)ZQ(23), (D.107)
or 1
1512,34) = £G1,25(12) Z5(34), (D.108)
1.
I75(13,24) = §G233122(13)Zg(24), (D.109)

1.
175(14,23) = §G232322(14)ZQ(23). (D.110)
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D.1.5 Result of I

We write the full expression for Iy

1?4)(1234) = Gp12Gpas % - %Gngl Z4(1234)
I}(1243) = Gp12Gps1 (§ — 3Ghas) Za(1243) (D.111)
1%, (1324) = GpasGasn (§ — 3Gy ) Za(1324),

1634)(123) = LG p12Gpa3Gp31Z5(123) [0312 (1 - G2312> ko - f1- k1
+ Gpas <1 - GQB%) k3 - f1-ko+ Gpa1 (1 - GQB31> ki« fyq- ks} ;

(D.112)
1. 1 . . ry- f -k . ry- fl -k
3 _ 2 L-J1-h2 n-Jj1ths
I(y(234) = 56‘323 <3 - G323> Z3(234) <G312 E— Gp31 — )
(D.113)
1/1 . . . r.f2.k1 . r2.f2.k3
3.(341) == (= — &2 Z3(341 LML B . 22
17y (341) 5\ 3 Gha1 | GB3123(341) | G2 E— G 23 ke )
(D.114)
, 1/1 . : A T
I3.(412) = = [ = — G2 Z3(412 _— = —_— .
(1) (412) 5 (3 sz) Gp1223(412) <GB31 — GBa3 E—
(D.115)

1(24)(12) = %21@231222(12)[

+G%,, (1 - G2331> ki~ fa-f3 k1 — GpasGpar (1 — Goay ) k1w fa- f3- ko
~Gp2sGpa (1— Ghys) ko fu- fs ki + Ghos (1= Gho ) ko fa- f3- ko
+Gp1aCaa (1— Gy ) elaburadshy _ GpoGipyg (1 — G, ) Erlukirefyks

T4-R3 r4-k3 )

(D.116)
Ity (13) = ?21@233122(13)[
+G%1, (1 - GQgg) ki-fi fo- ki — Gp1aGpas (1 — G%1p) k1 - fa- fo - ks
~Gp12Gpas (1 — GHos ) ks fa- fo k1 + Ghos (1= GLo3 ) ks - fa- fo - ks
+Gp12Gpar (1= Gy, ) dekirsloks _ GpooGrps, (1 _ (;2331) ks fakirsforks

r5-K2 r5-ko )

(D.117)
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12,)(23) = 3Gy %2(28) |
+G%., (1 — G2312) koo fa-fi-ko—Gp1aGpa (1—Ghyg) k2w fa- f1-ks
~Gp12Gpa1 (1= Ghay ) ks fa- f1 ko + Ghyy (1— G%ay ) ks~ fa- f1- k3
+Gp12GRas (1 — Gy 7k3'f4f62_261'f1'k2 — Gp2Gp3i (1 - G2323) 7k3'f4'f62,2i’f1'k3 ,
(D.118)
1(24)(14) = —% [ — Gp1aGrairs - f3 - karr - fa- ky
+Gpa3GRsi (18- f3-kirg - fa-ks+2r7- fo- f3-raks- ki) (D.119)
+Gp12Gpas (18- f3-kary - fo- ki — 17 fo- f3-18ko- k‘l)},
1(24)(24) = —g,rf.i(l% [ — Gp12GRasro - f3 - karg - fi - ks
+GpasGpai (1o - f3 - karg - f1 - k3 +2rg - f1- f3 - roks - k2) (D.120)
+Gp12Gp3i (1o - f3-kirg - f1-ka — 19 - f1- f3- 10kt - kz)},

1(24) (34) = —% [ — GpasGraros - fo- karor - fi - ks
+GpB12Gpas (rog - fa - ksror - f1- ko + 2ro1 - f1 - fa-ro2ks - k3)  (D.121)
+Gp12GB31 (ro2 - f2 - kiro1 - f1- k3 —ro1 - f1 - fa-To2k1 - k3)}7

1.

1512,34) = £G1,25(12) Z5(34), (D.122)
1.

1(242)(13, 24) = g02,93122(13)22(24), (D.123)
1.

1314, 23) = 5 Ghys 72(14) Z2(23). (D.124)

D.1.6 I in terms of Gp;; only

In the previous section we write I(4) in terms of G Bij because in this form
it is easier to perform the integrals when we take the low energy limit in
some leg but we realize that if we want to perform the integrals without any
assumption on the energy of the photons it is better to have this expressions
in terms of G'g;; only. Therefore, lets look at the following total derivative
of second order

. . 2 . .
07e® = [ (GB12k1 k2 + Gpisky - /<73> + (GB12k1 ka2 + Gpisks - k3> Jet®,
(D.125)
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(e(®) = eCprzkikatGpiskiks+Graskaks) from which we can obtain

. . ) 2 ) 2
2G p12G pisky - koky - kze(®) =9%e(®) — [ (GBlzkl . k2) + (GB13/€1 : k3)

+ (GBmlﬁ -k + Gpisks - k:g) }e(').
(D.126)

Since Gpia = 20(u; — ug) — 2 and neither the Dirac’s delta nor the total
derivative contributes to the integral, we have

2G B12G pisky - koky - k3 = — [ (GBu/ﬁ ' k2>2 + <0313/€1 : k3)2

(D.127)
4 (=21 - ko —zkl-kg)},
then we use (B.1) to obtain that
L Lr.y kiks .p ki-ks 2 2
= C|G%,, T LG — _
Gpi2Gpi 2 Bukl-k:3+ Blgk‘l-k‘2+ ki-ks ki~ ko }
k1 - ko ki-ky 17ki-ko—2 k1-ks3—2
—2G 2G - :
B2y T, PR T 2[ k1 - ks ko1 - ko }
(D.128)
similarly
. : ko - k1 ko ks 1rky-k1—2 ko-k3—2
=2 2 — =
GB21G 23 = 2G B2y Ty s +2Gp23 by k1 2 [ T s T En }
(D.129)
. . k1 - ks ko-ks 1rky-ks3—2 ko-kg—2
Cp13Cpos = 2G 2G _ - ,
B13G B23 B13k2'k3+ 323]{:1.]{3 2[ ey - 3 T - ks }
(D.130)
Now, we define
1'k1'k2—2 kl‘k3—2'
= —— D.131
a 9l ]{71 : ]{}3 + kl . ]{72 _a ( )
1']{22']{31—2 k?g'k‘g—Q'
b=—= D.132
21 ko-ks ko ky I’ ( )
1‘k1-k3—2 k‘2~k'3—2'
= —— D.133
T Tk ks hiks ) (D133)
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then
Gp12Gpi3 = 2G312 —|— 2Gp13—— k k‘g +a (D.134)
ko - k3
Gp21Gpas = 2GB21 + 2Gpas o +b), (D.135)

+2G

D.136
ko - ks B2 g ks ( )

GB13Gp23 = <2G313 L 2' 8 +c> )

' NQW, we make explicit the dependence of G312G313, G321G323 and
Gp13Gpas in (D.111)-(D.124) by rearranging this equations as

I4)(1234) = —GpanGpos (§ — 3G%a1 ) Z4(1234)
1%, (1243) = —Gi1oGpiz (§ — 5Ghs ) Za(1243) (D.137)
I},y(1324) = ~Gp13Gp2s (5 — 3Gh12 ) Za(1324),

+GB12GB13G %5 (1 — Gy ) k- fa- ke (D.138)
+GB21GB23G2331 1— GQB31 kv fa- k3},

1(34)(234) =3 (% - G2823> Z3(234) <GB21GB231H71,€.1’€2 — G3136323%> ’
(D.139)

134)(341) = _71 (% — GQB&) Z3 341 (GBlQGBl?,rijifl _ GBBGB%%) ’
(D.140)

1(34)(412) = _71 (% — 62312> Zg 412 (GBl?GBl?,rig%fl _ G‘BQIG‘BQ?)%) '
(D.141)

1(24)(12) _1G2B12Z2(12){
G ( GB31> ki fa- f3- b+ Gy ( G2323> ko fa- fs- ko
GG [(1 B GB31) P fa-fs bt (1 - G2B23) ko« fa-f3- kl}
~Gp12Gpis (1 - G2BIQ> ko fakarafsby 4 G Gpag (1 e ) w}’

T4-R3 rq-ks

(D.142)
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12 (13) = $3G3y, 2:(13)
G (1= Ghaa) b fa- fo- by + Gy (1= Ghgg) s fu- fo - s
+CoanGrag | (1= Chia) k- fa- fo ko + (1= Ghos) b~ f- fo - K
~Gp12Gpis (1 - 02331) by Jobirs ol 4 GpisGipos (1 - G2331) Boditpstels }7

Py r5-ko

(D.143)
1(24)( 3) = _1G2325Z2(23){
1 (1= Gy ) ba - fa fr ko b Gy (1= Gy ) b - fa -y
+Cp12Gm1s | (1= Chia) ho - fa- S ko + (1= Gy, ) b~ fu- fi- ko
—Cpo1Cpos (1 e 23) ky-fakorefika 4 (1o Clpos (1 e 23) w}

76 k1 re-k1

(D.144)
1(24)(14)_ = —ﬁ{% [GBIZGBB?"S f3-krr - fo -k
—Gp13Gpaz (18- f3-kirr - fa-ks+2r7- fo- fa-rgks-ky)
—Gpa1Gpa3 (18- f3-korr - fo-ky — 17 fo- f3-rgks- kl)},
(D.145)
(4)(24) % [0321G323T0 “f3 - karo - f1- ko
~Gp13Gpaz (ro - f3 - karo - f1- ks +2rg - f1 - f3-roks - k2)
—Gp12GBi3 (1o~ f3-kirg - fi - ko — 19 - f1- f3-rok: - kz)},
(D.146)

17, (34) = —% [G313GBQ3T02 - fa - karor - f1- ks

~GpanGpas (roz - f2 - ksror - f1- ko +2ro1 - f1 - f2 - To2ka - k3)
—Gp12Gpi3 (ro2 - fa - kiror - f1 - ks —ro1 - f1 - fa - ro2ks - k‘3)]’

(D.147)
17512, 34) = 3G231222(12)ZQ(34), (D.148)
I73(13,24) = 6%3122(13)22(24), (D.149)

175(14,23) = G232322(14)22(23). (D.150)
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And now, we simply use (B.1) and substitute (D.134)-(D.136) in (D.137)-
(D.150), where it is needed, and we restore the "7 factors

2k 1) (5 - 26 pa) Z:(1234)

1}, (1243) = 2G312 k2 4 9G g1k ’“3 +a) (5~ 2Gpm) 24(1243)
1

3

1, (1324) = szaﬁl 2 4 9G pys k2 ’“3 +¢) (3 = 2Gp1) Z4(1324),
(D.151)

13,(123) = ;ng(123) [(2G B8 + 2G o202 + ¢) (1 - 4G p12) Groka - fi -

+ (2Gp1ok bk | a> (1 — 4Gpas) Gpasks - f1- ko
+ 2G321§2 ) +2GB 238 k3 +b) (1—4Gps1) Gpaiks - f1- k3]7
(D.152)
Iiy(234) = (l - 2GB?3) 23(234) (( B+ b) el
(ot 20ma ) 25).
(D.153)
3 (341) = (3 - 20331) 23(341) [<2GBl k1-ky b ks +a) rady
- (20t o) ]
(D.154)
I?4) (412) = (l — 2G812) Z3(412) K k1 ka + a) Tigfﬁzfl
(2GB?1 28 4 2G pos 1295 + b) %} '
(D.155)

12,)(12) = 5 (1 - 4G p1a) Z2(12)
+ (1 —4Gp31) Gpaik1 - fa- f3- k1 + (1 —4Gpa3) Gpazka - fa- f3 - ko
+(2GB13 ,’:;? + 2GB23 kS + C) (G 31k - fa- f3- ko + Gpagks - fa- f3- k1]

