Universidad Michoacana de (ifli])
San Nicolas de Hidalgo

Y MATEMATICAS
UMSsS NH

Instituto de Fisica y Matematicas

Nonrelativistic boson stars: Spherically symmetric
configurations and their stability

TESIS

que para obtener el grado de

Doctor en Ciencias en el Area de Fisica

presenta

Emmanuel Chévez Nambo

Asesor:
Dr. Olivier Charles Albert Sarbach

Morelia, Michoacan, México
enero de 2026



Contents

Resumen/Abstract iii
Introduction v
1 Newtonian boson stars 1
1.1  Weak field limit of the action . . . . . .. ... .. ... ... ..... 2

1.2 Slow-motion approximation . . . . .. ... .. ... ... ... ..., 6

1.3 The multi-field Schrodinger-Poisson system . . . . . . . ... ... ... 8
1.3.1 Symmetries of the multi-field Schrodinger-Poisson system . . . . 8

1.3.2  Generalization to include a central point mass . . . . . . . . .. 10

1.4 Numerical example: spherical symmetric static solutions with one field 12

2 Mathematical tools 15
2.1 Basic definitions . . . . . ... L 15
2.2 Weak convergence . . . . . . . . ... 17
2.3 LP-Spaces . . . . ..o 19
2.4 Sobolev spaces . . . ... 20
2.5  Symmetric decreasing rearrangement . . . . . . . ... .. ... L. 24
2.6 Group representation . . . . . . ... 27

3 Ground state solutions of the multi-field Schrodinger-Poisson system 29

3.1 Formulation as a variational problem . . . . . .. ... ... ... ... 31
3.2 Existence theorem . . . . . . ... ..o 38
3.3 Properties of the minimizer . . . . . . .. .. ... ... ... 40
4 Newtonian /-boson stars 43
4.1 Theoretical set up of f-boson stars. . . . . . .. ... ... ... 43
4.2 (-boson stars as a minimum of a restricted energy functional . . . . . . 44
4.3 Properties of the minimum . . . . . . .. ... ... ... ... 47
4.4 Orbital stability with respect to spherical perturbations . . . . . . . .. 51
4.5 Explicit form of f-boson stars . . . . .. ..o 53
5 Linear stability of /-boson stars under non-spherical perturbations 59
5.1 Linearization of the system . . . . . . . .. ... ... ... 61
5.2 Linear perturbation for arbitrary ¢ using tensor spherical harmonics . . 62

5.3 Decoupling of the perturbed evolution equation . . . .. ... .. ... 64



Contents

5.4  Properties of the solutions of the linearized system . . . . . . . . . ... 64
5.4.1 Quadruple symmetry . . . . .. ..o 65
5.4.2 Stationary modes . . . . .. ... Lo 65
5.4.3 General properties and connection with the second variation of
the energy functional . . . . . . . ... ... ... .. 66
5.4.4 Non-existence of unstable modes for sufficiently large values of J 67
5.5 Numerical results . . . . . . . .. 68
5.5.1 Background solutions . . . . . . ... ..o oL 69
5.5.2  Perturbations solutions . . . . . . ... ... ... L. 70
5.5.3  Results: Ground state in non-relativistic (¢ = 1)-boson star . . . 72
5.5.4 Results: Ground state in other non-relativistic /-boson star . . . 73
5.5.5 Results: Excited states in non-relativistic /-boson star. . . . . . 76
6 Self-interacting boson stars 77
6.1 Variational problem . . . . . . . .. ... oL 80
6.2 Linear stability of self-interacting boson stars under non-spherical per-
turbations . . . ... 82
6.2.1 Basic properties of the stationary states . . .. ... ... ... 83
6.2.2 Properties of linearized equations . . . . . . . .. .. ... ... 84
6.2.3 Stationary and spherically symmetric configurations . . . . . . . 85
6.2.4 Numerical study of the linearized system . . . . . .. .. .. .. 91
7 Conclusions 97
A Strauss lemma for vector-valued functions 99

Bibliography 104

i



Resumen

En los tdltimos anos, los campos escalares han adquirido un papel signi-
ficativo en ciertos modelos de materia oscura. Las configuraciones auto-
gravitantes de dichos campos pueden formar objetos compactos conocidos
como estrellas de bosones: soluciones localizadas y estacionarias del sistema
Einstein-Klein-Gordon propuestas como modelo para el niicleo de materia
oscura en halos galacticos.

Esta tesis investiga la existencia y estabilidad de diversas configura-
ciones de estrellas de bosones en el limite no relativista. Mediante una
combinacion de métodos analiticos y numéricos se estudian las estrellas de
¢-bosones (descritas mediante el sistema Schrodinger-Poisson multicampo)
y las estrellas de bosones con autointeracciéon (modeladas por el sistema
Gross-Pitaevskii-Poisson), incluyendo el efecto de una masa puntual cen-
tral, la cual sirve como un modelo juguete para el agujero negro supermasivo
en el centro de la galaxia.

Las estrellas de ¢(-bosones no relativistas consisten de una familia de
campos escalares masivos, cada uno con momento angular y oscilaciones
dependientes del tiempo, organizados de tal manera que la configuracion
total es estatica y esféricamente simétrica. Utilizando el método directo del
calculo de variaciones, se presenta una prueba para la existencia de las es-
trellas de /-bosones como estados de energia minima. Ademas, se demuestra
rigurosamente su estabilidad orbital bajo perturbaciones esféricas no linea-
les. Sin embargo, a través de un estudio de las ecuaciones linealizadas, se
establece que las configuraciones con ¢ > 1 son linealmente inestables ante
perturbaciones no esféricas.

En el contexto de las estrellas de bosones con autointeraccion, demos-
tramos que, en el caso de interacciones repulsivas, el funcional de ener-
gia asociado alcanza un minimo global, el cual corresponde a una solucién
fundamental del sistema Gross-Pitaevskii-Poisson que es orbitalmente es-
table ante perturbaciones esféricas. Adicionalmente, se realiza un estudio
de estabilidad lineal bajo perturbaciones generales: interacciones repulsivas
conducen a estados base estables, mientras que interacciones atractivas in-
troducen un umbral critico de masa que separa ramas estables e inestables.
Los estados excitados son generalmente inestables; sin embargo, en teorias
con autointeraccion repulsiva, identificamos una banda de estabilidad para
los primeros estados excitados, independiente de la masa del campo escalar
o de los detalles especificos del potencial.

Palabras Clave: Estrellas de bosones, problema variacional, minimo de ener-
gia, existencia de soluciones, campo escalar, estabilidad.
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Abstract

In recent years, scalar fields have played a significant role in certain dark
matter models. Self-gravitating configurations of such fields can form com-
pact objects known as boson stars: localized, stationary solutions of the
Einstein-Klein-Gordon system proposed as a model for the dark matter
core in galactic halos.

This thesis investigates the existence and stability of various boson
star configurations in the non-relativistic limit. Through a combination
of analytical and numerical methods, we study ¢-boson stars (described by
the multi-field Schrodinger-Poisson system) and self-interacting boson stars
(modeled by the Gross-Pitaevskii-Poisson system), including the effect of a
central point mass, which serves as a toy model for the supermassive black
hole at the center of the galaxy.

Nonrelativistic /-boson stars consist of a family of massive scalar fields,
each with angular momentum and time-dependent oscillations, arranged
such that the total configuration is static and spherically symmetric. Us-
ing the direct method of calculus of variations, a proof for the existence
of ¢-boson stars as minimum energy states is presented. Furthermore,
their orbital stability under non-linear spherical perturbations is rigorously
demonstrated. However, through a study of the linearized equations, it
is established that configurations with ¢ > 1 are linearly unstable against
non-spherical perturbations.

In the context of self-interacting boson stars, we demonstrate that for
repulsive self-interactions the associated energy functional attains a global
minimum, which corresponds to the ground state solution of the Gross-
Pitaevskii-Poisson system and that is orbital stable against spherical per-
turbations. Additionally, a linear stability analysis under general pertur-
bations is performed: repulsive interactions result in stable ground states,
whereas attractive interactions introduce a critical mass threshold separat-
ing stable and unstable branches. Excited states are generally unstable;
however, in theories with repulsive self-interaction, we identify a stability
band for the first excited states, independent of the scalar field mass or the
specific details of the potential.
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Introduction

Boson stars are hypothetical astrophysical objects that, unlike conventional stars made
of baryonic matter, are composed of a massive, self-gravitating scalar field. The idea
that a field by itself could give rise to compact configurations dates back to the 1950’s,
when John Wheeler introduced the concept of geons [88]. These are exotic, particle-
like objects constructed solely from an electromagnetic field interacting with gravity as
described by general relativity. Although intriguing, Wheeler’s geons were ultimately
shown, even by Wheeler himself, to be unstable, which limited their physical relevance.

A few years later, in the 1960’s, Kaup [49] proposed an alternative: replacing the
electromagnetic field with a massive, complex scalar field, leading to the so-called
Klein-Gordon geons. Almost simultaneously, Ruffini and Bonazzola [72] independently
developed a similar model using a real quantum mechanical scalar field. Both ap-
proaches led to the same equations. The (numerical) solutions were found to be stable,
giving rise to what are now known as boson stars. For a review on boson stars, their
numerical construction and their properties, see for example [54].

At the theoretical level, boson stars are modeled through the Einstein-Klein-Gordon
system. As the name suggest, this system combines the Einstein field equations, which
allows one to obtain the spacetime curvature generated by the stress-energy-momentum
of the scalar field itself, with the Klein-Gordon equation, which governs the dynamics of
the field. From a physical point of view, boson stars can be understood as equilibrium
configurations: on one hand, gravity tends to concentrate and collapse the scalar field,
while on the other hand, the quantum pressure associated with the field (stemming
from its dispersive nature) counter-reacts this collapse.

In recent years, boson stars have attracted growing attention within the community,
not only because they have been proposed as black hole mimickers [84, 41], but also
because they are considered viable candidates for modeling dark matter halo cores in
galaxies. Dark matter itself is one of the greatest mysteries of modern physics. Whereas
we have robust indirect evidence of its existence, stemming from observations such as
galaxy rotation curves [71, 31], cosmological redshift [90, 77], or the cosmic microwave
background [9], its direct detection and fundamental nature remains elusive.