— (2G 122 + 2G 3;;1 k3+a) G gk fuhura faky

r4-k3

karks +b) Gmw},

r4-k3

+(2G B2 ,f M 1 2Gpas
(D.156)
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(4)(13) = (1—-4Gp3) 22(13){

+(1 = 4Gp12) Gpiokr - fa- f2- k1 + (1 = 4Gpa3) Gpasks - fa- f2- ks
+ (2G a1 ;f kl + 2G323k2 L b) (Gpioky - fa- fo-ks+ Gposks - fa- fo- ki]
_ QGBmkl k2 +2G313 k3 +a) GBSlw

5k

)G 31/€3 fakirs-fa- ka}’

r5-ka

+ 2GBl3k T 5+ 2G a3k

(D.157)

I%,(23) = 5 (1 — 4G pas) Z2(23){
+(1— 4G312) Gpigky - fa- f1-ko+ (1 —4Gp31) Gpaiks - fa- f1-ks3
- 2GBl2k ks +2Gp13 B + a) (Gpioka - fa- f1-k3+ Gpaiks - fa- f1- ko]

Ggas ks3- f47]’€627’;761 f1-k2

k kor -k
G pas 3-fa-kare-f1 3}7

r6 k1

+ 2GB13k 3 2+ 2G323k
(D.158)

Iy (14) = %“QG&% 72+ 2G 13y )Ts'f3’k17"7'f2-/€1
c)(rs- f3'k17’7'f2'k3+2r7-f2'f3'7“8/€3'k1)

—(2GB21 2k1+2GB23£§.]Zf b) (rs- fs-kory- fo-ki—r7- for f3-rska- kl)}
(D.159)

I7)(24) = %[(26;32% L+ 2G oy 24 +b> o+ f3 - karg - f1 - ko
— 2GB13£;I§3 ) (ro- f3-karg - f1- ks +2rg- f1- f3-roks - ko)

- QGBlzlﬁﬁﬁiJr?GBls’ﬁ: )(7”0 f3-kirg - fi-ke —r9 - f1- f3-roki- kz)}
(D.160)

(4)(34) %[(2 )7"02 “fo - karor - f1- ks
- 2G321],§2 kg 2GB23Z§ Zf + b) (roz - f2 - karor - f1 - ko + 2701 - f1- f2 - ro2ka - k3)
k3 +a) (ro2 - f2 - kiro1 - f1- ks —7"01'f1'f2'7“02]€1'k3)]7

(D.161)
10230 = (146 02 ZGY, (D16
I73(13,24) = é (1 — 4G p31) Z2(13) Z5(24), (D.163)
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I73,(14,23) = = (1 — 4G pa3) Z2(14) Z2(23). (D.164)

co\»—

D.2 Two low energy photons

Since we have already integrated uy4 with the assumption that k4 is low
energy, now we do the same for k3. Then, we cancel all the terms O(k3) in
Iy (in terms of Gp;; and with T'= 1)

I{,(1234) = Gp12Gpas
I},(1243) = Gp1oGpa
(1324) = Gp23Gps

—1G%,,) Z4(1234),
—1G%,,) Z4(1243), (D.165)

I o %62312 Z4(1324),

(4)

o= O O

1(34)(123) = LG B12Gp23G p31 Z5(123) {GBlz ( — 92312) ko - fa- k1
+ Gpos (1 ( 323)M+ Gp31 ( G331>M} ,

(D.166)
1. 1 . ) -k _ s

B31
3 r1 -k r1 -k ’

1 1 . . . .
3 - 2
[(4)(341) =3 <3 — GB31> G331Z3(341) (szm.k2 — GB232_k2> ;

1/1 . . s e fa .
I3 (412) = = [ = — G%,, ) Gp12Z5(412) [ Gpg ——=—= AL
((412) = 5 <3 312) B12Z3( )( e B2

12,(12) = _1G2312Z2(12){

+G%,, ( G331) ki fa-fs k1 — GpasGpa (1— Ghyy ) k- fa- f3- ke
—~Gp23Grar (1= Gy ) ko~ fu- f3- K1 + Gy gl — G2 ) ko fu- f3 - ko
+Gp12Gra (1 - Ghyy MLW — Gp12G R (1 - GQB12> w}’

r4-k3 r4-k3

(D.170)
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(24)( 3) = _1G2331Z2(13){
+Gh1 ( G312> ky- fa- f2- ki — Gp1aGpas (1 — Gy ) k 5 k3
—Gp12Gpos (1 — Ghos ) ks - fe—frFi + GBQ3 - G"’ng ks - fr—fo ks
(D.171)
(4)(23) - Izl G2B23Z2(23){
+Gh (1= Ghua) ko fa- fi o = GG (1 - Gy ) bo ffrFy
~Gp12Gp31 (1 — Ghay ) ks forfrFa + Ghay (1 — Ghgy ) ks T k3
(D.172)
(4)(14) % [ — Gp1aGpsirs - f3-kirr - fa- b
+Gp2sGpsi (rs - fs-kirr - fa ks +2r7 - fo - f3 - rsks - ki)
+Gp12Gpas (rs - f3 - kar7 - fo ki — 17+ fo- f3-rska- kl)},
(D.173)
1(24)(24) = 22 [ — Gp12Gpasro - f3 - korg - f1- k2

] ?)1"9 kiro-ks
+Gpa3Gpar (1o - f3 - karg - f1- ks +2rg - f1- f3-1oks - k2)
+Gp12Gp31 (1o~ f3-kirg - fi -k — 19 - fi - f3 - rok1 - k2)}7
(D.174)

I2

(1)(34) = —% [ - GBQ3G331W
+Gp12GB2s W—i— 2ro1 - f1- ooka - k3

+Gp12GE31 (o2 f2 - kiror—fr—Fks —ro1 - fi - f2 - Tookr—H3) |,
(D.175)
I73(12,34) = GQBIQZQ(12)ZQ(34), (D.176)
1.
I75(13,24) = §GQB3122(13)ZQ(24), (D.177)

175(14,23) = G232322(14)22(23). (D.178)
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This leaves us with the following terms to be integrated
It (1234) = [ Gp12Gas (§ — 3G%s1 ) Za(1234)dug,
It (1243) = [ Gp12Gs1 (§ — 5Ghg) Za(1243)dus, (D.179)
It (1324) = [ GposGsi (§ — 3Gy ) Za(1324)dus,

I34(123) = / G'B12Gp23Gp31 Z3(123)G g2 <1 — GBIQ) ko - 1+ kidus,
(D.180)

1 [t . ) ok

I(34)(234) = 5 / Gp23 @/ —%) 23(234)G312Wdu3, (D.181)
k

I(y)(341) = / (%/ %) GB3123(341)GB12M$<1 uz, (D.182)

T2
5 IS TV N
154 (412) =2/, \5~ GBio | Gp1273(412)

. T - k; . ra - k;
X <G13313f?’k1 - G3233jjgkz) 3 dus,

r3 - R3

(D.183)

1(234)(12) =5 fol G2312Z2(12){

+G%3 (1 — G'2B31) ko fa- fs- ki — GposGaar (1— GRay ) k- fa- f3- ko
~GpaGpa (1 - G2BQ3> ko fa- f3- k14 G ko - fa- f3- ko
+ [GBHGB:H (1 — GQBw) ko-fa-kira-f3-ky

1 — G

rq-ks
—G'B12GBa3 (1 — G2312) 7k2'f4'1]f41_243'f3'k2} e('3)}du3,
(D.184)
I%,)(13) = / (21 Z5(13)G21s (1 - G312> k- fo- fo-kidus, (D.185)
1%,)(23) = / G203 75(23)G21s (1 - G%w) ko fa- f1-kadus, (D.186)

Iy (14) = 37"72?6;;)% Jy { [ — Gp12Gpsirs - fs-kirr - fa -k
+Gp12Gpas (s - f3 - kary - fo ki — 17+ fa- f3- T8k - ki) } e(3)

+G323GB31 (7"8 . f3 . k17’7 . f2 . k‘g + 277 - f2 . f3 . T8k3 . kl) }du?,,
(D.187)
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1(234)(24) 37«9%121% T fg { [ — Gp12Gpasro - f3 - karg - f1 - ke
+Gp12Gp31 (1o~ f3-kirg - f1-ka — 19 - f1- f3-Toks - kQ)]e('S)

+G'pa3Gra1 (1o - f3 - karg - f1 - k3 + 2rg - f1 - f3 - Toks - ka) }du;;,

(D.188)
173)(12,34) / G%1972(12) Zo(34) dus, (D.189)
175,(13,24) / G441 Z9(13) Z9(24) dus, (D.190)
1754(14,23) / G593 72(14) Z9(23) dus. (D.191)

Some terms cancel because of the integration. We use some particular cases
of (B.11) enlisted in appendix B in order to perform the integrals over us,
and we obtain

1?34)( 4) = %G 23 Gpia — Gy ) Z4(1234),
(34)(12 ) = 1GB123 (Gpi2 — Gy ) Z4(1243), (D.192)
I(34 (% % ) (g — %G%m) Z4(1324),

1 /. 1
I(34(123) = B (GB12 GBlZ) (6 GBl2) Z3(123)ks - fa- k1, (D.193)

Ias ><412> = 1 (3~ Ghus) GruaZs(12)| 5382 (Cmra — G0 ) 5l

T3 k3
k 7 -k
3 (GB]Q_GS > 3f3 2 ,

r3-k3

(D.194)
(34)(12) = _1G2312Z2(12){
(= k- fae foby— (3= 3Ch) — (B - 4Ghn)| k- fo-fo ko
~[(x- lc;?m) (G -1k |k fa S kit (=Y fae fso ko
+|Gp12" 12 <GBl2 - GBl2> (1 - G2B12) frfa kl.m Ly

r4-k3

—Gpate 12 (GB12 G%u) (1 — G2312> 7k2'f4'k1r4'f3.k2} }7

rq-k3

(D.195)
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I34)(13) = 2= Zo(13) Gy (1= Ghia) by fa - fo - o, (D.196)

1(234)(23) 722 23)Gh1 < GQB12> ko - fa- f1- ke, (D.197)

Iy (14) = —%[ Gpi2'yy (GBl2 - G%u) rs - f3 ki fooky
+Gp12"aE (GBIQ - GBlg) (rg - f3-kory - fo-ki—1r7- fo- f3-rgka- k1)
+ (g—%GZBu) (Ts'f3'k17‘7'f2'/€3+27“7'f2'f3'7“8k3'k‘1)},

(D.198)
(24) = —%[ (GBlz G?z’aw) ro - f3-karo - f1- ko

+Gp12t2ts (GB12 G%lg) (7“0 “fa-kirg - fi-ka—rg- f1- f3- 1okt - ko)
+ (g - %GQBH) (1o - f3-karg - f1-ks+2r9- f1- f3-710k3 - k‘2)},

2
I(34)

(D.199)
1.
I(34)(]-23 34) = §G2B12ZZ(12)Z2(34), (D.200)
1
1(2324)(13, 24) = §22(13)22(24), (D.201)
1
I75,(14,23) = 922(14)2(23). (D.202)
Making simpler
[ELEM)(123 ) = § (Ghio — Ghia ) Za(1234),
16134)(1243) - % G2312 — Gz ) Z4(1243), (D.203)
I5(1324) = & ( —6G%, + 9G321) Z4(1324),
1 /. . .
I(yy)(123) = = (G%u —4GEys + 3G%12) Z3(123)ka - f1- k1,  (D.204)
1
15)34) (412) D) <G312 4G%5 + 30312> Z3(412)

« ko - ksrs - f3 - ki B ks - kirs - f3 - ko (D.205)
r3 - k3 r3 - k3 )
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If,)(12) = T Gh1222(12) [1% (kv fa- fa-k1+ka- fo- f3- ko)

5 (L= 6G31 +3Ghy) (k- fu- fo- kot ko fu- fo- k)

b (Chiy = 21+ Glpp ) b fu - by (Rehaploh _ huhirgfuks ) |
(D.206)

—1 . .
1(234)(13) = %Z2(13)G2312 (1 - G2312> kv« fa- f2-ka, (D.207)
) —1 " "
1(34)(23) = %22(23)(;312 (1 - G312> ko« fa- f1- ko, (D.208)