Over the time, different theoretical models have been developed to explain its na-
ture. Among them, the most widely accepted one is the Cold Dark Matter (CDM)
model. This model posits dark matter consists of non-relativistic (hence the term
cold), electrically neutral and non-baryonic particles, whose dominant interaction is
gravitational. CDM has been highly successful in describing the universe at large
scales [13]; however, it faces significant challenges at galactic scale, where it fails to re-



produce certain observational features, such as the so-called “cusp-core” and “missing
satellites” problems [14]. These shortcoming have motivated the search for alterna-
tive models of dark matter, among which ultralight dark matter has gained preemi-
nence [45, 55, 60, 59, 58].

In the simplest model, the constituent particle is an ultralight boson (described by a
scalar field) with mass around mg ~ 10722V /c?. Assuming a typical dispersion velocity
of v ~ 250 km/s in the galactic halo, a particle this light has a de Broglie wavelength of
astronomical scale, meaning that a large collection of them can be treated as a single
coherent (classical) wave [29]. This wavelike behavior is the reason why boson stars
are proposed as a compelling candidate for the cores of galactic dark matter halos and
thus an interesting framework for studying the properties of dark matter.

Several generalizations of this basic construction have been proposed, one of them
consisting of multiple scalar fields [82, 38, 36]. Instead of a single field, this approach
considers a fixed number, K > 1, of scalar fields. This raises a natural question:
why introduce multiple fields? At first glance, such a requirement may seem artificial.
However, this framework emerges naturally in the context of semiclassical gravity. As
shown in [6], for the static case, the semiclassical Einstein-Klein-Gordon system for
a single real quantum scalar field, whose state describes the excitation of K identical
boson particles, can be effectively reduced to the Einstein-Klein-Gordon system for K
complex classical scalar fields.

Recent studies have revealed that the Einstein-Klein-Gordon system with multiple
fields admits a remarkably rich spectrum of static solutions, even within the spheri-
cally symmetric sector. This is because, when moving from a single field to K > 3
fields, the internal symmetry group U(K) allows for non-trivial representations of the
rotation group SO(3). As a consequence, one can obtain configurations with nonzero
orbital angular momentum but vanishing total angular momentum, thereby preserving
spherical symmetry. In the particular case K = 2¢ + 1, choosing the irreducible repre-
sentation of SO(3) with integer spin ¢ leads to the so-called ¢-boson stars [3]. In this
way, {-boson stars arise as an elegant extension of ordinary boson stars (¢ = 0).

Another interesting generalization of boson stars emerges when, in addition to the
gravitational interaction, scalar fields interact with themselves (while the interaction
with baryonic matter remains negligible), giving rise to self-interacting boson stars [23,
76, 30]. This extension is physically motivated because a repulsive force from self-
interaction can support objects with a significantly larger maximum mass, making
them more plausible astrophysical objects.

In this model, a repulsive self-interaction plays a role analogous to the Pauli ex-
clusion principle in fermions, introducing an affective repulsive force between the con-
stituent particles that helps counter-react the gravitational collapse. An attractive
self-interaction, by contrast, will exacerbate the collapse and prevent the existence of
a stable ground state.

As models for dark matter halo cores, boson stars are often studied in the Newtonian
limit, since general relativistic effects are typically negligible at galactic scales. This
approximation simplifies the underlying equations significantly: the full Einstein-Klein-
Gordon system reduces to the more tractable Schrodinger-Poisson system. Specifically,
the Klein-Gordon equation is replaced by the Schrédinger equation, and the Einstein
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equations by the Poisson equation. While a fully relativistic description is required
to accurately describe the region near a galaxy’s central black hole, the large-scale
structure of boson stars solutions is known to be robust across both regimes [7]. This
allows for the use of a toy model to approximate the black hole’s gravitational effect,
which consists of adding an external potential from a central point mass M to the
system [24]. Furthermore, when self-interactions are considered, the scalar field is
described by the Gross-Pitaevskii-Poisson system [39, 27].

The Schrodinger-Poisson system has been studied for several decades, both from
a mathematical perspective and through numerical simulations. This system is also
known as the Schrodinger-Newton equation or, in the context of plasma physics, as the
Choquard equation [63]. The existence of static solutions was established in [53], using
a variational approach combined with the technique of symmetric decreasing rearrange-
ments of functions [42]. The resulting solution is spherically symmetric, monotonically
decreasing, and corresponds to the ground state or minimum energy configuration.
This technique enabled the treatment of various generalizations, such as the inclusion
of self-interaction terms or the presence of a point mass in the system. Later, in [57],
the more general concentration-compactness technique was introduces, allowing the ex-
istence of ground state solutions to be proven in a broader setting [32]. In this regard,
variational methods are not only elegant but also particularly effective: showing that
a solution minimizes the associated energy functional is already a promising indication
for its stability.

Regarding excited states, in [62] the system was studied numerically, suggesting
the existence of a family of stationary and spherically symmetric solutions labeled
by an integer n, corresponding to the number of nodes in the radial profile of the
wavefunction. Shortly thereafter, these numerical findings were rigorously confirmed
in [83]. Furthermore, in [56] it was proven that the energy functional related with the
Choquard equation (which is equivalent to the stationary Schrodinger-Poisson system
when the wave function is stationary) possesses an infinitely number of critical points.

The existence of bosons stars in the relativistic regime was first rigorously proven
in [10]. This work subsequently led to the establishment of the existence of Newtonian
¢-boson stars in [22]. However, a limitation of these proofs is that the methodologies
employed make it difficult to analyze physical properties of the solutions (e.g. stability)
beyond confirming their existence. To address this issue, in this thesis we present an
alternative proof that leverages the direct method of the calculus of variations [42] to
establish the existence of Newtonian /-boson stars.

One of the fundamental properties that any astrophysical object must possesses is
stability, understood as the ability of the object to maintain equilibrium after being
perturbed. Consequently, any viable dark matter configuration must be stable over
cosmological timescales. There exist different concepts of stability, each characterizing
a specific response to perturbations. The most elementary of these is linear stability,
which assesses the local behavior near an equilibrium point by analyzing the system’s
linearization; if all eigenvalues of the linearized system have non-positive real parts,
the equilibrium is considered linearly stable.

A more refined concept is orbital stability, which is important to this work. In this
thesis, an equilibrium solution to a dynamical system (described by a Cauchy problem)
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is said to be orbital stable if, under sufficiently small perturbations to its initial data,
its subsequent evolution remains close to the family of minimizers of the associated
energy functional. A stronger condition is asymptotic stability, which further requires
that the perturbed solution not only remains near to this family of minimizers but also
converges to it over time.

The linear stability of boson stars in the relativistic regime has been widely stud-
ied [34, 35]. In particular, the stability of boson stars is controlled by the central
amplitude of the scalar field, with a transition from stability to instability typically
occurring at the maximum-mass configuration. Relativistic /-boson stars have been
shown to be stable under spherical perturbations, both linear and nonlinear [4, 5], as
long as they are considered in their ground state. Moreover, based on 3D numerical
simulations, the stability of relativistic /~-boson stars under non-spherical perturbations,
without symmetries, has been studied in [47, 74] for the case £ = 1, with no instabili-
ties detected during the time span of the evolution. For a numerical investigation that
includes the stability of non-relativistic ¢-boson stars with ¢ = 1, see [40].

In the Newtonian limit of /-boson stars, linear stability against spherical pertur-
bations was established in [70], while in the present thesis a rigorous result of orbital
stability [17] under nonlinear spherical perturbations is presented (assuming global ex-
istence of solutions). Furthermore, following [65], a combined numerical and analytic
analysis of linear stability under non-spherical perturbations is carried out, showing
that Newtonian /-boson stars are linearly unstable unless ¢ = 0,1. Moreover, building
upon [21], we also present an analysis of linear stability under general perturbations in
the case of self-interacting boson stars.

This thesis is organized as follows. Starting from the action corresponding to
the Einstein-Klein-Gordon theory for a system of K minimally coupled and non self-
interacting scalar fields, in Chapter 1 we derive the weak-field and slow-motion limits,
which lead to the multi-field Schrodinger-Poisson system. A discussion about the sym-
metries of the system and the associated conserved quantities follows. We then extend
this framework to include a generalization that incorporates the external gravitational
potential generated by a point mass M, previously investigated in [24]. The chapter
concludes with numerical examples for the case of a single field (K = 1) and zero point
mass (M = 0).

To make this thesis self-contained, in Chapter 2 we provide a collection of definitions
and important mathematical results used in the subsequent chapters. In Chapter 3,
we reformulate the problem of finding static solutions of the multi-field Schrédinger-
Poisson system as a minimization problem and prove the existence of a solution corre-
sponding to the ground state.

In Chapter 4, we turn to the study of the Newtonian /-boson stars. By modeling
them as functions belonging to an appropriate function space which is invariant under
the spin-¢ representation of the rotation group SO(3), we demonstrate their existence
through a variational approach. Moreover, we prove that these configurations are
orbital stable under spherical perturbations. Chapter 5, which is based on [65], extends
this analysis by combining numerical and analytical techniques to investigate the linear
stability of Newtonian ¢-boson stars under non-spherical perturbations.

As we mentioned previously, the Gross-Pitaevskii-Poisson system can be used to
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model self-interacting Newtonian boson stars. In Chapter 6, we study this system in the
presence of an external potential generated by a central point mass. In particular, by
using variational methods, we prove the existence of stationary solutions and establish
their orbital stability under spherical perturbations. Furthermore, building upon [21]
and motivated by [75, 12], where it is suggested that self-interaction may stabilize
excited states in the relativistic regime, we analyze the linear stability of self-interacting
Newtonian boson stars. Finally, we present our conclusions in Chapter 7, while some
mathematical results are detailed in Appendix A.

In this thesis, we work in natural units for which ¢ = A = 1. Within this convention,
mass and energy have the same physical units, that is, [M] = [E], while length and
time both having units of inverse energy, [L] = [T] = [E]™'. Furthermore, in Chapter 1
we use the (—, +, 4, +) signature convention for the metric.
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Chapter 1

Newtonian boson stars

In this chapter, we derive the Newtonian limit of the multi-field Einstein-Klein-Gordon
theory. We begin by considering the weak-field approximation of gravity and derive the
corresponding action. Under the additional assumption of slow motion for the scalar
fields, this further reduces the action to one leading to the Schrodinger-Poisson system.
Next, we discuss the conserved quantities associated with the system and extend de
framework to include the presence of a point mass M. Finally, we present numerical
examples of solutions to the Schrodinger-Poisson system.