4 . .
1(34)(14) 36r7~2k(212-k3 [ - (G2312 - G%ﬂz) ko - ksrg - f3 - kirr - fa- ki
+ GQB12—G31912> ks -ky(rs- f3-kary- fo-ki—r7- fa- f3-rgka- k1)
+ 2—602312) (TS'f3'k17"7‘f2'k3+27“7'f2'f3'7”8/€3-k1)},
(D.209)
Iy (24) = 367‘5216(12;13 %3 [ B (G2B12 - G4f312> k3 - kiro - f3 - karg - f1- k2
+ GBlQ GB12> ko - k3 (ro- fa-kirg- fi-ko—rg- f1- f3-roki- ko)
— 6G312) (ro - fa-korg - f1-ks+2rg- f1- f3-roks- kz)},

(D.210)

15 (12,34) = 3023122202)22(34), (D.211)
1

I3y (13,24) = 5. 25(13) Z5(24), (D.212)
1

I(34)(147 23) = 522(14)Z2(23). (D.213)

Notice that, in (D.205) and (D.206) we can make the following replacement

ko-kar-fs-ki  ks-kir-f3-ko
r-ks3 r- k3

=ky f3-ky (D.214)

performing this replacement we have
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D.2.1 Result of 1(34)

b (1234) = § (Gh1 — Gz ) Z4(1234),
5y (1243) = L(G%, — Gh1p) Z4(1243), (D.215)
L (1324) = & (1 ( 6G2B12 +9Ghn ) Za(1324),
1
13, (123) E(Gm 12+3G312) Z5(123)ks - fu - k1, (D.216)
1

15)34) (412) = = (62312 — 4GBy + 3G6312> Z3(412)ka - f3- k1, (D.217)

1(234)( 2) = 33 GB1972(12) [1% (k1 fa-fz-ki+ka- fo- f3-k2)
—15 (5 6G2312+3G4B12> (k1 fa-f3-ka+ka- fa- f3-k1)
+15 (Ghio — 2Gh1n + G%m) ko« fa-kike - f3- k|,
(D.218)
1(234)(13> ST;LZ2(13)GB12 <1 - G2B12> ki fa- fa-ka, (D.219)
By(33) = 25 22(03) Gy (1= o) b fi fi ko (D220)

1(234)(14):—%[_(02312 GBI2> ko - kars - f3-kir7 - fa- ki
+ GzBlQ_G%m)k3'k1(r8'f3'k2r7'f2'k1_T7'f2'f3‘7"8k52'k1)
E26G2Bl2> (7“8'f3'k?17“7'f2'/€3+27“7'f2-f3-7‘8k3'k31)},
(D.221)
T34 (24) = _%[_ <G2312 - G%u) ks - kiro - f3 - karo - f1 - ko
+(Ghia — G%12>k2'k3(7“0'f3'/€17“9'f1'k2—7“9'f1'f3'7"0/€1'k2)
—6GB12)(TO'f3'7<?27“9'f1'k3+27"9'f1'f3'7“0k3'7€2)},

(D.222)
1.

1(34)(127 34) = §G2312Z2(12)Z2(34), (D.223)
1

1(2??4)(13, 24) = §22(13)22(24), (D.224)

12,(14,23) = 322(14)22(23). (D.225)
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D.2.2 I3 in terms of Gp;; only

As we can see that in chapter 5 we need I(34) in terms of Gp;; to perform
the remaining integrals. Hence, we use (B.1) to write the equations above
in terms of Gg;; (we restore the T factors also)

Il (1234) = 3 (Gpio — 4G%y,) Za(1234),
15134)(1243) = 3 (Gp12 —4Gky,) Z4(1243), (D.226)
Ity (1324) = § (1 — 12Gp1a + 36Gy, ) Za(1324),

T
[3(123) = — (GB12 — 10GE, + 24Gh5) Z5(123)ks - fa - k1, (D.227)
15”34) (412) = o5 (GB12 — 10G%, + 24G%5) Z3(412)ks - f3 - k1, (D.228)

1(234)( 2) = %22(12){(1 —4Gp12) (k1 - fa- fs - ki + ko fa- fz3-ka)
(1 — 4G B2 — 30G312 + 120G312) (k’l “fa-fa-ka+ ko fa- f3-k1)
+T (10G2,, — 80G3,5 + 160GY,5) by - fa - kiks - fs - kl},

(D.229)
-7
1(234)(13) - 722(13) (Gpi2 —4Gh15) ki - fa- fo -k, (D.230)
2 -7 9
T(34)(23) = —5=22(23) (Gprz — 4Gpo) ko - fa - fi - Fo, (D.231)

1(234)( 4) = % [T (Gpi2 —4G%y) ko - k3rs - f3-kirr - fa-
T (Gpi2 —4G%5) ks - ky (r7- fa- fs-rska - ki —rs - f3 - ko7 - f2 - k1)
+(1—6GBl2)(r8‘f3'k17"7‘f2‘k3+27“7'f2'f3’7"8k3'k1)]7
(D.232)
1(234)(24) = % [T (Gpi2 — 4G%,) k3 - kiro - f3 - karg - f1 - ko
+T (Gpi2 — 4G%15) ko - ks (ro - f1- f3-rok1 ko — 1o - f3 - kirg - f1 - k)
+(1—6G312)(7“0'f3'/€2?“9‘f1'k3+27“9'f1'fs'Toks'kz)]7
(D.233)

1
1(34)(12 34) = 3 (1 — 4G p12) Z2(12) Z5(34), (D.234)

1
1(34)(13, 24) = §Z2(13)Z2(24), (D.235)
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1(34)(14 23) = 922(14)Z2(23)- (D.236)

D.3 Three low energy photons

Here, we take the low energy limit in the leg corresponding to the integral
over uy. First, we cancel all the terms O(k3) in I(34) (in terms of Gy;)

It (1234) = § (Gh1p — Gra ) Z4(1234),
;
1

(5y(1243) = § (Gl — Ghio ) Za(1243), (D.237)

16134)(1324) ~ 62 ( 6G B2 T 9G%21) Z4(1324),
1534)(123) 712 (GBl2 4G +3G6B12> Z3(123)ko - fr=k1, (D.238)
1334) (412) = (D) (GB12 - 45#312 + 3(7716912) ZB@”)W, (D.239)
I%y(12) = 73G%1525(12) {% (ki - fa- f3- k1 + ko farfs=k2)

)
5 (L= 6C1 + 3G, ) (b firfsoho + ko fifs o)
+13 (Ghiz — 2Ghis + GBlQ)W}»

(D.240)

1 .
I (13) = 2 22(18)Gh (1= Chia) ki fa- ook, (D241)
1(234)(23) = 33 22(23) G (1 - GQBH) E 1 ke, (D.242)

Z . .
I(234)( 4) = _%[_ <G2312 - G4Bl2> ko - ksrg - fa-kirr- fa -k
+ EGQBm —G%u) ks -ki(rg- fa-kory- fo-ky —r7- fo- f3-rgky - k1)

2_6G2312) (7"8'f3'/€17“7'f2'/€3+27"7-f2'f3'7“8k3-/€1)}7
(D.243)

Zo(24 .
Py (24) = — 55220 [ = (Gl = Gy ) b v - foJrg =i
+ (G — G%m)k%/k?(ro f3-kirg - fi-ko — 19 - fi- f3-rok1 - k2)

2= 6G315) (nofs=har - ok + 20 fi - fy - rokis—3) |
(D.244)
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1(34)(12 34) = G%1222(12)ZQ(34), (D.245)
1

175,(13,24) = §22(13)22(24), (D.246)

I73)(14,23) = $Z2(14)Z2(23). (D.247)

Then, what remains to be integrated is

1/ .
161234)( =5 Jo (GBro — Ghiy) Za(1234)dus,
161234)(12 =% fo GB12 GlelQ Z4(1243)dus, (D.248)
161234) = (T2 fo < 6G2312 + 9G321> Z4(1324)dus,

Ify309(12) = 12 s / G219 Z5(12)k1 - fo - f3 - kydus, (D.249)

—1 . .
1(2234)(13) = 36/0 Z5(13)Ghyy (1 - G2312) k1« fa- fa - kidug, (D.250)

Py (14) = —g5 20l fy | = (Chua = Ghua) Ko hsrs - - bur - fo - ko
+ GQBlQ_GBm) k3 -ki(rg- fa-korr- fo-ki—r7- fo- f3-raky- ki)
+(2- 662312) eV (rg- fa-kirg- fo-kz+2r7- fo- f3-rgks- kl)]du2,

(D.251)
I7534(12,34) / G%1572(12) Z5(34) dus, (D.252)
1
I{3)(13,24) = 9/0 Z5(13) Z5(24)dus, (D.253)
1 1
I{3)(14,23) = 3 /0 Z2(14) Z5(23)dus. (D.254)

We perform this integrals using some particular cases of (B.11) and we
obtain

1934)(1234) = % (% %) Z4(1234),
151234)@243) = 61(3 56) 74(1243), (D.255)
1(234)(1324) — 62 (1 -3+ ) Z4(1324)
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-121
I3 (12) = 513322(12)]@1 fa- f3- ki, (D.256)
1
(234)(13) %22(13) <3—> ki« fa- fo- ki, (D.257)

Z2(14
Iy (14) = — 55500 L = (5 = 8 ko hars - fo - arr - o
+ (3= ks ki (rs- fs-korg- forki—r7- for f3-rska ki)
+[%_g(%_*)}kl ko (rs - f3-kirg - fa-ks+2r7- fo- f3-rgks- kzl)}

(D.258)
1

1(234)<12 34) = §Z2(12)ZQ(34)7 (D.259)
1

I(234)(13 24) = §Z2(13)Z2(24), (D.260)
1

1(234)(14 23) = 522(14)22(23)- (D.261)

Making simpler

D.3.1 Result of I3

I(y30)(1234) = fz4(1234),
I3y (1243) = 352,(1243), (D.262)
1(4234)(1324) = & 74(1324),

—1
I3 (12) = 15 ¢ 222k fa- f3- ks (D.263)

131y (13) = 5. 622(13)k1 Ja- fo -k, (D.264)

Zo(14
Tyan(14) = _m{ — Gka - kars - f3- ke fa- ka
+iks ki (rs- fs-korr- fo ki —r7- fo- f3-rsky - ki) (D.265)
+2Zky ko (rs- fs-kirr - fo-ks+2r7 - for f3-rsks - ki) },
1
1(234)(12 34) = 522(12)22(34), (D.266)

1
(34)(13,24) = 922(13)2(24), (D.267)
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1
1(22234)(14, 23) = §22(14)22(23). (D.268)

However, as we already mention when we have three photons of low en-
ergy the remaining one must be also of low energy because of momentum
conservation.

D.4 Four low energy photons

First, we cancel all the terms O(kf) in J(234)

131234)(1234) = 1= 74(1234),

Iiy3)(1243) = 15 24(1243), (D.269)
1

Iy3,)(1324) = 4 Z4(1324),

-1
Zo(12)ky - fo—f5 1, (D.270)

1(2234)(12) =16

-1
Zo(13)ky - fo—fs 1, (D.271)

1(2234)(13) =156

z
I3y (14) = —36T7?,€(21fg_,€3{ — Bk - kars - frkurr - fa - ka
+Z kst (rs - f3-karr - fo ki — 17 fa- f3-rske - ki) (D.272)
-i-%M(TS‘f3‘k17“7'f2’k73+27“7‘f2'f3'7°8k3‘k1)}7

1

I(53)(12,34) = §22(12)22(34), (D.273)
1

1(22234)(13, 24) = §22(13)22(24), (D.274)
1

[534)(14,23) = §22(14)22(23). (D.275)

Since there is no dependence in u; anymore, because of the translation
invariance, we have the following result for this case
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D.4.1 Result of (1234

1511234)(1234) = 1:Z4(1234),

1
1611234) (1243) = 4 Z4(1243),

1511234)(1324) = =7,(1324),
1
I(212234)(12534) = §Z2(12)Z2(34),
1
IPr34)(13,24) = §Z2(13)Zg(24),

1
1(212234) (14,23) = §Z2(14)Zg (23).