Our starting point is the Einstein-Klein-Gordon theory for fixed number K of com-
plex scalar fields ¢y (k= 1,2,..., K) each with mass mg. This theory is described by

the action,
R
S[97¢177¢K] —/<167TGN +£M> V_gd4x7 (11)

which consists of the Einstein-Hilbert action with the matter term,

K
Lo ==Y [V VO + miduon] (1.2)
k=1

As usual, Gy is the gravitational Newton constant, \/—gd*z denotes the invariant
element on the spacetime manifold, R is the Ricci scalar, V, is the covariant derivative
with respect to the metric and ¢, represents the complex conjugate of ¢;. The variation
with respect to the metric and the scalar fields yields the Einstein-Klein-Gordon system,
which consist of the Einstein field equations

G/W = 87I'GNT/W, (13)

where the components of the stress-energy tensor 7),, are given by
1 us R Py Py e 277
T = 5 2 Vb Vot + VutiVoby = g (Va0 Vo0 +midean)],  (14)
k=1
and the Klein-Gordon equation for the scalar fields ¢, reads

(V'Y = m3) éx = 0. (1.5)

1



Weak field limit of the action

As explained in the introduction, in this thesis we are interested in the Newtonian
limit of the Einstein-Klein-Gordon theory. To derive this limit, we follow the method
explained to us in [26]: first, we compute the weak field limit of the action, and then we
consider the slow-motion approximation of the complex scalar fields (see for example
[33] for a different derivation of the Schrédinger-Poisson system from the Einstein-
Klein-Gordon system).

1.1 Weak field limit of the action

We first investigate the regime in which the gravitational field is weak. To this end,
we consider a smooth one-parameter family ¢ () of scalar fields depending on a real
parameter A\ which characterizes the strength of the field, and satisfies ¢5(0) = 0.
Likewise, we introduce a smooth one-parameter family of metrics g,,(A\) such that
9 (0) = 1, where 1, denotes the components of the Minkowski metric. Assuming
that the scalar fields ¢x(A) induce small deviations from the Minkowski metric, we
write

Guv = N + huw (163)
g =" =W+ O(h?), (1.6D)

where g represents the components of the inverse metric and A" := n**n®"h,z. To
obtain the weak field limit, expand the action S|g, ¢1,...¢k| in powers of h and its
derivatives. As usual, in Eq. (1.1) R denotes the Ricci scalar which is given by

R =¢""R,,, (1.7)

where R, refers to the components of the Ricci tensor. Hence, in order to obtain an
explicit expression for the action (1.1), we need to calculate the components of the
Ricci tensor, which are given by

Ry = 0,1 — 0,1 + 1700 — T 000, (1.8)
and the Christoffel symbols can be obtained from the following expression
(0% 1 (03
T = 59" (Ougs0 + OuGan — D) (1.9)

By substituting the expressions for the components of the metric and its inverse given
by Eq. (1.6), we obtain

e, =TW [h,] +T@ [h.] + O(h*on), (1.10)
where we defined
rOa 1 Lpa (9 b Ok — Osh
MV[ /W] T 577 ( o ,BV+ vty — U ,uu)a (1-113)
1
F(2)auu[huy] = _ihaﬂ (8Mhﬂ]/ + a}/hﬁu - aﬂhuy) . (lllb)



Weak field limit of the action

Substituting Eq. (1.10) into Eq. (1.8) yields

Ry = R[] + RO [huw] + O(h(Oh)? + h*0°h), (1.12)
with
RELIV [h,tw] = aar(l)aul/[h,uu] - ayr(l)aa,u[h,uz/]; (113&)
RA(EV) [h#,,] = 8af(2)aw,[hw] - &,F@)O‘a“[hw]
+ F(l)UﬂV[h#V]F(l)aUCV[hHV] - F(l)aua[hm/]r(l)ao’u[huu]- (113]3)

Then, substituting Egs. (1.6) and (1.12) into Eq. (1.7) we obtain the following expres-
sion for the Ricci scalar:

R =" R\ hw] + 1" RY ] — B RO [h] + O(h(0h)? + h*0%h). (1.14)

Using the definitions (1.11) for the Christoffel symbols and after some algebraic ma-
nipulations, we obtain the Ricci scalar in terms of the components of the metric per-
turbation f,:

R=RYW + R® + O(h(0h)? + h*0%h), (1.15)
where
RW = Oh 4 0°0°hyg, (1.16)
1 1
R® =9,V = 2 (0"h*)(Ophap) — 5 (1) (Oahys) + (9uh™)(0"h,g)
1
— (07 h)(9sh). (1.17)

Here h := n*"h,, represents the trace of the metric h,, and V* = hoégﬁ“h"fj —
2h89%h 45 + h*O,h. Note that when the Ricci scalar (1.15) is introduced into the
action (1.1), the terms Oh+0“9°h,p and 8, V# contribute only boundary terms. Thus,
considering that

V=g = 1+;h+0(h2), (1.18)

and discarding boundary terms, we get
1 (63 1 Q
[ Rv=gd's = [ |50 0" h5) = 50 h)Ouhas)
+ Z (Dh + 28“8%015)] d*z 4+ O(h(0h)?). (1.19)

Note that the terms of order i vanishes as a consequence of the fact that 7,, is a
solution of the Einstein field equations. On the other hand, substituting ¢g"” from
Eq. (1.6a) in Eq. (1.2), we obtain

K

EM\/ —q = — [nwjaugkauqbk + mg’(ka

k=1
1 - _
-3 (h" 0,600 + mih|dw[* — 20 0,6, 0,01) | + O(h|0gk[?).  (1.20)



Weak field limit of the action

Therefore, using the expression (1.18), we find

K j—
[ eav=gd's == 3| [ (70,8000 + milonf) d'a

k=1

+ [ 1 |0,50,01 - S (170004055, + milonl?) | d'a} + 0200, (121)

Introducing the stress-energy tensor for the k-th scalar field 7, whose components
are defined by

1, — — _
T3 = 5 |0u0k0u i + 0ubi0u, — Ny (17 OatrOs i + mi|énl?) | (1.22)
we can rewrite the expression (1.21) as follows:
K p—
[ Luv=gd'a = =3 [ (#60,8 + milonl — WTE) d' + 012|060 ),
k=1
(1.23)

where we set 0" ¢y := 1" 0,¢x. Using Egs. (1.19) and (1.23), we can express the action
given by Eq. (1.1) in the following form:

Slg, 1, ..., ¢x] = Sulh] + Sulh, b1, ..., 0x] + O(h(OR)? + h2|0¢r|?), (1.24)

where the functionals Sy y Sy, are define by
] i= — L 0uhe) (0mh L omnoy @,
b = o [ [50uh™) (@ h5) = 2(0"h) Dhas)
+ Z (Oh+ 280‘85@5)] d'z, (1.25a)

K
Suulbyu 61, - 0] i= = 3 [ (00,05 + milonf? = WTW) d'e. (1.25D)
k=1

In a next step, we decompose the components of the metric perturbation b, as fol-
lows [64, 87]

hoo = —2P, (1.26)
h'Oj - 8]B - Aj, (127)
1

where @, W, B, I/ are scalar functions; A;, F; are the components of divergence-free
vector fields; and W;; are components of a tensor field satisfying the conditions §“W;; =
0 and 9'W;; = 0. Furthermore, recalling that in general relativity the action is invariant

4



Weak field limit of the action

under diffeomorphisms, an infinitesimal transformation of coordinates modifies the
components h,, according to

By v by + 0,6 + 0., (1.29)

with £, denoting the components of an arbitrary vector field {. Using the Helmholtz
theorem one can further decompose the spatial components &; as follows

& =0X+Y;, (1.30)

where X is a scalar function and Y; are the components of a divergence-free vector field.
Therefore, using the coordinate transformation freedom (1.29) and expressions (1.26),
we obtain

hoo = —2(® + Do), (1.31)
hoj = 0;(B + &) —Aj+ao(Y-+a-X) (1.32)
2

6N +2 (aiajx - 35ijAX) +20,Y). (1.34)

Choosing {y = —B, X = —FE, and Y; = —Fj yields
hoo = —29, (1.35)
hoj = —4;, (1.36)
hy = —2Us; + Wiy, (1.37)

where

d = P + 9p&o, (1.38)
Aj = —Aj 4 00(Y; + 0, X), (1.39)
U=+ ;AX. (1.40)

We conclude that it is possible to set B = E = 0 and Fj; = 0. This particular choice
is known as the Newtonian gauge [87]. Thus, substituting the perturbations (1.35) in
the functionals (1.25a) we obtain

Sl = < (SH(® 0]+ SiFIA] + S W3], (1.41)
where
siie, v =2 [ [ [3@ +UAR2D - \Ir)] dtd’x, (1.422)
SelA) =5 / / AIAAdtdPe (1.42b)
Sten[iy;,] = —i / / WIOW,, dtd®z. (1.42¢)



Slow-motion approximation

Similarly, introducing expressions (1.35) in Eq. (1.25b) we obtain

K —
M[hul/a ¢1a cee 7¢K] = - Z // (8M¢kau¢k + m(2)|¢k;|2) dtd3l‘
=1

—2 Z / / ((I)TO + oI — AT — ;W”T;(j’“)> dtd*z (1.43)
with
1 (|0¢y [
n@=2Qgﬁ +Wmﬁ+mﬂmﬂ, (1.44a)
ToY = Re (8%) ok ) (1.44D)
_ oo 2

The action (1.24) with Sy and Sy given by Egs. (1.41) and (1.43), respectively, de-
scribes the Einstein-Klein-Gordon theory in the weak-field approximation. In the next
section, we further reduce this action by applying the slow-motion approximation.