121

(D.276)

(D.277)
(D.278)

(D.279)
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Appendix E

Explicit calculation of low
energy integrals (spinor
case)

In this appendix, we present explicitly all the calculations that we require,
to obtain all the formulas presented in Chapter 3, in the spinor cases. First,
using the replacement rule (described in section 2.2) in @4 (section 3.1.1)

and we obtain Q4

(

(

Q3(123) = (GB12GBQ3GB31 - GFIZGF23GF31) Z3(123)

X (GB41€4 k1 + Gpages - ko + Gpazes - k3) ,

Q1(234) = (GB23GB34GB42 - GF23GF34GF42) Z3(234)

X <G312€1 - ko + Gpizer - k3 + Gpiacr - k4) ,

123

Q1(1234) = (G p12G p23G p34G a1 — Gr12Gr23Gr3aGrar ) Z4(1234),
Q1(1243) = (Gp12G B21G B13GB31 — Gr19Gr2auGrazGrar ) Z4(1243),
Q1(1324) = (G p13Gp32G 2uGpa1 — Gr13Gr3aGrauGrar ) Z4(1324)

(5.1)

(E.2)

(E.3)



124 E Explicit calculation of low energy integrals (spinor case)

Q(341) = (GBS4GB41GBIS — GF34GF41GF13> Z3(341) e
E4
X (GB21€2 k1 + Gposea - k3 + Gposea - /f4> )

Q(412) = (GB41G312GB24 — GF41GF12GF24> Z3(412) )
E.5
X (GB31€3 - k1 + GB32es - ko + G p3aes - /€4> ,

Q3(12) = <GB12GB21 — GFlQGF21) Z>(12) [GB3153 - k1Gpaes - by
+Gpaies - kiGpages - k2 _
+Gp3ies - k1Gpagey - k3 + Gpaes - kaGpaiey - ki
+GpB32e3 - kaGpazes - k2 + Gpaoes - koG pages - ks
+Gp3aes - kaGpaiea - k1 + Gpsacs - kaGpaseq - ko
+3Gp3aes - €4 (Glek?, k1 — Gparks - k1>
+ 1Gp3es &4 <G332/<73 -k — Gpaoka - k2)} )
(E.6)
Q3(13) = (GBISGBQH - GF13GF31> Z5(13) [GB2152 - k1Gpaes - ka
+C:;B2152 . k1GB42€4 ko .
+Gp21€2 - k1GBases - k3 + Gpasea - kaGpaies - b
+Gpa3er - k3Gpazey - k2 + Gpasea - k3Gpages - k3
+Gposer - kaGpaies - k1 + Gpasea - kaGpases - k3
+3Gpoer - €4 (GBmk‘Q k1 — Gparks - kl)
+ $Gpaer & <G323k2 ks — Gpaska - 7433)} :
(E.7)
Q3(14) = <G314GB41 — GF14GF41> Z>(14) [@32162 - k1Gp3ies - k1
+Gpner - kiGpaes - k2 ‘
+Gpoier - kiGpaaes - ky + Gpasen - k3G psies - ky
+Gpaser - k3Gpaaes - ks + Gpoueo - kaGpaies - ky
+Gpoaer - kaGp3aces - ko + Gpoaca - kaGpaacs - ky
+1Gpaser - €3 (GB21k2 k1 — Gpaiks - kl)
+ $Gpasea - e3 <G’B24/<?2 - ky — Gpaaks - k4)} ;
(E.8)
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Q3(23) = (GBQSGB{SQ - GF23GF32) Z5(23) [031261 koG paes - ka
+G312€1 -koGpages - ko ‘
+GpBi2e1 - koGpases - k3 + Gpiser - ksGpaies - b
+GpBi3e1 - k3Gpazes - ko + Gpiser - kaGpages - k3
+Gpraet - kaGRages - ko + Gpiac1 - kaG pases - k3

+1GRuaer - &4 (GBlzkl -k — Gpaoka - k‘z)
+ $Gpuer & (GB131<?1 - ks — Gpasks - kS)] ;
(E.9)

Q3(24) = (GBQ4GB42 - GF24GF42) Z>(24) [GBn&l koG paies - k1
+Gpise1 - kaGpaoes - k2 _
+Gpir2e1 - koGpaaes - ka + Gpiser - k3G pages - ko
+Gpiser - k3Gpaaes - ky + Gpiaer - kaGpaies - ki
+Gpiact - kaGp3oes - ko + Gpiact - kaGpaaes - ks

+3Gpiser -3 (GB127€1 ko — Gpaaks - k2)

+ $Gpizer - €3 <0314k1 kg — Gpaaks - k4>] ;
(E.10)

Q3(34) = (GB34GB43 — GF34GF43) Z5(34) [GBHEI - koG Bosea - k3
+G31251 . k2G324€2 kg .
+Gpise1 - ksGpaea - k1 + Gpiser - ksGpasgen - ks
+Gpiser - k3sGpaaes - ks + Gpuaer - kaGpaiez - b
+G praet - kaGpaszea - k3 + Gpiac1 - kaG posea - ky

+1GR12e1 - €2 (GBIBkl -k — Gpasks - ks)

+ %GB12€1 o) (GBMk‘l - k4 — Gpasks - k‘4)] ;
(E.11)

072(12,34) = (Gp12Gpa1 — Gr12Gra ) Z2(12) (Gp34G Bas — Gr3aGraz) Zo(34),
Q3%(13,24) = (Gp13Gr31 — Gr13Gr31 ) Z2(13) (G p2uGpas — GrauGras) Z2(24),

Q3%(14,23) = (Gp14Gpar — Gr1aGrar ) Z2(14) (G p23Gp3a — GrasGraz ) Z2(23).
(B.12)
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Now, we use (B.2), (B.3) and (B.4) to write all in terms of the bosonic

Green’s function

1(1234) = [Gp12Gp2sCp3aCaar

Gpi2 + -323 + GB31> (GB34 +Gpa + GB13)
1(1243) = |Gp12Gp2aGpasGps

Gpiz + G;BZ4 + GB41) (GB43 +Gps1 + GBI4)
Q4(1324) = |Gp13Gp32Gp2uGpa
+ <GBI3 + éB32 + GBQI) <GBQ4 +Gpa + GBIQ)

+ &
Q-

Z4(1234),

+ &

Z4(1243),

|24(1324),
Qi(123) = (GBI2GB23GB31 +Gpi2+ Gpas + GB31) Z3(123)

X <GB4154 k1 + Gpases - ko + Gpasey - k3) ,

Q1(234) = (GB23GB34GB42 + Gpos + Gpaa + GB42) Z3(234)

X (031281 ko + Gpizer - k3 + Gpiacr - k4) ,

Q3(341) = <GBS4GB41G313 + Gpas+ Gpar + G1313> Z3(341)

X <G132182 - k1 + Gpasea - k3 + Gpasea - k‘4) ,

Q3(412) = <GB41GB12GBQ4 +Gpa + Gz + GB24) Z3(412)

X (GB3153 - k1 + Gpsoez - ko + Gpases - k‘4) ,

Q3(12) = (G812GB21 + 1) Z5(12) [GB:3153 k1Gpnes -k
+G33163 : leB4254 ko ‘
+Gp3ie3 - k1Gpazes - k3 + Gpaoes - kaGpaiey - b
+Gp32es - koG pagey - ky + Gpaoes - koGpagey - k3
+Gpaaes - kaGpaiey - k1 + Gp3aes - kaGpases - ko
+3Gpaaes - e4 (GB:31/€3 k1 — Gpatks - k’l)

+ 3Gpsucs - €4 (GB32k3 - ky — G pagky - k2>] ;

(E.13)

(E.14)

(E.15)

(E.16)

(E.17)

(E.18)
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Q3(13) = (63136331 + 1) Z5(13) [G32152 k1Gpnes - ki
+G321€2 : le:;B42€4 ko .
+Gp21€2 - k1Gases - k3 + Gpasea - ksGpaies - b
+Gpaser - k3Gpazey - k2 + Gpasea - kaGpages - k3
+Gposer - kaGpaies - k1 + Gpaaca - kaGpasey - k3
+1Gpauer &4 (6321762 k1 — Gpaks - k‘l)

+ $Gpaer &4 (GB2sk2 - ks — Gpasks - ks)} ;

Q3(14) = (6314(;341 + 1) Z5(14) [(;32182 k1Gp3ies - ki
+GB2152 : k1G332€3 ka '
+Gpoie2 - k1Gpases - ka + Gpasea - kaGpaies - b
+Gpasen - k3Gpaaes - ky + Gpoues - kaGpaies - ki
+G 24es - koG p3oes - ko + Gpoyea - kyGp3acs - ky
+1Gpases - €3 (G321k2 k1 — Gpaiks - kl)

+ $Gpazes - &3 (G324k2 kg — Gpaaks - k4>} ;

Q3(23) = (63236332 + 1) Z>(23) [GB12€1 koGpnes - ki
+G312€1 : kQGB42€4 ky .
+GpBi2e1 - koGpases - k3 + Gpiser - ksGpaies - b
+Gpise1 - k3Gpages - k2 + Gpiser - kaGpages - k3
+GB14e1 - kaGpaseys - ko + Gpuaer - kaGpasey - k3
+1GBuaer - &4 (03127€1 -k — Gpasks - k‘z)

+ $Gpuer & (GBlsk‘l - ks — Gpasks - ks)} ;

Q3(24) = (GBQ4GB42 + 1) Z5(24) [631281 - koGpzies - ki
+G31251 : k2GB3253 ky '
+Gp12e1 - koGpaaes - ka + Gpiser - k3G pages - ko
+Gpiser - k3Gpaaes - ks + Gpiaer - kaGpaies - ky
+GB14el - koG paoes - ko + Gpiae1 - kaGp3aes - ky
+1Gpiser -3 (GBuk?l ko — Gpaaks - kz)

+ $Gpizer &3 (GBl4k1 kg — Gpaaks - k4>} ;

127

(E.19)

(E.20)

(E.21)

(E.22)
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Q3(34) = (GBB4GB43 + 1) Z5(34) [031251 koG poses - k3
+Gpize1 - koGpaea - ks '
+GpBise1 - ksGpaiea - k1 + Gpiser - ksGpagen - ks
+GpBise1 - ksGpaues - ks + Gpuaer - kaGpaier - ky (E.23)
+Gpraet - kaGpaszea - k3 + Gpiact - kaG poaea - ky

+1GR12e1 - €2 (GBl3k1 -k — Gpasks - ks)
+ $Gpizer - &2 (GB14I<31 ks — Gpaaks - k‘4>] )

~1212(12, 34) = GBlZGB21 +1) Z2(12) 0334(}343 + 1) Z5(34),
~z212(137 24) = G313G331 +1 Z2<13) GBQ4GB42 +1 Z2<24), (E.24)
022(14,23) = (Gp1aGpar + 1) Zo(14) (GpsGrsa + 1) Z2(23).

E.1 One low energy photon

In this section, we perform the integral over u4 of (3.4) with the assumption
that the corresponding photon is in the low energy limit, its means that
we only consider the linear terms in k4. Then, we define

1
Iy = /0 dusQae™ = Il + I8y + Iy + I3, (E.25)
with
(4 — eT(GBMkl"’64-1-6'1324’?2'164-1-6'13341%'164)7 (E.26)
and
Iy = /0 dusQiet, i=4,3,2,22. (E.27)

(All this calculations are very similar to the scalar case.)
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E.1.1 Integral of Q?