1.2 Slow-motion approximation

We begin by recalling that, in the non-relativistic limit, the energy point particle of
mass mg and linear momentum p, can be approximated as follows:

it
2 ~ — 1.4
= I o+ (1.45)

This shows that the energy is dominated by the rest mass. Motivated by this and the
de Broglie’s principle, we propose the following ansatz for the scalar fields [37]

;e’imotwk(t, x), (1.46)

2m0

¢k(t, SL’) =

where v, are scalar functions of + € R and x € R? that, as we will see later, represent
the wave functions. Substituting this into Eq. (1.44), we obtain:

w_ 1| 1 |ow[ o\ | 1
Too” = 2 [2mg | Ot tilm | 4= ot |V”¢k‘ +mg Wk| ) (1.47a)
1 10
Téj’?) = —Re ( ¢k8 i + wk@]@bk) (1.47b)
27" \mo

Tl(Jk) = 21Re (azakaﬂbk)

875 2m0

0 1
i (3,55) - oo 19




Slow-motion approximation

Once again, motivated by the dispersion relation (1.45), we introduce a dimensionless
small parameter e, which leads to the following scaling relations:

b~ % , (1.48a)
O ~ 20,0 ~ emyi), (1.48b)
hyw ~ €, (1.48c)
Py ~ €20 R, ~ emoh,,. (1.484d)

From Eq. (1.43), we observe that the term A7 To(j is of order m2e7/2 /G, whereas the

terms W4" ngk) and W Tz(j are of order m2e?/G. Therefore, retaining only the leading-
order terms in &, namely those of order mZe?/G, we obtain:

K — (.0 1
St 1, - o] = S // lwk (Zat + 2A> by, — m0®|wk|2] dtdiz.  (1.49)
k=1 Mo
Similarly, from Eq. (1.41), the gravitational contribution reduces to

1 1 . 1 ..
J ) ij g 3
SH[hW] BRTE // {Z\I/A(Zq) U) + 2A AA; + =W AWU] dtd’z. (1.50)

4
Finally, substituting expressions (1.49) and (1.50) in Eq. (1.24) we arrive at:

1 1 -
Slg, b1, .., bxc] = ﬁ// [AJAAj + WIAW, + WA (26 - \11)} did*s

—l—g// [; (wk awtk — Yy wk:) + mekA¢k _moq)lka] dtd3e + 0(67/2),
(1.51)

The variation of this action with respect to A7 and W% leads to the equations AA; = 0
and AW;; = 0, respectively. Assuming that A; and W;; vanish at infinity, this implies
that A; = 0 and W;; = 0. Thus ignoring the terms of order £7/2 or higher, we are left
with the effective action

Supf[®, 0, y] = //{mch )

| Oy 8% - 2 3
= — 1 Ath, — mo® dtd’z. 1.52
# 3 [ (B - ) + g~ moslu e (2)
Next, the variation with respect to W gives the equation A(® — W) = 0 which, under
the assumption that ® and ¥ vanish at infinity, implies ¥ = & =: U. Varying the
action with respect to each ¢, results in a Schrodinger equation for each 1y,
Oy, 1
— =——A Uty 1.53
= o U + moUry, (1.53a)

Finally, the variation with respect to U leads to the Poisson equation:

K
AU = 4nGmo > || (1.53b)

k=1



The multi-field Schrédinger-Poisson system

We refer to the system formed by Egs. (1.53) as the multi-field Schrodinger-Poisson
system.

It is important to remark that we have assumed the existence of weak-field solutions
9w (), dk(A) to the Einstein-Klein-Gordon system that satisfy the rescaling (1.48). An
interesting and relevant question is whether such solutions actually exist.

1.3 The multi-field Schrodinger-Poisson system

In this section we study the multi-field Schrodinger-Poisson system (1.53). As shown in
the previous section, this equations arises as the Newtonian limit of the Einstein-Klein-
Gordon theory, and it can be used to model a system consisting of K indistinguishable,
uncorrelated and spinless particles of mass mg, whose only interaction is through the
gravitational potential U generated by the particles themselves [70].

Introducing the following notation

(G
(& K
b= P =D (1.54)
. j=1
VK
we can rewrite the system (1.53) as follows
aw(t r) 1
= ZmOA +moU(t, x)} W(t, ), (1.55a)
AU(t,x) = drmoGl(t, o)) (1.55b)

To uniquely determine the gravitational potential, we impose the condition U(z) — 0
as |z| — oo. In what follows, we first discuss the symmetries of the system and their
associated conserved quantities, and then proceed to search for stationary solutions
using an elegant variational principle.

1.3.1 Symmetries of the multi-field Schrodinger-Poisson sys-
tem

Using integration by parts, the action (1.52), with ® = ¥ = U, can be written as
follows

Sersloow U1 = [ [ Lopl, v, Uld'wat, (1.56)
where the Lagrangian Lgp is defined by
\ U oY 1 2 2 1 2
- _ —— - — VU2 (1.
Canli 0] = 5 (058 = G0 = G VUP — mallof - Lo IVUP. (15)

Here and in the following * denotes the conjugate transposed and we use the notation

K
[VI* =3 [Vl (1.58)
j=1



The multi-field Schrédinger-Poisson system

It is straightforward to verify that varying the action (1.56) with respect to ©* yields
the Schrédinger-Poisson system (1.53).

Using Noether’s theorem and the theory developed in [46] one can prove that the
action (1.56) remains invariant under time and space translations, rotations, rigid
unitary transformations and Galilean boosts, which leads to the following conserved
quantities (see [69] for a systematicstudy of the symmetries of the Schrodinger-Poisson
system):

(4)

(iid)

The invariance under time translations implies the conservation of the total en-
ergy:
mo

2 13
. /RSUW\ &z (1.59)

1
[y == QW)/R Vo 2de +

In the following, we call this the energy functional. It will be of great importance
to prove the existence of solutions of the multi-field Schrédinger-Poisson system.

Invariance under space translations lead to the conservation of momentum:

P[] = Im/3¢*v¢d3m. (1.60)
R
Here, the integrand is a column vector whose components are (¢*V)); = ¢*0;¢,
with j = 1,2, 3.

Invariance with respect to rotations leads to the conservation of angular momen-
tum:

L[] := Im /]R [z A (")) dP, (1.61)
where the symbol A denotes the vector product in R3.

The invariance under rigid unitary transformations results in the conservation of
the scalar product of the components of ¥ in L?(R3):

(W, k)2 = /R3 R (1.62)

with j,k = 1,2,..., K. Note that if j = k, the conservation of the L?-scalar
product implies the conservation of the L?-norm of the components, i.e.

;|12 == / 0 (z) Pz, forall j=1,2,3,..., K. (1.63)
R

Furthermore, since the matrix (), whose matrix elements are Qi = (¥}, ¥%) 12,
is hermitian, it can be diagonalized by means of a rigid unitary transformation.
Therefore, it is possible and sufficient to impose the following initial condition at
t=0:

(1, ¥r) = /N NG (1.64)

where we define N; := ||[¢;]]3 and Ny, = ||¢x 3.
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(v) Galilean boost. Consider the transformation
t—t, x—z—uvt, veR? (1.65)

under which the Lagrangian Lgp transforms as

?

Lsp+— Lsp+ §[¢*Dv¢ — (D" )y, (1.66)

where D, := v - V is the directional derivative along the vector v. In this case,
the action is not invariant. However, if we supplement the Galilean boost with
the following global phase transformation of the wave function:

tst, (1.67a)
T x — vt (1.67Db)
w s eimo(v-mf%\v|2z‘,)¢7 (167C)

one can verify that the action (1.56) remains invariant. Thus, the invariance
under this “Galilean boost” (1.67), gives the following conservation quantity:

Cll:= [ oloPd's -ty (1.68)

which implies that the center of mass [gs z|1)|?d®z follows a free trajectory.

As we said before, these conserved quantities will be useful to prove the existence
of stationary solutions of the Schrédinger-Poisson system (1.53) and to analyze their
stability.

1.3.2 Generalization to include a central point mass

As mentioned in the introduction, scalar fields have been proposed as dark matter
candidates. In this context, the multi-field Schrodinger-Poisson system (1.55) can be
used to model the dark matter halo of a galaxy. In this section, we generalize this
system to include the gravitational influence of a central point mass M, representing a
black hole located at the center of the galaxy. This setting serves as a simple toy model
for describing the dynamics of a scalar field configurations in the presence of a black
hole [25]. With this modification, the multi-field Schrodinger-Poisson system becomes

ia¢ét£ z) _ [-%@A +moU(t, ac)} U(t, @), (1.69a)
AU(t,x) = 47G [mo|to(t,z)[* + M6(x)] (1.69Db)

where here §(z) refers to the Dirac delta distribution, defined by

L, @ @) = £0) (1.70)



The multi-field Schrédinger-Poisson system

for all test functions f € C§°(R3), that is, al functions f : R* — R which are infinitely
differentiable and have compact support. The model is expected to be valid in the
weak-field regime, that is, sufficiently far from the event horizon, where Newtonian
gravity provides an accurate approximation; closer to the black hole, general relativity
would be required.

For what follows, it is important to note that the presence of a fixed point mass
at the origin breaks spatial translation and Galilean boost symmetries (see points (i)
and (v) of the previous section), since the gravitational potential possesses a distin-
guished point at the origin. Nevertheless, the system remains invariant under time
translations and spatial rotations, which, by Noether’s theorem, implies that the total
energy, given by the energy functional (1.59), and the angular momentum, given by
Eq. (1.61), are conserved quantities.