Since Qi is linear in k4, we can disregard the exponential. Then we expand
this expressions

I 1234 fo GBIZGB23GB34GB41 + (GB12 + Gpos + GBSl) GB13

<GB12 + G323 + GB31> M Z4(1234)dusy,

1(4 (1243) fo |G512G 24CRasCasr + (GBM + (?341) (GB43 + GBM)

+G312GB31 ‘*’WGB?)I + GBI2M Z4(1243)duy,

1324 fo GB13G332G324GB41 + (G313 + Gp32 + GBZl) Gp12

<G313 + GBgz + G321>W Z4(1324)duy,
(E.28)

and we see that some terms cancel due to (B.8) and for the other terms we
use (B.15) to integrate them

74
Result of [ @)

I, (1234) = 7,(1234) :(';3120323 (% - %(’;%31)
+ (GBIQ + Gpas + GB31) GBIS}

Il )(1243) 2,(1243) [Gp1aGin (% = 3G,
+3 <GBI2 + Gy — G - ) + GB12GB31}
I, (1324) = 7,(1324) G323G331 (3 - 3¢%0)

+ (GBB + Gps + GB21> GBIQ} ;

(E.29)

E.1.2 Integral of Qi

First, we identify and cancel the nonlinear terms in k4 (marked with a
diagonal) and the terms that become zero after the integration over wuy
(marked with 7X”)

Q3(123) = (GBIQGB23GB31 + Gpi2 + Gpas + GB31) Z3(123) : )
E.30
X (GB41€4 k1 4+ GBages - k2 + Gpazey - k3> ,
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Q1(234) = (GB23GBS4GB42 + Gpas +%+M) Z3(234)

. . , (E.31)

X (031261 ko + Gpiger - k3 + GBIM) ,
Q1(341) = <GB34GB41G313 + Groa+ G + GBlg) Z3(341) 5
E.32

X <G321€2 k1 + Gpagea - k3 + GB2M) ,
Qi(412) = <GB41GB12GBQ4 +%+ GB12 +M> Z3(412) ( |
E.33

X (GB3153 k1 + Gpasez - ka + GB34£6/4€Z) ,

Now, we use (B.5) to write the terms that do not cancel in the following
way

Q1(123) = <GBIQGB23GB31 +Gpia+ Gpos + GB31) Z5(123)

. . . (E.34)
X (GB41€4 k1 + Gpases - k2 + Gpages - k3) ,
- ) ) ) ) o fr ke
Q1(234) = (Gp23GB3aGpaz + Gpas ) Z3(234) | Gpra—————
TR s
. ri-eitki-ke o . ri-fiks . ri-e1ki ks .
+ Gpio——F—— +Gpi3——— + Gpiza——7— |,
r1 - k1 r1 - k1 r1 - ka
- . ) ) ) s e foky
Q1(341) = (G334GB41GB13 + GBl3> Z3(341) G321W
(E.36)
N GB217“2 eaky k1 GB?BTQ fo k3 n GB23T2 g9ko - k3 7
Tg-kg Tg-k‘z 7’2‘k2
- ) ) ) ) P
Q1(412) = (Gpu1Gp12Gp2s + Gpi2 ) Z3(412) ( Gpg1 ———
ks g ey
. r3-e3k3- k1 - r3-fz-ka . r3-e3k3- ko '
+ Gp31—————— +Gpp——— + Gpao——— |,
r3 - k3 r3 - k3 r3 - k3
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Then, we use (B.21), with 7" = 1, to compute the integral of Qi(123), since
this is a zero order term in k4
1:(34)(123) = (GB12GBQ3GB31 + Gpi2 + Gpas + C331> Z3(123)
X [% S GpuiGpitki - kaea -k + 3 S Gp2iGpioki - ke - ko
+3 3 Gp3iGpiski - ke - 7433] ,
(E.38)
we expand the sums
f(34)(123) =1 <GB12GBQSGB31 + Gpia + Gpas + GBSl) Z3(123)
X [GBIQGBQIIQ ~kaga - k1 + Gp13Gpsiks - kaca - ki + GG okt - kacy - ko
+G p23Gpasks - kaey - koG p31G 13k - kaea - ks + + Gp3aG pasks - kaey - k‘s} ;

(E.39)
factorizing
1:(34)(123) =1 (GB12GB23GB31 +Gp12 + Gpas + GB31> Z3(123)
. [GBl2GBz1(k2 kacq - k1 — k1 - kaeq - ko) (E.40)

+GBa3GR3a(ks - kacs - ko — ko - kaea - k3)
+Gp31Gpi3(k1 - kagy - k3 — kg - kaeyq - k’l)} ,

and finally, we use (B.5) to write the previous expression as

f?4)(123) =1 (GB12GBQ3GB31 + Gpi2 + Gpaz + GB31> Z3(123)

X [GB12GB21/€2 “ fa- k1 + GpasGps2aks - fa- ko + Gps1Gpisks - fa- k3] :
(E.41)
For the others equations, we use (B.11) and (B.12) to integrate them, here
we cancel the terms without f;’s because these are total derivatives

~ . 1 . rl'fl'kQ . ’rl'fl'kf3
17)(234) = 2 — 241 25(234 R ) ri-J1- ks
(1)(234) = Gpas ( G 32 3t > 3(234) <G312 m— + Gpis o > 7
(E.42)
[ 1 : : “fa-k . ok
I}y(341) = ( 2Ga1 — 5 + 1) Gp13Z3(341) Gmw n GB%M 7
3 ro - ko ro - ko

(E.43)
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[ 1 : : “f3-k .  fak
15’4) (412) = <2GB12 —3 + 1) Gp12723(412) (GB?’l?“sfgl + G332r3f32> .

r3 - k3 r3 - k3
(E.44)
Now, we use (B.1) to write all in terms of G’s

73
Result of I(4)

1:(34)(123) =5 (GBIQGB%GBEII +Gpio+ Gpos + GBSI) Z3(123)
X [GBH (1 - 62312) ko - f1-k1 + Gpas (1 - 02323) k3 - fa - k2
+G B3 (1 - G2331) ki fa- k3},

| 7 £k (?'45/3:
~ . . . /r‘l . 1 . 2 . /r‘l . 1 . 3
I?4)(234) = §G323 <3 - G2323) 23(234) <CTV3127,1']€1 - GBSlT’l-k;l) 5
1 (7 o k (?'46/2
~ . . . 7’2 . 2 . 1 . ’,"‘2 . 2 . 3
1&34)(341) - 2 (3 - G2B31> G33123(341) <G3127?']{;2 - GBQ?,M) 5
7 sk (?'472
~ ]_ . . . 7"3 . 3 . 1 . ’,"‘3 . 3 . 2
I?4)(412) == 2 (3 - G2312> G31223(412) <GB317“3-]§3 - GBQ;;W) .
(E.48)

E.1.3 Integral of Q2

Similarly, to the scalar case (section D.1.3) we omit all the nonlinear terms
and we see that the remaining terms to be integrated are

2,(12) = (G‘Blg(;le + 1) Z5(12)
X {fol [GB3153 -k1Gpaes - k1 + Gpsies - kiGpages - ko
+Gp3ies - k1Gpases - ks + Gpaes - kaGpaies - b
+GB32e3 - kaGpazey - ko + Gp3ges - kaGpases - ks
+5Gp3acs - €4Gpsiks - k1 + 3G paacs - €4Gpsoks - k2} e duy
+ fol Gpses - ksGpaies - ki + Gpsaes - kaGpases - ko
— 3 (Gpaaes - eaGparks - k1 + Gpaacs - £4G pasks - k2>} du4} ;
(E.49)
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{fo [632162 - k1Gpares - ki + Gpaiea - k1Gpases - ko

+Gpaie2- leB4354 k3 + GBQ352 : k3GB4154 k1

+Gp23ea - k3G paoes - ko + Gpasea - k3G pazes - k3

+ %GBQ4E2 -e4Gparks - k1 + %GB24€2 - £4Gpasks - k3] el duy

Ity (

+ fol Gpoaca - kaGpares - ki + Gpoea - kaGpasea - by

— 1 (Gpouer - caGparka - k1 + Gpoaer - e4Gpagha - k‘zﬂ du4} ;

23) = <G323G332 + 1) Z5(23)

(E.50)

X {fol [GBHEI koG pares - ki + Gpiaer - koG pases - ko

+GpBizer k2GB4354 k3 + (:;31351 : k3GB4154 -k

+GBi3er - k3G pazes - ko + Gpiser - k3Gpasey - k3

+ %GBMEl -e4Gpiaky - ko + %GB14€1 - £4Gp1sk: - k:g] el duy

2, (14

(4)

12, (24) =

(4)

72
I7y (34

+ fol Gpiaer - kaGpases - ko + Gpiaer - kaGpasea - ks

— L (Gpiaer - eaGpasky - ko + Gpuaer - 4G pasky - k‘3)} du4} ;

(E.51)

= fol (GBMGBM + 1) Z5(14)duy [G32152 : k1GB3153 Ky

+Gpases - k3G paies - k1 + Gpoiea - k1Gpazes - ko

+ 3G pazer - €3 (6321k2 k1 — Gpaiks - kl)} :

(E.52)

fol (GBQ4GB42 + 1) Z5(24)duy [GB1251 - koGpzies - ki

+Gpi3er - k3G paacs - ko + Gpiact - kaGpazes - ko

+ 1Gpiser €3 (GBl2k1 ko — Gpaaks - kz)} ;

(E.53)

= fy (GB:34GB43 + 1) Z(34)duy [GBl251 koG pases - ks
+GB13€1 k3G paiea - k1 + Gpiser - k3Gpazen - k3

+ 1Gper - &2 (GB13k1 - k3 — Gpasks - kSﬂ '

(E.54)
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Notice that in all this cases we must follow the same steps of the scalar case,
and that the only difference is that we change GBUGB]-@ by GBUGB]-H—L In
the first three equations of the previous six, this change does not mix with
the integral over uy while in the last three equation, after the integration
over uyq We have to change the factor of —z that appears in the scalar case
by to have the correct result in the splnor case, so we can directly write,

72
Result of 1 1)

—f(24)(12) = le (1 - GQBm) Z2(12){

+G%a (1 - 62331) kv fa- fs- ki — GpasGpsr (1— Ghay ) by - fa- f3- ko
—Gp23Gps1 (1= Ghos ) ko fa- fa- k1 + Ghos (1 — Ghog) k- fa- f3- ko
+Gp12Gpar (1 — Gy ) lakirafs QoG <1 - GzBlz) w}’

ra-ks ra-k3

(E.55)

12)(13) = 5 (1~ Gy ) 2203){
+G%, ( - G312> kv fa- fo- ki — Gp1aGpas (1— Ghyy) by - fa- fo- ks
~Gp12Gpas (1~ Ghos ) ks~ fa- fo b1+ Gy (1= Ghog ) ks fa- fo - ks
+Gp12Gpa1 (1 — Gy ) BB — GG <1 - C.*'2331) w}’

r5-ka r5-ka

(E.56)

I (23) = 33 (1 - G2323> 22(23){
+GBI2 (1 - G2B12> k2 : f4 : fl : k?z - G312G331 1-— GQBH k:g . f4 . f1 . k3
~Gp12Gps1 (1= Ghgy ) ks~ fa- fi-ka+ Gy (1= Gy ) ks~ fa- 1o ks
+Gp12Gpa (1 = Gy ) Felidtelile — GpoyGpy <1 - C.712323) w}

re-k1 re-k1

(E.57)

(14) = % — Gp12Gpairs - f3-kirr - fa -k

+Gpa3Gpsi (rs- f3-kirg- fo-ks+2r7- fo- fz-rsks-ki)  (BE.58)
+GB12GRas (18- f3-kory - fo- ki — 17 fa- f3-rgka- ki) },

(4)



Appendix E 135

I7,(24) = 2Z5(24) [ — G12GRazro - f3 - karo - f1 - ko

3rg-kiro-ks

+Gp23Gpar (ro- f3-karg - f1- ks +2rg - f1- f3-1oks - ko) (E.59)
+Gp12Gp31 (1o - f3-kirg - f1-ka — 719~ f1- f3-1T0k1 - kz)],

I

37”01 k1ro2-k2
+Gp12GRas (roz - fa - ksro1 - f1- ko + 2ro1 - f1 - fa - rosks - k3)
+Gp12GRs31 (ro2 - fo - kiror - f1- ks —ro1 - f1- fa - ro2ky - k3) },

( )(34) 22234 [ — Gp23Grairoz - f2 - ksror - f1 - k3

(E.60)
E.1.4 Integral of Q%
Using (B.11), we obtain that
. -1
I75(12,34) = (GBl2G321 + 1) Z5(12) <3 + 1> Z5(34), (E.61)
. -1
I75(13,24) = (GB13GB31 + 1) Z5(13) <3 + 1> Z5(24), (E.62)
-1 .
I75(14,23) = <3 + 1> Z5(14) (GB23GB32 + 1) Z5(23), (E.63)
simplifying
722
Result of I @
2 ‘9
1% (12,34) = (1 - GBl2> Z5(12)Z5(34), (E.64)
2 hd 2
I7%(13,24) = (1 - GBgl) Z5(13)Z2(24), (E.65)
2
I%(14,23) = (1 - GB%) 2(14)Z(23), (E.66)
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E.1.5 Results of f(4)

I, (1234) = Z,(1234) |G 512G pos (% - %GQBM)
<G312 + Gpas + GB31> GBlS]

1(44)(1243) = 210243) [GpiaGion (5 - 36%) 67
2 <G2312 + Gh31 — Ghaz — ) + GBIZGB31]
I, (1324) = Z,(1324) GBQ3G331 ( 02312)

(G313 + Gps2 + GB21> GBIZ] ;

,(123) = <G312G323G331 +Gpi2 + Gpas + G351> Z3(123)
1-—

[Gm ( 312> ko fa ki + Gpas ( G323) ks - fa- ko
+Cpa (1= oy ) b f1- ks,
(E.68)
5 1. 7 . Tl‘fl'kg . Tl‘fl‘k?,
3 _ -
1))(234) = 5GB2s <3 GB23) Z3(234) <G312 Lk Caan ri-ki )]
(E.69)
17 . ra-forkr o . T2 fo-ks
- — Z2(341 _— — —
)(341) =3 <3 GB31> Gp31Z5(341) (GB12 — G p23 ro - ko > '
(E.70)
1/7 . . r3-fa-ki - 13- fz-keo
4) (412) =3 <3 GQBI2) G'B1273(412) (G B31 sk —Gp2 Ty - /<73 >

~(24)( 2) = le (1 - GQBH) Z2(12){

+GB31 ( G2B31> ki-fa- f3 k1 — GpasGpar (1— GQB31 ki fa-f3-ko
~Gp23Gpa (1 — G ) ko fa- f3 k1 + Ghos (1= GLo3 ) ko - fa- f3 - Ko
+GB12Gar (1 - Ghy hofulirafsls — GG <1 - G2312) w}y

r4-k3

(E.72)

ra-ks



Appendix E 137

j(z )(13) 1z (1 - G2B31> Z2(13){

+Ghi ( sz) ki fa- for ki — Gp1aGpas (1— Gy ) ky- fa- fo ks

~Gp12Gpas (1 - G323 ks - fa- f2- k1 +G323 —G%y3 ) k3 fa- fo ks
(E.73)

1y (23) = 1 (1 - G2B23> 22(23){

+G312 < Gmg) ko fa- f1-ko — GpiaGpar (1 — GB12 ko fa-f1-k3

+Gp12Gras (1 — Ghy RoJuareihe — G posGlpsy (1 - 0%23) w}

re-k1

(E.74)

r6-k1

I2,(14) = 22a(14) [ — Gp1aGpairs - f3 - kire - fa - ka

3r7 korsg-ks

+Gpa3Gpsy (rs - f3 - kirg- fo-ks+2r7- fo- fy-rsks-ky)  (BE.75)
+GB12GRa3 (18- f3 - kory - fa- ki — 17 fo- f3-rgka- kl)],

(4)

I( )(24) % [ — Gp1aGpasro - f - karg - f1 - ko

+GpasGrar (ro- f3-korg - f1-ks+2rg - f1- f3-roks - ko) (BE.76)
+Gp12Gps1 (ro - fa-kirg- f1-ka—19- f1- f3- 1ok - k2)],

( )(34) % [ — Gp23Gpsiros - f2 - karor - f1 - ks

+GB12Gpas (roz - fo - karor - f1- ko + 2ro1 - f1 - fo - To2ks - k3)
+Gp12Gp31 (ro2 - fo - kiror - f1- ks —ro1 - f1- fa - ro2k: - ks)}
(
(

ﬁ.??)

I (12,34) = g (1 - G’QBIQ) Z5(12)Z5(34), E.78)
2 )

I%(13,24) = 2 (1 - GB31> Z5(13) Z2(24), (E.79)

I%(14,23) = g (1 - GBQ?,) 2(14) Z5(23). (E.80)
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E.1.6 f(4) in terms of Gp;; only

In the previous section, we write I (4) In terms of G Bij because in this form
it is easier to perform the integrals when we take the low energy limit in
some leg but we realize that if we want to perform the integrals without
any assumption on the energy of the photons it is better to have this
expressions in terms of G'g;; only. Since, the spinor case have the same
terms that the scalar case plus some extra terms we only need to use the
equations (D.134), (D.135) and (D.136) in these extra terms then we sum
this to our result from the scalar case (I(4y in terms of G'p;;) and we obtain

It,(1234) = Z,(1234) | (2032122"“1 +2G pas 22"“3 + b) (L = 2Gp3)
<2G312 2 4+ 2G B3y 2+ c)
- 4G313)}
I, (1243) = Z,(1243) { (2(;312 vk 4 oGy, ) (L — 2Gp23)
+2(Gpaz — Gpi2 — Gpiz) — (20312 ],21 k2 4 2G B13 ﬁlzz + a) }
1324) = Z,(1324) [ (2G31 karka | c> (L = 2Gp1,)
<2G312 P2 4 2G 3 ’“g + a) B3R + b)
— (1 —-4GB12) },

Iy

(E.81)
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f(34)(123) £ Z3(123) [ (1 — 4G 12) Gpizks - fa -k
(

—(1—-4Gp () G pasks - f4 ko — (1 —4Gp31) Gpaik: - fu- k3
2GR13 1 + 2G B3 22 + ¢) (1 — 4Gp12) Gpigks - fa - ka
2G'B12 kiki + 2G313k ) (1 —4Gpa3) Gpasks - fa - ko
2G a1 Zii; +2G B3 k3 +b) (1 —4Gp31) Gpsikr - fa- ks
2G a1 222 +2Gposy, k2 k3 +0b) Gpasks - fa - k2
2Gp12 8 o ,é +2Gp 31<;1 kz + a) Gpsik1 - fa- k3
2G po1 1 k3 +2G o3 e +b) Gpigka - fa- b
2GR13 72 k3 + 2G323§2 5 +c) Gpsikt - fa- ks
2G 1o - ) Gpizks - f1- k1

) Gpasks - fa- k‘Q},

k1k3
QGBlgzl 3 +2GRo 3k2 ki +c

+ o+ + + o+ o+

(E.82)
5, (234) = — (2 +2G323) 23(234)[ 2GS + 2G gy 2k 4 1) Ltk
2GBl3 k1. k3 + 2GB23 k3 + C) r1-f1- k3} 7

ri-k1

(E.83)
1:(34)(341) — (2 +2GBs1) Z3(341) [(26’312 B2 4 2GR s + “) mrgfiifl
<2GB13 e +2G B3 ]12]12 ) =k kg} ’

ro-ka
(B.84)
I3, (412) = - (2 +2G312 Zg 12) [ (261152 sfL 4 a) mlph
— (2Gpnlzk s 1) gl ]
(F.85)

2,(12) = 4TG31222(12){
+ (1 —4Gp31) Gpaik1 - fa- f3- k1 + (1 —4Gpa3) Gpazka - fa- f3 - ko
+(2GB13 ,’:;? + 2GB23 kS + C) (G 31k - fa- f3- ko + Gpagks - fa- f3- k1]

— (2G 122 + 2G 3;;1 k3+a) G gk fuhura faky

r4-k3

k2 k3 + b) GB12k2 fa-kiry- fs-kz}’

r4-k3

+ 2G321k2 by + 2Gpos

(E.86)
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(4)(13) 4TGB?>IZQ(13){

+ (1 — 4GB12) Gpizk1 - fa - fo - k1 + (1 — 4G pa3) Gposks - fa- fo - k3
+ (2G a1 ;f kl + 2G323k2 L b) (Gpioky - fa- fo-ks+ Gposks - fa- fo- ki]
_ QGBmkl k2 +2G313 k3 +a) GBSlw

5k

)G 31/€3 fakirs-fa- ka}’

r5-ko

+ 2GBl3k T +2GB2

(E.87)

I2,(23) = 4TG323Z2(23){
+(1— 4G312) Gpigky - fa- f1-ko+ (1 —4Gp31) Gpaiks - fa- f1-ks3
- 2GBl2k ks +2Gp13 B + a) (Gpioka - fa- f1-k3+ Gpaiks - fa- f1- ko]

Ggas ks3- f47]’€627’;761 f1-k2

Gpos k3-fa-kore-f1-ks }

r6 k1

)

+ QGBlgk 3 st QGngk
(E.88)

KLf8 +a> rs - f3-kirr - fa -k
(rg- fa-kirg- fo-ks+2r7- fo- f3-rgks-kq)

- 2G321 - kl + 2GB23£§.£? +0) (rs- fs-korr - fo-ki—r7- fa- f3-rska- k1)},
(E.89)

k3+b)7‘0 f3 - karg - f1 - ko
)(T‘O'f3'/€27“9'f1'k3+2r9'f1'f3‘7“0k3'1€2)

)(TO‘f3'k1T9'f1‘k2_T9‘f1‘fS'T'Okl‘kQ)}a
(E.90)

72 (34) = 52200 [ (2 )72+ o Karor - f - ks
- 2G321],§2 kg 2GB23Z§ Zf + b) (7”02 “f2- k‘37“01 “f1-ka+2ro1 - f1- fo-rozks - k3)

k3 +a) (7"02'f2'k317’01'f1'k?3_7"01'fl‘f2'7“02k31'k73)]7
(E.91)

12(12,34) = 2031222(12)22(34), (E.92)

37"7 -korg-ks

1(4)(14) 2Z2(14) [ <2GB12 1121-162

279(24
Ity (24) = ﬁ[(
- 2GB13£

— (2GB12 kl R+ 2G313k

8
I75(13,24) = 5G331Z2(13)Zz(24), (E.93)
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12(14,23) = %G32322(14)22(23). (E.94)

E.2 Two low energy photons

Since, we have already integrated uy4 with the assumption that k4 is low
energy. Now, we do the same for k3. Then, we cancel all the terms O(k3)
in 1(4) (in terms of Gp;; and with T = 1)

I, (1234) = Z,(1234) |G p1aGas (§ — §C3a1)
+ (GBIQ +Gpas + GB31) GBIS}

14, (1243) = Z,(1243) |G praGin (% = 3Gy
+1 (G 2o+ Gl — GLs — ) + GB12GB31}
I, (1324) = Z,(1324) |G pasGin (% = 3C31,)
+ (GBB +Gpsa + GBQI) GBI2} ;

(E.95)

f€’4)(123) = (G312G823GB31 + Gpi2 + Gpas + GB31) Z3(123)
1-—

X {Gm ( GBIQ) ko« fa-k1+ Gpas (1 - GBQ:;)m
+Gp31 (1 Gggl)M]7
(E.96)
f?4)(234) = %G‘ng <; - G2323> Z3(234) (GBIQW - GB31Dﬁ> ;
(E.97)
I}, (341) = % (; - G2331> G 531 Z3(341) (Gmw - GBzgpiQk/f> :
(E.98)
I} (412) = % <?7) — G2B12> G p12Z3(412) (Ggglw ~ s T3T3f3é3k2> .
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I2)(12) = 4y (1- Gy, ) 2212){

+Gha ( G331> kv fa- fs ki — GpasGpsi (1— Ghyy ) by fa- f3- ko
~Gp23Gpar (1= Ghos ) ko fa- f3 K1+ Ghos (1= G%o3 ) ko - fa- f3 - ko
+Gp1oGpa (1 — Gy, ) et — G 0 G (1 - GQB12> w}