To incorporate the effect of the central mass into the energy of the system, we
extend the energy functional to the form

1 2 13 myo / 2 13 M/ 3
_ M . 1.71
E[Y] 2m0/R3|V1p|da:+ 5 R3U|z/1|dx—|—2 R3U§(x)dx (1.71)
Special attention must be paid to the last term on the right-hand side of Eq. (1.71). By

definition of the Dirac delta distribution, this contribution reduces to the evaluation of
the gravitational potential at the origin, namely

/ US(x)d*x = U(t,0). (1.72)
R
The gravitational potential is obtained by solving the Poisson equation (1.69b), which
leads to ) 5
t
Ut,x) = —Gmy Md?’y — GM/ W) d*y. (1.73)
B[z =yl ® |z —y|

However, from this expression it is clear that U(¢,0) is ill-defined: the second integral
diverges at x = 0. To address this, we approximate the delta distribution by means of
a Dirac sequence

@) = 150 (5) (1.74)

where p is a mollifier [11] and py — § as A — 0. After the change of variables z = y/\,
the singular integral can be written as

/R oW d3y:1im/ RGN (1.75)

s |z — g A=0Jrs [T — Az

Substituting this equation into Eq. (1.73) and evaluating at = = 0, we obtain

U(t,0) = —Gmo / [wit.y)P

RS |yl

L1 p2)
3, L PR
d’y GM}\lir(l) N e 2] d’z. (1.76)
The last term diverges as A — 0, but this divergence can be given a physical inter-
pretation: it originates from idealizing the central black hole as a point mass. The

parameter A can be understood as an effective radius, which is small compared to

11



Numerical example: spherical symmetric static solutions with one field

galactic scales but not exactly zero. Moreover, since this contribution does not depend
on v, the equation of motion are unaffected and the term can be discarded. There-
fore, substituting Eq. (1.76) (ignoring the divergence term of the right-hand side) and
Eq. (1.73) into Eq. (1.71), the final expression for the energy functional, including the
effects from the central mass, is given by

1 P 5 Om3 )
Ry B R T T
(1.77)

1.4 Numerical example: spherical symmetric static
solutions with one field

In order to present explicit numerical solutions of the system (1.69), it is convenient to
eliminate the dependence on dimensional constants. For this purpose, we first rewrite
the equations in dimensionless form

é;zf( 7) = [-A+ UED]DE ), (1.78a)

AU(L, %) = [, %) + 4r Mo (%), (1.78b)
where we use the change of variables
t=tt/Y%,  r=d7a/7T,
_ o (1.79)
Y ="Ty/\[d3, U=20020, M= M/4xTmy,

with T an arbitrary positive dimensionless scale factor, t € R, z € R3 and v, := d./t.
a characteristic velocity defined in terms of the characteristic distance and length

do= 1 395810 % 10-2 (MP 3G e 1.80
= SeGmy 812X ) G (1.80)
1 oy [ Mp1\° 1

where Mp; = 1/\/5 = 1.22089 x 10Y GeV denotes the Planck mass. In order to
simplify the notation, we shall omit the tilde and denote dimensionfull quantities with
the superscript phys whenever necessary.

As a concrete example, in this section we consider the case M = 0 and a single
scalar field, that is, we set K = 1. Furthermore, we focus on stationary states with
spherical symmetry, which are described with the following ansatz

Ut x) =e “fr), r:=|z|, (1.82)

where f is a real-valued scalar function and w € R is a constant. Substituting this
ansatz into Eqgs. (1.78) (with M = 0) reduces the problem to the following system of

12
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— n=0

n=1
0.8 — n=2
n=3

0.6 1

0.2

T\

—0.21
0 5 10 15 20 25 30 0 5 10 15 20 25 30
r r

Figure 1.1: Profiles of the scalar field and gravitational potential. The left panel shows
the scalar field for the ground state (n = 0) as well as the first (n = 1), second (n = 2)
and third (n = 3) excited states. Similarly, the right panel shows the profile of the
gravitational potential for the ground state (n = 0) and the first three excites states
(n=1,2,3).

radial equations:

d [ ,d
_7‘12dr (TQ(JZJ:‘) +U@)f = wf, (1.83a)
:2; (ﬂjﬁ) ) (1.83b)

Since these equations are singular at » = 0, regularity of the solutions require the
boundary conditions

—o-f ¥
f(r=0)=fo, e . =0, (1.84)
dU
Ulr=0)=0U, “-| =0 (1.85)
dr -
and
f(r — o0) =0, (1.86)
U(r — o0) =0, (1.87)

where fy and Uy are real parameters. Fig. 1.1 shows the numerical solution of sys-
tem (1.83) for the ground state and the first three excited states. A more detailed
discussion of the choice of the boundary conditions and the numerical method used for
solving the system is given in Sec. 5.5 of Chapter 5.

It is worth to emphasize that in [53], Lieb proved the existence of the ground
state solution to system (1.78) in the case M = 0 and K = 1, making use of variational
methods. These methods will play an important role in this thesis, since in the following

13
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chapters we will extend them in order to establish the existence of solutions for arbitrary
K and for central masses M > 0. In addition, in [62] the authors presented a numerical
study of the radial system (1.83), and in [83] it was rigorously shown that there exist a
family of solutions. This family can be indexed by a non-negative integer n, where the
nth solution is characterized by the fact that the scalar field profile f possesses exactly
N Zeros.
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Chapter 2

Mathematical tools

In preparation for what follows, we recall some definitions and useful results from
functional analysis and the theory of group representation. This section provides a
brief compilation of the main concepts and results that will be used in the subsequent
chapters.

2.1 Basic definitions

Definition 2.1. A metric space (M,d) is a set M and a real valued function d :
M x M — R, which satisfies

(1) d(z,y) > 0 and d(z,y) = 0 if and only if z =y,
(i) d(z,y) = d(y, ),
(7i1) d(z,z) < d(x,y) + d(y, z) (triangle inequality).
The function d is called a metric on M.

Definition 2.2. A sequence (z;) in a metric space (M, d) is said to converge to an
element x € M, if d(z;,2) — 0 as j — oo. It is usual to denote this by z; — z or

Definition 2.3. A sequence (z;) in a metric space (M, d) is called a Cauchy sequence
if, for every ¢ > 0, there exists N € N such that j,k > N implies d(z;, x)) < e.

Remark 2.1. It is a well known result that every convergent sequence is a Cauchy
sequence [67]. However, the converse does not hold in general.

Definition 2.4. A metric space (M, d) is complete if every Cauchy sequence in M
converges to some element in M.

Definition 2.5. A normed vector space (X, || - ||) is a vector space X, over R (or
C), and a function || - || from X to R which satisfies:

(1) ||z|| > 0 and ||z|| = 0 if and only if z = 0,

15



Basic definitions

(17) ||az|| = |al]|z|| for all x € X and o € R (or C),
(it7) ||z +yll < [lz| + [Jy]| for all z and y in X.
The function || - || is called a norm on X.

Theorem 2.1. Every normed vector space (X, ||-]|) is a metric space, where the metric
d is induced by the norm:

d(z,y) = |z —ylx, forallz,yeX. (2.1)

Proof. Tt is straightforward to verify that the induced metric (2.1) satisfies the prop-
erties (i) — (i77) of Definition 2.1. [ |

Definition 2.6. A complete normed vector space is called a Banach space.

Definition 2.7. A complex vector space X is called an inner product space if there
is a complex-valued function (-,-) on X x X that satisfies the following conditions for
all z,y,2z € X and a € C:

(i) (z,2) > 0 and (z,z) = 0 if and only if z = 0,
(i) (z,y+2) = (z,y) + (z,2),
(12i) (z,ay) = a(z,y),

() (z.y) = (y,2).

The function (-, ) is called an inner product.

)
)
)
)

Theorem 2.2 (Cauchy-Schwarz inequality). Let X be a inner product space. Then,
(@, y)| < llzlxllyllx  forallz,y e X. (2.2)

Proof. See Chapter II in [68]. [ |

Theorem 2.3. FEvery inner product space X is a normed vector space with the induced

norm
lz|| = /(x,x) forall x € X. (2.3)

Proof. We only need to verify that the induced norm (2.3) satisfies the properties
(7) — (i1i) of Definition 2.5. All of these properties, except the triangle inequality,
follows intermediately from the properties (i) — (iv) of Def. 2.7. Assume that =,y € X.
Then, by the Cauchy-Schwarz inequality

lz+ylI* = ll2* + (,9) + (v, 2) + lyl* < ll=l* + 202llllyll + [y, (24)
and thus ||z +yl| < [lz]| + [ly[l u

Definition 2.8. An inner product space H is called a Hilbert space if the normed
vector space (H,|| -||), where || - || denotes the norm induced by the inner product, is
a Banach space.
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2.2 Weak convergence

One of the most useful concepts in the study of the existence of solutions to partial
differential equations based on variational methods, is that of the weak topology of a
Banach space, which, as its name suggests, is weaker then the topology induced by the
norm. Proofs of the following results, as well as a more detailed study of this concept,
can be found in [11].

Definition 2.9. Let (X, | - ||) be a normed vector space. Then the dual space of X,
denoted by X*, is the space of all continuous linear functionals on X, i.e.

X*:={f:X — R: f linear and continuous}. (2.5)

Remark 2.2. The dual space X* is a normed vector space with (dual) norm defined by

1fllx- = Sug1|f(fc)|~ (2.6)
s

Given f € X* and x € X, it is customary to write (f, z) instead of f(z). Furthermore,
it is well known [11] that X* is a Banach space (even if X is not).

Definition 2.10. Let (X, || - ||) be a normed vector space. The bidual X** is the dual
of X* with norm

€]

x = sup [(€, f)l. (2.7)
Ifl1<1
fex=

Moreover, there is a canonical injection J : X — X*™* defined as follows: given x € X,

the map f +— (f,z) is a continuous linear functional on X*; thus it is an element of
X**, which we denote by Jx. We have

(Ja, f)xo x = (f,x)x« x forallze X and f e X" (2.8)

Remark 2.3. It can be proven that J is linear and that J is an isometry, that is,
|| Jz||x+ = ||||x. It may be happen that J is not surjective from X onto X**. However,
it is convenient to identify X with a subspace of X** using J.

Definition 2.11. Let X be a Banach space and let J : X — X** be the canonical
injection from X into X™**. The space X is said to be reflexive if J is surjective, that
is, J(X) = X*.

Remark 2.4. LP(R™) spaces with 1 < p < oo and Hilbert spaces are reflexive [11] (see
next section).

Definition 2.12. Let (X, || - ||) be a Banach space. A sequence (z;) in X is said to
converge weakly to r € X if

lim f(z;) = f(x), (2.9)

j—o00
for all f in the dual space X* of X. In this case, we write

T; — . (2.10)
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Remark 2.5. Strong convergence (norm convergence) x; — x implies weak convergence
x; — x. However, the converse is not necessary true, that is, weak convergence does
not, in general, imply strong convergence.

The next two theorems are crucial for the remainder of this work and highlights
the importance of weak convergence:

Theorem 2.4. Assume that v; — x weakly in a Banach space (X, | -|). Then
(i) The sequence is bounded

sup ||z;]] < oo. (2.11)
j=>1
(i) The norm || -] : X — R is weakly lower semi-continuous, that is
< Tim i ‘
o] < timinf . 212)

Theorem 2.5. Let (X, || - ||) be a reflevive Banach space and let (z;) be a bounded
sequence in X, that is,
M :=sup ||z;]| < oo. (2.13)
Jj=1

Then there exist a subsequence (x;,) and an element v € X such that xj, — x weakly
in X. Moreover, ||z|| < M.