7’4"453 7’4~k‘3

(E.100)
~(24)( 3) =15 (1 - 62331) Z2(13){
+Gh1 ( G2B12> ky- fa- f2- ki — Gp1aGpas (1— Gy ) k 5 k3
~Gp12Gpas (1 — Ghos ) ks - fa—fa- T + Ghyg El - GB%; ks - 5 k3
+Gp12G B3 El - GQB?;I; W — G'a3Gral <1 — GBSl) W}
(E.101)
12)(23) = 15 (1 - Ghas) 22(23)
+Gh1 (1 - G2B12> ko fa- f1-ka — Gp1aGra El — GQBu; ko - k3
—Gp12Gas (1= Ghay ) k- fufrofia + Gy (1= Gy ) ks - fo—f1 k3
+Gp12G pas El - G2323; W G p23Gps1 <1 — Gszg) ﬁm%},
(E.102)

—7( )(14) % [ — Gp1oGpairs - f3-karr - f2 -k
+Gp2Gpa (rs- f3-kirr - fo-ks+2r7- fo- f3-rsks k1)  (E.103)
+Gp12Gpa3 (rs - f3 - kary - fa- k1 — 717+ fo- f3-rshka- /ﬁ)],

I7,(24) = 2Z(24) [ — Gp12Gpasro - f3 - karg - f1 - k2

3r9 kirg-ks

+Gpa3Gpsi (ro- f3 - korg - f1-ks+2rg- f1- f3-roks-kz)  (E.104)
+Gp12Gpsi1 (1o - f3-kirg - f1 - ka — 19 - f1- f3- 1okt - k2)],

I( )(34) % [ - GB23GB31W

+G p12Gpos (roa—Fr—Taror - f1- ko + 2ro1 - f1 - fa - rocke—#3)

1)

+Gp12Gp31 (Toz - f2 - kirgr—fr—ks —ro1 - f1- fa- TOM)]7
(E.105)

% (12,34) = § (1 - G2B12) Z(12) Z5(34), (E.106)
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I%(13,24) = i (1 - G2B31) Z5(13) Z(24), (E.107)

1%(14,23) = g (1 - G2323) Z5(14)Z5(23). (E.108)

This leaves us with the following terms to be integrated

j?34)(1234) = Z4(1234) fo GBIQGB23 (%/ GBSl)
+ (%—1— Gpos + GB31) GB13} dus,
Ity (1243) = Z,(1243) [, |Gp12Giam (%z G323)

: : : (E.109)
+3 (G2312 +M ) + GBHQ/{} dus,
It,)(1324) = Z4(1324) [} [GasCian (%~ 3C31,)
(%‘f‘%‘i‘ G321> GBlQ} dus,
=3 B 1 1, . . ) . .
I(34)(123) =5 /0 (GB12GB23GB31 + Gp12 +%+%) E110)

X 23(123)6312 (1 — G’QBIQ) ]{32 . f4 . ]ﬁdu?,,
ry- f1 ko
[734)(234) = G323 — G%53 ) Z3(234)Gpra—"—= T dus, (E.111)

k
1(34)(341) /(Z %) GBSIZ3<341)G3127H2]€21dU3, (E.112)

T2
I3, .. (4 —_71 1 Z—G2 GR1273(412
(34)( 12) 2 )y \3 B12 B1273(412)

w (g 23 P T3 Ss R o
r3 - k3 r3 - k3
- ) .
I(2 =1 Jo ( - G2B12) Z2(12){
+G%,, ( GBgl) ki-fa-f3 k1 — GpasGpar (1 — Goay ) k1~ fa- f3- k2
~Gp23Gpa ( - G323> ko fa-f3 K1+ Gy (1 ko« fa- f3- ko
+ [GBlQGB?)l (1 - G2312> kz'hf:-;ifg’kl

— Gp12Gp2s (1 — G2312) 7k2'f4'k1r4'f3'k2} eo}du?n

rq-ks

(E.113)

- GBQS

(E.114)
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- 1 ! . ) .

%, (13 :/ 1—G%31) Z2(13) G (1 — GHio) k1 - fa - fo - kadus,

(34)(13) 2/, ( 331) 2(13) 312( 812) 1 far fo-kadusg
(E.115)

2 (23):1/1 (1—02 )22(23)(';2 (1—02 )kg-f4-f1-k:2du?,

(34) 2/, B23 B12 B12 ;
(E.116)

17y, (14) = 37«27Zk22::)k3 Jo {[—GB12G331T8‘f3'k17“7'f2‘k1

+Gp12Gpas (rs - f3 - korg - fo-ky — 77+ fo- f3-rsha - /ﬁ)]eo

+Gpa3Gps1 (s - f3-kirr - fa- ks + 217 - fo- f3-rsks - k1) }dus,
(E.117)

1(34)(24) 32,213135);% fo { [ — Gp12Gpasro - f3 - karg - f1 - ko
+Gp12Gr31 (ro - f3-kirg - fi -k — 1o - f1 - f3 - roks - kg)]eo
+Gpa3Gps1 (10 - f3 - karg - fi - k3 + 2rg - f1 - f3 - Toks - ko) }duzs,

(E.118)
2 [ .
1%,(12,34) = 3/0 (1= Ghz) 22(12)Z5(34)dus, (E.119)
~ 2 1
1(2324)(13724) = 3/0 ( G331) Z5(13) Z5(24)dus, (E.120)
. 2 1 .
13)(14,23) = 3/0 (1 — 02323) Z5(14) Z5(23) dus. (E.121)

Some terms cancel because of the integration. We use some particular cases
of (B.11) enlisted in appendix B in order to perform the integrals over ug,
and we obtain

f€34)(1234) = %GBH Gpi2 — Ghyy) — <% - 1(';2312> - %] Z4(1234),
I~(434)(1243) = %GBlg <G312 )} Z4(1243),
(34)(1324) = (% 1G312) (* 1G321) GBlQ] 4(1324),

. "3
GBIQ - GBlg

(E.122)
1

- 1 . . 1.
I[(309(123) = 2 <G2312 - G4Bl2) (6 - §G2B12 + 1> Z3(123)kg - fy - k1,
(E.123)
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Iy (412) = (% sz) Gp1273(412) [

kS kl 3 3" fd k:2
T2 (GBI2 - GBlQ) r3-ks |’

(G’Bn - G3312> rafely

r3-ks

(E.124)
12,02) = 4 (1= G35) 2:(12){
+ (l %) kl fa-fa ki — K* 1GBIQ> ( & - 1GB12>} kv-fa- f3-ko
- (7 1G312) (3' - 1GB12>} koo fa-fs kit (5—5) k2 fa- fs ko
(GBlQ - G312> (1 — G’2 ) ko fakara-fa-ky

ra-ks

Gt (G- Ch) (1 ) 2575]

(E.125)
= 1 . .
I3 (13) = EZ2(13)GQB12 (1 - G2312) ki fa- foka, (E.126)
= 1 ) oy
I(34)(23) = EZ2(23)G312 (1 - GBlQ) ko« fa- f1- ko, (E.127)

I(34)(14) %[ Gp12® 12 (GBl?_GBu) rs - f3 - kirr - fo -k
+Gp12"y (GBl? G?fsu) (rg - fa-kory- fo-ki—r7- fo- fa-rgka- ki)

—|—<g—%G2312> (TS'fg-/617”7'f2'k3+27“7-f2-f3'?"8/€3'k1)},

(E.128)
(34)(24) %[ (GBI? - G3312) ro- f3 - karg - f1- k2

+G g2 12 (G312 G3312> (7”0'f3'7<?17“9'f1'1€2—7“9'f1'f3'7“07<31'k32)
+<g_%G312>(TO'f3'k27’9‘f1'k3+27“9'f1’f3‘7"0k33'k32)}7

(E.129)
2 .

15 (12,34) = 2 (1 - G%m) Z5(12)Z5(34), (E.130)
~ 4

I3 (13,24) = £ Z5(13) Z2(24), (E.131)

I2,,(14,23) = 322(14)22(23). (E.132)
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Simplifying

16134)( 234) = 1 (4G%,, — Gh1o — 3) Za(1234),
‘f(34)( 243) = § (4G5 — Ghip — 3) Z4(1243), (E.133)

I3y (1324) = 5 (1 — 42Gh, + 9G321> Z4(1324),

= O

~ 1 .
I3y (123) = (o) <7G312 10G 515 + 3GB12> Z3(123)ky - fa- k1, (E.134)

- 1 .
Iy (412) == (7Ch1, — 10Ghy, + 3G1,) Zs(412)

» ko - kgrs - fs- ki kg-kirs- f3- ko (E.135)
rg - k3 rs - ks ’
1:(234)(12) =1 (1 312> [15 (k1-fa-fa-ki+ka- fa-fz-ko)
-5 (£ 6G2312+3G312> (k1-fa-fas-ko+ko- fa-fz-Fk1)

koksra-faky  kakira-fak
+15 (Gha — 2GBl2+GBIZ)k f4'k1< : 2fk§d S iﬁk? 2)}
(E.136)
I3, (13) = sz 13)Gh (1= Ghuo) ba fu- ook, (E137)
1:(234)(23) Z2 23)G%10 (1 G1312> ko« fa- f1- ko, (E.138)

(34)(14) % [ - (GQBm - G%l2> ko - k3rg - f3-kirr - fa- k1
"’EGQBQG%m) ks -ki(rg- fa-kory- fo-ki—r7- fo- f3-1rgka-ky)

2= 6Ghy) (rs- fs-karr - fo - ka+ 200+ fo- fy-rohs - k) |,
(E.139)

9275(24 . .
I(24) = W[—(Géu—%@ k3 - kiro - f3 - karg - f1- ko
+(Ghyp — G4B12>k2'k3(7"0'f3'k17’9-f1'k2—7“9'f1-f3-7“0k1~k2)

+ 2_6G1312> (TO'f3'k2"”9'f1'k3+27“9'f1'f3'7“0/€3'k2)},
(E.140)

2 .
It5(12,34) = 3 (1 - G2312) Z5(12)Z5(34), (E.141)
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4
1(34)(13 24) = §Z2(13)Z2(24), (E.142)

= 4
1(3(14,23) = 922(14)22(23). (E.143)
Notice that, in (E.135) and (E.136) we can make the following replacement

2 ksr-f3 ki ks kir- f3- ko — ko f3- K (E.144)
- ks r- k3

performing this replacement we have

E.2.1 Result of f(34)

f€34)(1234) = é 4G2312 - Gjlglg —3) Z4(1234),
f(434)(1243) % 4G%,, — Ghyo — 3) Z4(1243), (E.145)
Il,,(1324) = & (1 — 4262, + 9G Bm) Z4(1324),
= 1
1(334)(123) =7 <7GB12 10G g5 + 3GB12) Z3(123)ka - fa- k1, (E.146)
= 1 . .
1(334) (412) = E <7G2Bl2 — ].OG B12 + 3GBI2) Z3(412)k2 . f3 . kl; (E147)

Gb(12) = ( - G2312) Z5(12) [1% (ki fa-fs-ki+ko fa- fs- ko)

_% 6G2312+3G312> (k1 fa-f3-ka+ka- fo- f3-k1)
+45 (Ghig — 2Gh1, + GB12) ko« fa-kika - f3- k1}

(E.148)
= 1 . .
I{30)(13) = EZ2(13)G2312 (1 - G2312> ki fa- f2-ka, (E.149)
~ 1 .
1(234)(23) = 1—822(23)612312 ( GB12) ko« fa- f1- k2, (E.150)

275(14 . .
I( )(14) 3677 igrs)kg [_ (G2312 - G%12> ko - kars - f3 - kir7 - fa - k1
+(Ghya — GBIQ) k3 -ki(rg- f3-kor7- fo-ky—r7- fo- f3-rgks- k1)

2_6G2312> (7”8'f3'k17’7'f2'/<73+27’7'f2-f3'7"8k3'/<71)},
(E.151)
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27,(24 . .
(34)(24) 367rg- ?6(17'0)]63 [_ (GQBu - G%w) k3 - kirg - f3 - korg - f1 - k2
+(G%yy — Gjlmz)k2‘k3(7“0'f3'k17"9'f1'k2—7“9'f1'f3'7“0k1-k2)
_6G312) (TO‘fS'k2T9‘fl'k3+2T9'f1'f3'T0k3'k2)}7

(E.152)
~ 2 .
13)(2:34) = £ (1- Gho) 202)2(30),  (B153)
4
I33)(13,24) = §Z2(13)ZQ(24)7 (E.154)
4
I75(14,23) = 9 22(14)25(23). (E.155)

E.2.2 1:(34) in terms of Gp;; only

As we can see that in chapter 5 we need I, (34) in terms of G'p;; to perform
the remaining integrals. Hence, we use (B.1) to write the equations above
in terms of Gp;; (we restore the T factors also)

I3y (1234) = = (G2 — 2G%,,) Za(1234),
[(34)(1243) = =5 (G 12 — 2G,) Za(1243), (E.156)
16134)(1324) %(2_6G812 9G2321) Z4(1324),

~ 2T
I30y(123) = = (G1a — Gz — 12G0) Z3(123)k2 - fu-ky, - (B.157)

~ 2T
1(334) (412) = o (GB12 — Ghiy — 12Gh1y) Z3(412)ky - f3 - k1, (E.158)

j(234)(12) = GBl2Z2(12) [% (k1 fa-fa-ki+ka- fa- fz-ko)
5

+2 (1-30G%,,) (ki - fa- f3-ko+ koo fa- fz- ki) (E.159)
+i5 (Ghyy — 4G10) k2 - fa-kike - f3 - k‘1],

- 2T ,

134 (13) = ?Z2(13) (Gpi2 —4GB19) k1 - fa- fo - ku, (E.160)

~ 2T
[3)(23) = 322(23) (Gpi2 —4G%9) ko - fa- f1 - ko, (E.161)
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I3, (14) = %[ (Gpi2 —4G%y) k2 - kars - f3 - kirr - fo - K
+T (Gp12 — A4Gh9) ks - ki (r7- fa - f3-rska -k — s - f3 - kor7 - fo - ki)
+(1_6GB12)(T8'f3'k17'7'f2'k3+27“7'f2‘f3‘7”8k3'k1)}7
(E.162)
(3)(24) = %[ (Gpi2 — 4G%,) ks - kiro - f3 - karg - f1+ k2
+T (Gpi2 — 4G%15) ko - ks (ro - f1+ f3-Tok1 - ka — 1o - f3 - kirg - f1 - k2)
+(1—60312)(7“0-f3-/€27“9-f1-k3+27“9-f1-f3'7”0k3'7€2)}7

I?

(E.163)
8
1(34)(127 34) = 5G31222(12)Zz(34), (E.164)
4
1(34)(13 24) = 522(13)Z2(24), (E.165)
~ 4
173)(14,23) = 922(14)2(23). (E.166)

E.3 Three low energy photons

Here, we take the low energy limit in the leg corresponding to the integral
over uy. First, we cancel all the terms O(k3) in I, (34) (in terms of Ggij)

Il,)(1234) = § (4G5 — G — 3) Z4(1234),
i(434)(1243):é 4G% 1, — Ghyo — 3) Z4(1243), (E.167)

I, (1324) = & (1 142G, + 9(;321) Z4(1324),

6
= 1 . . )
I(34)(123) = = (7021312 —10G 515 + 3G6}312) Z5(123)ko - fr- k1, (E.168)
- 1 )
16334) (412) = 79 (7G2312 10GE1, + 3G1312> Z3(412)ky - f5< k1, (E.169)

12,12) = & (1= G31z) Z(02)[& U fu- fo o + o fafi o)
L= 6Gh1y + 3G by fifs Ty + o o hr)
Ghip = 2Gh, + GBIQ)W}

(E.170)
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= 1 . .
I3y (13) = < Z5(13)Cns (1= o) b fu- fo - ki, (E171)
= 1 .
I54)(23) = 13 25(23)G1s (1 - G21312> ko - T ka2, (E.172)
(34)(14) % [ - <G2312 - G%m) ko - ksrs - f3 - kir7 - fa- ki
+ EGBIZ GBl2> ks ki(rs- f3-kor7- fo ki —r7- fo- f3-rske - k1)

+ 2_6G312) (7"8'f3'k17’7‘f2'k3+27‘7'f2'f3’7’8/€3'k1)},
(E.173)

275(24 :
(34)(24) 36ro- ?ﬂ(lro)kg[ <G2812 GBl2> ks - k’lW

+ GBIQ G%12>M(To'f3-le9-fl 'kQ_TQ'fl ‘f3'7“0k1 k?)
_6G312)(MT9‘fl'k3+2T9'f1'f3’T 2)}7

(E.174)
2

I%,(12,34) = 2 ( GBIQ) Z5(12) Z2(34), (E.175)

4
1%, (13,24) = §22(13)Z(24), (E.176)

4
(34)(14 23) = 922(14)22(23). (E.177)

Then, what we need to integrate is
1(4234)( Gfo 4G312 G4Bl2 —3) Z4(1234)dus,

(234)(124 =z fo 4G%,5 — Gh1o — 3) Z4(1243)dus, (E.178)

I(1324) = & [ ( — 142G, + 9G321) Z4(1324)dus,

- 12 [t :
1(2234)(12) 121 ; (1 - G2Bl2) Z3(12)ky - fa- f3 - kidua, (E.179)

1 ! . .
I3)(13) = 33 / Z(13)Gh1y (1= Gz ) b - fa- fo - bnduy,  (E180)
0

f(2234)(14) 36?52;:)@ fo [_ (GQBIQ - Gjlgn) ko - kars - f3 - kir7 - fa- k1
+EG312GBI2> k3 -ki(rg- fa-korr- fo-ky —1r7- fo- f3-rska- k1)
+

9 _ 6(}’2312) eO (rg- fa-kirg- fo-ks+2r7- fo- fz-rgks- kl)]dm,
(E.181)
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1
1(234)(12 34) = §/0 (1 _G2B12) Z5(12) Z2(34)dus, (E.182)
4 1
B(13.20) = 5 [ 22092200 (E.183)
4 1
12,(14,23) = 5 /O 75(14) Z5(23)dus. (E.184)

We perform this integrals using some particular cases of (B.11) and we
obtain

{(4234)(1234) =5 (3 —5—3) Za(1234),
{?234)(1243) = % (% - g - 3) Z4(1243), (E.185)
Ly (1324) = & (1— 24 2) Z,(1324),
2,012 = 227 02)k k E.l
(234)( )_Eﬁg 2(12)k1 - fa - f3 - k1, (E.186)
~ 1 1
1(2234)(13) = ﬁZ2(13) <3 - 5) ki fa- fo-ka, (E.187)
1(234)(14) %{ (3 — %) ko - kars - fs-karr - fo -k

_|-(7—7)k‘3 ki(rs- fa-korr- fo-ki—r7- fo- fa-rgka- ki)
+[%_g(§—7)] kq - kQ(Tg f3 kiry - f2 k3 + 2r7 - f2 f3 rgks - kl) }7

(E.188)
22

IF34(12,34) = §§Z2(12)Zz(34)7 (E.189)
4

I(234)(13 24) = §Z2(13)Zz(24)7 (E.190)
4

1(234)(14 23) = 922(14)22(23)- (E.191)

Making simpler

E.3.1 Result of 1:(234

1?234><1243> = —1424( 3) (E.192)
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~ 1
[y (12) = 15 922(12k1 - fa- f3 -k,

~ 1
If30)(13) = 15 9Z2(13)/€1 fa- foka,

I(234)(14) - %{ - %kQ : k37’8 : f3 : k1T7 . f2 . kl

+iks ki (rs- fs-karr- fo-ki—r7- fo- fa-rske - ki)

+%k1 -]{32 (Tg-fg-k17‘7-f2-k‘3+27"7.f2.f3.r8k3.k1)}’

4

1(234)(12734) = §Zz(12)Z2(34),
4

1(234)(137 24) = §Z2(13)Z2(24),

4
1(234)(147 23) = §Z2(14)Zz(23).

(E.193)

(E.194)

(E.195)

(E.196)
(E.197)

(E.198)

However, as we already mention when we have three photons of low en-
ergy the remaining one must be also of low energy because of momentum

conservation.

E.4 Four low energy photons

First, we cancel all the terms O(k?) in

(1234) = 511 Z,(1234),

[(331)
{(4234)(1243) = 5 24(1243),
Iy34)(1324) = —27,(1324),
=9 1
I(534)(12) = mz2(12)k : 3 k1,
1
I(534y(13) g Z2(13)k: - 5 k1,

j(2234)(14) :ﬁé%{ - %kQ : ]€37"8 : f3 : k17"7 : f2 -k

+1%k3'k1(7"8'f3'k27’7'f2'k1—r7-f2-f3.7«8k2.k1)

+%k1'k2 (TS‘fS‘k17“7'f2‘k3+27"7'f2-f3-7‘8k3'k1)},

(E.199)

(E.200)

(E.201)

(E.202)
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4

[ (12,34) = 922(12)23(34), (E.203)
4

I(234)<13 24) = 522(13)Z2(24), (E.204)
4

1(234)(14 23) = §ZQ(14)Z2(23). (E.205)

Since, there is no dependence in w; anymore, because of the translation
invariance, we have the following result for this case

E.4.1 Result of f(1234)

(1234)(1234) = 12 74(1234),
(1234)(1243) = 75 Z24(1243), (E.206)
I 990)(1324) = 1 Z4(1324),

4

If0(12,34) = 922(12)23(34), (E.207)
4

(1234)(13 24) = §Z2(13)Z2(24), (E.208)

4
I(1234)(147 23) = §Z2(14)Z2(23)' (E.209)
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Appendix F

Hypergeometric o F]

In this appendix, we proof (5.5), and we proceed as follows: First, we
Taylor expand the function to be integrate and we use the Pochhammer
symbol

(a)p=ala+1)(a+2)---(a+n—-1), (a)o=1, (F.1)

to write this expansion in terms of an infinity sum. Second, we use the
following relation

Blp+1,q+1) = /Oldt (1 — 1)1, (F.2)

to perform the integral (where B is the ”beta function”, do not confuse
with S-function, they are different). Third, we use the definition of beta

function
I'(p)T'(q)
B p7 q = ) F3
(P, q) T+ q) (F.3)
to write the result in terms of factorial function, since
I'(n) =n! (F.4)

for n integer. Fourth, we use that

(20 + 1)! = 227! <Z>n (F.5)
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to cancel some factorial terms. Finally, we compare with

o0
2F1(a,b;c; x) Z Z (F.6)
n=0

and we obtain the final result.

Now, we present this explicit calculation below

! 1 ! 1
/du(l—GBa;) :/0 du[l—u(l—u)az]A

:;0 al (2n—'kl)' !

In [13], it is possible to find the equations (F.1), (F.2), (F.3), (F.6), and
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the relation (F.5) can be derived in the following way

(2n+1)!=1-2-3-4-5--(2n—2)(2n — 1)(2n)(2n + 1)
.g.g.g...(n_l < % n< ;)]
= 2%"p) B'(2+1>-~-(2+n—2)n<2+n_1>] (F.8)
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Appendix G

Some explicit integral results

In Chapter 5, we derived the formula that solve our integrals

I'(n—1) d D 3z
Yo = 2 — o F (Ln—1— =552 ). G.1

Thus, we give the explicit expression for some particular cases of Y,,; are

r(4-2) D 3z
Yip= ——+72%oF (14— 2,52 G.2
40 m8—D 2 1< ’ 27274>7 ( )
r4-2) D5z
Y41 6 3_D 2F1 2,4 - 5, 5, Z 3 (GS)
r4-2) D7z
= - =, 4
Yio= 4550 21(34- 557 ) (G.4)
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Yoy = 1405_ = (4’5 g g Z) (G8)
Y62—F61_273 2 1(3,6 Z;Z>, (G.9)
Yos = 1406 :;D oF) <4,6 g g Z) (G.10)
Yoy = 535)6_12227 o F (5 6—2,121,3[1:). (G.11)

The previous expression can be computed in Mathematica easily, we only
need to write (G.1) in Mathematica.
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