Definition 2.13. A subset A C X of a Banach space X is called weakly closed if, for
every sequence (z;) in A that converges weakly to some = € X, it follows that x € A.

Remark 2.6. If a subset A C X is weakly closed, then it is also closed (in the norm
topology). However, a subset A that is closed is not necessary weakly closed.

Lemma 2.1. The following subsets of X are weakly closed:
(i) The closed ball Br(y) :={zx € X : |jlxt —y|| < N} foranyy € X and R > 0,

(i) Any closed subspace of X,

(1ii) Any closed and convex subset of X.

Proposition 2.1. Assume that (X, | -||) is a uniformly convex Banach space. Let (x;)
be a sequence in X such that v; — x weakly in X and

limsup [lz;] < lle]|. (2.14)

Jj—o0
Then x; — x strongly.
Proof. See Proposition 3.32 in [11]. [

Remark 2.7. The LP(R™) spaces are uniformly convex for 1 < p < oo, and every Hilbert
space is uniformly convex as well [11], so that Proposition 2.1 applies to these cases.

Remark 2.8. By Theorem 2.4, it always holds that ||z|| < liminf; , ||z;|| if z; — «
weakly. Therefore, the condition (2.14) is equivalent to

lim ] = [l (2.15)

which, according to Proposition 2.1, yields strong convergence: z; — x in X.
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2.3 LP-spaces

We present some important results of the LP spaces. For 1 < p < oo we define (see for
example [11]):

LP(R") := {u : R" — R | v is measurable and |u|” is Lebesgue integrable}, (2.16)

with the norm y
P
fullpsmny = ([ Ju@raa) 2.17)
The space L>®(R™) is defined as

f is measurable and there is a constant C

L>*(R") := :R" = R
(R") {u such that |u(x)| < C a.e. on R"

} . (2.18)

with
||| oo (rmy = inf{C": |u(z)] < C a.e. on R"}. (2.19)

Here and in the following, “a.e.” refers to almost everywhere, that is, everywhere except
on a zero-measure set.

Definition 2.14. Let m € N. Then, for all 1 < p < oo, the space LP(R", C™) is
defined as the set of measurable functions u : R® — C™, such that |u| € LP(R"), where
|u| denotes de euclidean norm of w in C™. The norm on this space is defined by

HuHLp(Rn’Cm) = H|u]HLp(Rn), fOI‘ 1 S P S Q. (2.20)

For the following, we will often abbreviate the norm as ||ul|, when there is no risk
of confusion.

Remark 2.9. For p = 2 the space L?(R",C™) is a Hilbert space with the inner product

(u,v)p2 := /nu*(x)v(x)d”a:. (2.21)

Proposition 2.2 (Holder’s inequality). Let uy,us, ..., uy be functions such that
u; € LP(R™",C), 1<i<k (2.22)
with
1 1 1 1
e 444+ —<1 (2.23)
p D1 P2 Pk

Then the product u = ujus - - - uy, belongs to LP(R™,C) and

[ully < fluallp [[uzllp, - - llullp,- (2.24)

Proof. See chapter 4 in [11]. [ |
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Corollary 2.1 (Interpolation). Let 1 < p < g < co and assume that u € LP(R™,C™)N
LY(R™ C™). Then u € L"(R™,C™) for each p < r < q and the following inequalities
are satisfied

[l < lullgllull;™ < allull, + (1 = a)lull,, (2.25)

where o € [0, 1] is such that
a l—-a 1

= (2.26)
Proof. If uw € LP(R™*,C™) N LY(R™,C™), then |u| € LP(R™) N LY(R™). Since the
corollary is valid for any function belonging to the space LP(R™) N LY(R™) (see [11])
and [Jul|prrncmy = |[[ul]lLo@ny, the corollary is also valid for v € LP(R",C™) N
Li(R™,C™). [ |
Proposition 2.3 (Hardy-Littlewood-Sobolev inequality). Let 0 < A < n and suppose
that w € LP(R®,C™), v € LY(R™",C™) withp* +q¢ '+t =2 and 1 < p,q < .
Then

|u 3 mn
L Ly < clal ol 22)

Proof. The proof and a complete discussion about the sharpness of the constant C
can be found in [42] for the case m = 1. Since, by Definition 2.14, |u| € LP(R™) and
lv| € LI(R™), the result is also valid for arbitrary m. |

Proposition 2.4 (Young’s convolution inequality). Let 1 < p,q,r < oo and p~' +
gl +rt =2 Letue€ LP(R"), v € LYR"), and w € L"(R"™). Then, there exists a
constant Cp 4 rn > 0 such that

/Rn u@)v(z — yw(z)d"zd"y| < Cpgrmllullplollglw]l- (2.28)
Proof. The proof can be found in [67]. [

2.4 Sobolev spaces

Definition 2.15. Let s > 1 be an integer. Then, the Sobolev space W#®?P(R" C™)
is defined as

u € LP(R*, C™) and D*u € LP(R*, C™)

WP(R",C™) :==Su:R" - C" .
Vo € N with |a| < s

} . (2.29)

where we use the multi-indez notation a = (ay, ..., a,) € Ny,

dlely,

n
= d D'u= ——r—.
ol =2 ax an " Ozt ... 0xon

k=1

(2.30)

Here 2
8 T
for a definition of the weak derivative of a funtion). Moreover, the space W*P(R" C™)

is equipped with the norm

1/p
[ullwse = (Z ||D“U||§) : (2.31)

|| <s

“ refers to the weak partial derivative of the function u (see for example [11]
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Remark 2.10. Note that u = (uq,ug, ..., uy) lies in W#*P(R" C™) if and only if each
component u; lies in W*P(R") := W#*P(R", C).

Remark 2.11. Tt can be proved that the Sobolev spaces W*P(R™, C™) are Banach spaces
for 1 < p < oo and reflexive for 1 < p < 0o (see [11] and the previous remark).

Remark 2.12. The most important case for this work is p = 2. In this case we use the
notation H*(R",C™) := W#?(R", C™). This space is equipped with the scalar product

(w,v)gs == > (D, D) = Y /]R" D%u(x)* D% (x)d"z, (2.32)

la|<s lo|<s

which induces the norm ||u| gs@n cm)

|

1/2
Hs(Rn,Cm) = (Z HD“U\@) g (2.33)

la|<s

and hence it is a Hilbert space. Here % denotes the transpose conjugated, as before.
Of particular interest for this thesis is the space H'(R™, C™) with the scalar product

(u,v) g1 = (u,v) 2 + (Vu, Vo) 2 = / [u(z)*v(z)dr + Vu(x)*Vo(x)] d"x,  (2.34)

n

where we write

ou Ou ou
Vu = <3x178x2"”731‘n> , (2.35)
u* Ov u; Ovg
Vu*Vou = — = el 2.36
jz::I O d; gz:; kz::l O dx; (2:36)

The following proposition gives a useful characterization of the Sobolev space WP (R", C™).

Proposition 2.5. Let u € LP(R™,C™) with 1 < p < oco. The following properties are
equivalent:

(i) uwe WhP(R™, C™).
(i1) There exist a constant C' > 0 such that for all h € R™ we have
[Tthu — ull, < Clhl, (2.37)
where (Tpu)(x) := u(x + h).
Moreover, in the implication (ii) — (i), it follows that |Vu|, < C.

Proof. The proof in the case of W'?(R") can be found in Proposition 9.3 [11] or
Theorem 3 in section 5.8 in [15]. From this result, the extension to W?(R™, C™) can
be obtained without additional difficulties. |
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Remark 2.13. From Proposition 2.4 it follows that if u € W1P(R™, C™), then |u| €
WEP(R™) and |||ul|lwregny < |Jullwiege,cmy. Indeed, since for all h € R™ the inequality

lu(z + 1) — |u(@)|] < Ju(z + h) —u(z)| (2.38)
holds for a.e. x € R", we obtain
[ITnlul = |ulll, < lIthu = ull, < AIVul,. (2.39)

Theorem 2.6 (Sobolev inequality). Let 1 < p < n. Then

1 1 1
WP(R™ C™) ¢ LYR* C™), where q is given by — = — — —, (2.40)
qa p N
and there exist a constant C = C(p,n) such that
|ull, < CIVull, for allu € WP(R™,C™). (2.41)

Proof. The case of W'P(R™) and L(R") is a well-known result and a proof can be
found in [11]. For the case of m > 0 arbitrary, we recall the definition of the norm in
LP(R™,C™)
lullg = lllulll o). (2.42)
From Remark 2.13 we know that |u| € W'P(R"). Therefore,
|| |U| ||L‘1(R”) S O||V|U| ||LP(]R") S C||VU||LP(Rn7Cm). (243)
|

Proposition 2.6. (Hardy’s inequality) Let w € W'P(R™) and K : R"\{0} — R defined
by K(z) = 1/|z|. Then, forn > 2 and 1 < p <n, we have Ku € LP(R™) and

p
[Kull, < ﬂ|!Vu||p- (2.44)

Proof. See, for example, Theorem 7 in section 5.8 in [15]. [ |

The following two results extend the classical Sobolev embedding theorems for the
case of vector-valued functions.

Theorem 2.7 (Embedding Theorems). Let s > 1 be an integer and let p € [1,00). We
have

1 1 s
1) WP(R™, C™) C L4Y(R™,C™), where - = - — —
(i) WH(R",C") C LR, C7) oyt
1
(it) W*P(R",C™) C LY(R™*,C™), forall q¢€ [p,00) if PR 0,

1
(iii) W*»(R",C") C L¥(R",C™) if -~ % <0,
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and all these embeddings are continuous. Moreover, if s — (n/p) > 0 is not an integer,
set k =[s — (n/p)] with [ ] denoting the integer part. Then

Wer(R", C™) C C*(R",C™). (2.45)
Proof. Let u € W#P(R™,C™), then
w= (U, U, ..., Upy) (2.46)

where u; € W*P(R") denotes the i-th component of u, with ¢ = 1,2,...,m. By the
embedding theorems applied to the scalar case (see for example [11]), it follows that
u; € L"(R™) with r depending on the cases (i), (i7) or (¢iz). From the definition of the
norm in LP(R™ C™), we also conclude that v € L"(R", C™).

It remains to prove that embeddings are continuous. To this end, define the inclu-
sion (linear) operator

v WHP(R™,C™) — L'(R™,C™), (u) :=u. (2.47)

By the Closed Graph Theorem [11], it is sufficient to show that the graph of ¢, defined
by

I'(2) == {(u,2(w)) : w € W*P(R",C™)}, (2.48)
is closed in W*?(R™,C™) x L"(R",C™). Let (u;) be a sequence in W*P(R", C™) such
that u; — w in W*P(R",C™) and #(u;) = v; — v in L"(R",C™). By Theorem (4.9)
in [11], there exists a subsequence (u;, ) such that

uj, (z) = u(z), a.e. on R". (2.49)
On the other hand, u; — v in L"(R",C™) the same theorem guarantees
u;, (r) = v(x), a.e. on R". (2.50)

By uniqueness of the limit u(x) = v(z) almost everywhere on R™. Hence, I'(2) is closed
which, the Closed Graph Theorem implies that the linear operator 2 is continuous.
This completes the proof. |

Next, we discuss compact embeddings that will be important in the following chap-
ters.

Definition 2.16. Let (X, || - ||x) and (Y, ] - |[y) be Banach spaces such that X C Y.
We say that X is compactly embedded in Y if every bounded sequence (u;) in
X contains a subsequence (u;, ) that converges strongly in Y, that is |lu;||x bounded
implies that there exist u € Y such that

lluj, —u|ly =0, for some u €Y. (2.51)

Theorem 2.8. (Rellich-Kondrachov) Let Q C R™ be a bounded domain of class C*, and
let the spaces LP(Q2,C™) and WP(Q,C™) be defined as in Definitions 2.1/ and 2.15,
replacing R™ by Q). Then, we have the following compact embeddings:
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1
(i) WP(Q,C™) C LY(Q,C™), forall qe[l,p*) where —
p

(i) W(Q,C7) C L9(Q,C™), forall g€ lp.oc) ifp=n,
(iii) WHP(,C™) C C(2,C™), if p > n.
In particular, W1P(Q, C™) C LP(2,C™) with compact injection for all p (and all n).
Proof. Let (u/)) be a bounded sequence in W(Q, C™), and write

u® = (W WD)y, (2.52)
where each ugj) denotes the i-th component of u¥) with i = 1,2,...,m. Since u)

is bounded, each component sequence (ugj )) is bounded in W'?(Q2). By the Rellich-
Kondrachov theorem applied to the scalar case (cf. [11]), for each fixed i there exists a

subsequence (ul(]'“(”)) such that ul(-jk(”) — u; strongly in LP(Q)). Using a “diagonal trick”

one obtains a single subsequence (ugj’“)) such that, simultaneously for alli =1,2,...,m
ul(j’“) — u;, strongly in LI(Q). (2.53)
Defining u := (uq, ..., u,) we have
Jub) =y = 3 ™ —will, (2.54)
i=1

and since each summand tends to zero, we conclude ul*) — v strongly in L(Q, C™).
Therefore, every bounded sequence WP(Q, C™) admits a subsequence converging
strongly in L9(€2, C™), which proves the theorem. [ |

2.5 Symmetric decreasing rearrangement

We introduce the concept of the symmetric rearrangement of a measurable set, followed
by the definition of the symmetric decreasing rearrangement of a measurable function.
Loosely speaking, rearranging a subset of a space means transforming its geometry
into a more convenient or symmetry form, without changing its size or measure. For
example, in Euclidean space, a natural rearrangement of a subset is the ball centered at
the origin whose volume is the same as the original one. This will turn out to be useful
for proving the existence of stationary solutions of the multi-field Schrédinger-Poisson
system. For a detailed discussion and proofs of the results presented below see, for
example, [42]. See also [81] for a review on the theory of rearrangement of functions.

Definition 2.17. Let A C R"™ be a measurable set with finite Lebesgue measure
|A| < co. We define A%, the symmetric rearrangement of the set A, to be the open
ball centered at the origin whose volume is that of A. Thus

A= {z €R": |z| < R}, (2.55)

where |Af| = Q,R" = |A| with Q, denoting the volume of the n-sphere.
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Definition 2.18. Let x4 be the characteristic function of a measurable set A of finite
Lebesgue measure, defined by

1, ifxe A,
Xa() = { 0, otherwise. (2.56)
Then, we define
X = Xar, (2.57)

that is,
ti(x) ::{ L if Qulz" <Al

Xa 0, otherwise. (2.58)

Definition 2.19. Let f : R™ — [0, 0] be a measurable function. Then, the distribu-
tion function d; : (0, 00) — [0, 00] of f, is defined as

ds(t) == |[{z € R™: |f(z)] > t}]. (2.59)

Lemma 2.2. Let f € LP(R") with 1 < p < co. Then, its distribution function d¢(t) is
finite for allt > 0.

Proof. By definition of the distribution function, we have

dp(t) = /Rn Xqiis (@)d e, (2.60)

where {|f| >t} := {x € R" : |f(x)| > t}. Whenever |f(x)| > t, we have |f(z)[P/t? > 1
for a.e. x € R™, hence

Xqf1>0 (@) < (W) , a.e. onzeR" (2.61)

Inserting the estimate into Eq. (2.60) gives

as(t) < I (2.62)

which is finite for all ¢ > 0. |

Definition 2.20. Let f : R" — [0,00] be a measurable function whose distribution

dg(t) is finite for all £ > 0. Then, the symmetric decreasing rearrangement of f,
denoted by f*, is defined by

o) = [Ty @t (269

where {f >t} := {x € R" : |f(x)| > t}. Moreover, if g : R" — C is a measurable
function with d,(¢) finite for all ¢ > 0, we define ¢* := |g[*.
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1.0 1.0

0.8 0.8

0.6 0.6

0.4 0.4

0.2 0.2

0.0 0.0

Figure 2.1: Left panel: plot of the function f(z) for a = 1 and b = 3. Right panel: the
symmetric decreasing rearrangement of the function f(x).

Example. Consider the function f: R — R given by
l+ate, if —a<z<0,
flx)=<91—-b1z, if0<ax<b,
0, otherwise,

where a,b € R are positive constants (see Fig. 2.1). We compute its symmetric de-
creasing rearrangement. Since 0 < f(x) < 1, it follows that {f > t} = 0 for ¢t > 1.
Thus, we only consider 0 <t < 1.

From the definition of f:

(1) For x € [—a,0], the condition f(x) >t is equivalent to > a(t — 1).
(2) For z € [0,b], the condition f(x) >t is equivalent to x < b(1 — t).
Hence, for 0 <t < 1 we have
{f>t}={zeR:zelalt—1),b(1-1)]}. (2.64)

Recalling Definition 2.17 of the symmetric rearrangement of a subset in R", we obtain

b)(1—t
{f>t}ﬂ:{x€]R:|x|<(a+)2()}. (2.65)
Finally, by Definition 2.20,
: - 2l
f(z) = /0 X{f>tt ()dt = /0 dt = max {0, 1-— et (2.66)

Remark 2.14. The rearrangement f* has some important properties

(i) f*:R™ — [0,00] is non-negative.
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(i) f* is spherically symmetric and non-increasing. We say that f* is strictly sym-
metric decreasing if f*(x) > f*(y) whenever |z| < |y|, which in particular implies
that f*(x) > 0 for all z > 0.

(iii) If f € LP(R",C), then f* € LP(R™) and
11l = 111, (2.67)

forall 1 <p < o0.

Proposition 2.7. Let f and g be nonnegative functions on R™, with distribution func-
tion dy(t) finite for all t > 0, and let f* and g* be their symmetric decreasing rear-
rangement. Then

| t@g@ae < [ fe)gd, (2.68)

with the understanding that when the left side is infinite so is the right side.
If f is strictly symmetric decreasing, then there is equality in (2.68) if and only if

g=g"

Proposition 2.8 (Riesz’s rearrangement inequality). Let f, g and h be three nonneg-
ative functions on R™. Then

L [ f@ge—ph)dady < [ [ Fe)de-phmdady (269

with the understanding that when the left side is infinite so is the right side.
If g is strictly symmetric decreasing , then there is equality in (2.69) if and only if
f(x) = f4(x — y) and h(x) = h¥(z — y) for some y € R".

Theorem 2.9. Let u € H'(R"). Then u* € HY(R") and
IVa#]lz < [[Vullo. (2.70)

2.6 Group representation

Finally, we recall some definitions of the theory of group representations [16], which
will play a fundamental role in Chapter 4, in establishing the existence of ¢-boson stars.

Definition 2.21. Let G be a group and let V' a vector space over the field K = R or
C. A representation of G on V is a map

p:G— GL(V), (2.71)
such that p is a group homomorphism, that is, for all g.h € G
p(gh) = p(g)p(h) and p(e) =Idy, (2.72)

where e € (G is the identity element of the group. Here GL(V') denotes de group of in-
vertible bounded linear operators on V. The vector space V is called the representation
space and, and its dimension is called the dimension or the degree of the representation.
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A representation of a group can be though as an action of the group on some vector
space. Understanding the properties of representations is important, as they naturally
appear in various areas of physics.

Definition 2.22. A representation of G on a Hilbert space H is a unitary represen-
tation if the operators p(g) € GL(H) are unitary for all g € G, that is

p(9)p(g)" = p(g)*p(g) = 1dx, (2.73)
where p(g)* is the adjoint of p(g).

Remark 2.15. If V is a finite-dimensional vector space with dimension n, then we can
identify GL(V') with the general linear group GL(n; K), consisting of all invertible
n x n matrices over the field K.

Definition 2.23. Let p : G — GL(V) a representation of the group G on a vector
space V. A subspace W C V is said to be G-invariant if

p(gjw e W forall g € G and w € W. (2.74)

Definition 2.24. A representation of a group G over the vector space V is called
irreducible if the only G-invariant subspaces of V" are {0} and V itself.

To conclude this chapter, we present two examples of group representations. The
first one illustrates an irreducible representation. The second will be useful in Chapter 4
to prove the existence of special stationary solutions, called /-boson stars, of the multi-
field Schrodinger-Poisson system.

Example 1. Consider the special orthogonal group SO(3) and let

Vii=span{Y“™ :m = —(,... (}, (€N, (2.75)
where Y™ denotes the spherical harmonics. Next, define the map p¥ : SO(3) —
GL(Vp) by

(p(e)(R)u> <:1:> =u (R_1I> : (2.76)
| ]
where
¢ ¢
u <R1x> = Y Y™ <R1$> = > cmD,(on,(R)Yeml (x) , (2.77)
) = 2] e ]

with Dﬁﬁ?m(R) the matrix elements of the Wigner D-matrix [50]. Then p is an
irreducible representation of SO(3). Furthermore, the dimension of V; is 2¢ + 1.

Example 2. Once again, we consider the group SO(3) and define the map
¥ 1 SO(3) — GL(L*(R?, C**1Y), (2.78)
by
[0 (R)u(z) = DY (R)yu(R™'x), (2.79)

where D) : SO(3) — GL(2¢ + 1;C) is a finite-dimensional irreducible unitary repre-
sentation of SO(3) on C**1. Then, p) is a unitary (but not irreducible) representation

of SO(3).
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Chapter 3

Ground state solutions of the
multi-field Schrodinger-Poisson
system

In this chapter we carry out a rigorous study of the multi-field Schrédinger-Poisson
system (1.78) with an arbitrary number K of scalar fields and a central mass M > 0.
Specifically, in Section 3.1 we reformulate the problem of finding static solutions of
this system as a variational problem. In Section 3.2 we state and proof the main
theorem of the chapter, which demonstrates the existence of a minimizer of the energy
functional (1.59). Finally, in Section 3.3 we discuss some important properties of
this minimizer and, in particular, we show that it indeed provides a solution of the
system (1.78).

For what follows, it is more convenient to write the system (1.78) as an (equiva-
lent) integro-differential equation. Inverting the Laplace operator in Eq. (1.78b) and
substituting into Eq. (1.78a) we obtain

M1 / Wdzj’y] Y(t,z), (t,x)eRxR3 (3.1

We are interested in stationary solutions of Eq (3.1), which are characterized by an
harmonic dependency on time, such that

U(t, ) = e “hu(x), teR, v €R? (3.2)

with u a column vector where each component u; (5 =1,2,..., K) is a complex-valued
function. In principle, one could consider the case of a multi-frequency solution for
which each component u; oscillates with a different frequency. However, in the follow-
ing, we will only consider stationary states for which w is a real number. Substituting
ansatz (3.2) into Eq. (3.1) we obtain the following non-linear equation

M
A — — + A N|Ju)| u = wu, (3.3)

]
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with A~! denoting the inverse of the Laplace operator, defined formally by

A fa) = [ Ty, (3.4)

when acting on an arbitrary function f.

Definition 3.1. A classical solution of Eq. (3.3) is a function v € C?(R3,C¥)
satisfying Eq. (3.3). A strong solution of Eq. (3.3) is a function u € H?*(R3, CK)
satisfying Eq. (3.3). A weak solution of Eq. (3.3) is a function v € H'(R3 C¥)
satisfying

/]Rs [VU( )*Vu — Mv(ac)”‘u(x) —v(x)* A7 (|Ju) (z)u(r) — wo(z) u(z)| dx =0,

]
(3.5)
for all v € H'(R3, CK).

The distinction between a classical, strong and weak solution lies in the required
regularity of u and in the sense in which equation (3.3) is satisfied. A classical so-
lution is twice continuously differentiable, so that all derivatives in the Eq. (3.3) are
well defined and the equation holds pointwise for all z € R3. A strong solution only
requires u € H?(R3 CX), so that the second derivatives exist in the weak sense and
belong to L2(R?,CK); in this case Eq. (3.3) holds almost everywhere in R3. Finally,
a weak solution only requires u € H'(R? CX), which is the natural space where the
energy functional (3.6) is well defined (this will be proved in the next section); here
the equation must hold after integration against all test functions v € H'(R3, CK).

One can prove that the energy functional (1.77) remains a conserved quantity and
takes the form EPMS[u] = 4myv2E[u], where

1 03, M |u(z) / / 2)Plu@)® 5
5[u]—2/Rg\Vu(x)|d3: > /. \:v! “tor b b ey @O i (3.6)

The goal of this section is to prove the existence of solutions of Eq. (3.3) through a
variational problem. More precisely, we look for a ground state solution, that is, a
solution which minimize £[u| over a class of admissible functions.

Remark 3.1. Assume that u € H'(R?, C¥) is a weak solution of Eq. (3.3). Then u is
a critical point of the energy functional (3.6) under the restriction ||ul[3 = N. Indeed,
for v € HY(R3, CK) the first variation 5&[u;v] (see Eq. (3.33) in the next section) of
the energy functional is given by

0€usv] = /R3 [Vv( )*Vu — %v( Yu(z) —v(z) A7 (Jul?) (2)u(z)| dPz. (3.7)

||

Since u is a weak solution of Eq. (3.3), it satisfies Eq. (3.5), which implies

0 [u;v] = wRe(v, u) 2. (3.8)
Furthermore, the norm of « is fixed to N and this implies
2Re(v,u)r2 = 0. (3.9)
Substituting in Eq. (3.8) it follows that
d&[u;v] = 0. (3.10)
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3.1 Formulation as a variational problem
Looking at the first term of Eq. (3.6), it is natural to consider the Sobolev space

H'(R3,CK) as the class of admissible functions. This space is defined by (see Defini-
tion 2.15 and Remark 2.12 for details)

HY(R3?,CK) .= {u 'R3 — C¥ | ue L*(R3 CK) and gu c L*(R3,CX), j = 1,2,3} ,

0xj
(3.11)
with the norm
o 2 N1/2 2 2 1/2

Jullars = (l+ 19ul2) = { [ @ +1Va(@P]ar} . @a2)

where , )

ou

Vul> =Y |=— 3.13
v = 3|5 (313)

Accordingly, we must verify that each term of the functional (3.6) is well defined and
finite whenever u € H'(R3 C¥). To this end, we define n := |u|? and write the
functional as

E[u] = T[u] — Ln] — D[n,n|, (3.14)
with the functionals T, L, and D defined by
1
Tl = / \Vu(z) 2, (3.15)
R3
M [ n(x) 4
Ln]:=— | —=d 1
= [, S (3.16)
1 n(@)ny) ;s
R L LU, ;
[, 167 Jrs Jr3 |z — y| ey (3.17)

The functional T is well defined and finite by definition of H'(R3 C¥). Tt remains to
show that the functional L and D are meaningful for « € H*(R3, CX). First, defining
the function K : R*\{0} — (0, 00) by

K(z) = —, 3.18
@)= (3.18)
one can split K(x) = Ky(z) + Ko(z), where
_ ) K(z), if|z] <R,
Ki(z) = { 0, otherwise, (3.19)
and ICo(z) = K(z) — Kq1(z). Then,
K1 € LP(R?), Ky € LYR?), with p € [1,3) and ¢ € (3, ). (3.20)

In this case, we say that K € LP(R3) + L(R?). By Theorem 2.7, if u € H'(R3, CK)
then u € L*(R3 CK) N LS(R3,CX). By Corollary 2.1, this further implies that u €
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LP(R3,CK) for all p € [2,6], and hence n € LP(R3,C¥) for p € [1,3]. Therefore, by
Holder’s inequality 2.2 we have

Lln] < IKills/2lnlls + 1Kz [lsc[nfly < oo (3.21)
Similarly, we use Young’s convolution inequality (2.28) to obtain
D[n,n] < IKilla2llnllsllnfl + [1KalloolInl]f < oo (3.22)

The conclusion is that £ : H*(R? CK) — R is well defined and finite. Moreover, the
functional £ is continuous in H'(R?, C¥) as the following proposition states.

Proposition 3.1. The energy functional €& : H'(R3,CX) — R is continuous. More
precisely, if (u;) is a sequence such that u; — u strongly in H'(R3,C¥), then E[u;] —
Eul.

Proof. Using the triangle inequality, we have
|€[u;] = E[ul| < [T[u;] = Tlul + [Lln;] — L[n]| + [Dlng,n;] = Dln,n]|,  (3.23)

where n; = |u;]? and n = |ul>. We proceed to estimate term by term. First

Tlus) = Tlal] < 5 [ IVul? = [V Pl
< ;/Rs [[Vu*(Vu — Vu,)| + (Vu — Vu,)*Vu,] d*z, (3.24)
and by Holder’s inequality we obtain
[ Tu;] = TTu]| < ;(HV%M +IVullo)llu; = ullm =0, as u; = w. (3.25)
For the second term we have
|L[n;] — L[n]| < . ”uj|2‘x| ’u|2|d3x
<[ [ “T!T” Uy (3.26)
and by Holder’s and Hardy’s inequalities we obtain
| Ln;] = Ln]| < C(IVusll2 + IVull2)llu; — vz, (3.27)

with C' > 0 a positive constant. Finally, for the third term

|D[nj,nj] i D[n,n]| < /RS /R3 |nj(x)nj(z) — n(x)n<y)’d3yd3x

|z =y
In;(@)[n;(y) — n@]] + In)n;(z) —n@)]| 5
S/R?’/RC“ |z — y| dyd'z
< Ci(llnglless + Inllsss)limg — nlles, (3.28)
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where C; > 0 is a constant and in the last estimate we use the Hardy-Littlewood-
Sobolev inequality with p = ¢ = 6/5. From Holder’s inequality and using that
luj(2))? = |u(2)]?] < |uj(x) + u(z)||u;(z) — u(z)| for all z € R3, it follows that

[ —nlle/s < (lujllizss + llullizs)lluy — ullia/s. (3.29)

Hence, using this estimate in (3.28), and taking into account that ||n;le/s = [lull7y/5
and [[nle/s = [[ull3ys, it follows that

|D[nj;n] = Dn, )| < Crlllug /s + lulltss) (lugllhzss + lllizgs )l — ullizys. (3.30)

By Sobolev’s inequality (2.40) and Corollary 2.1 we have that if u; — u strongly
in H'(R3,CX), then u; — w in LP(R3 CK) for p € [2,6]. Therefore, from expres-
sions (3.25), (3.27) and (3.30) we deduce that

|E[u;] — E[u]| = 0, as j — oo. (3.31)
This proves the statement of the proposition. |

The following lemma gives an important property of the function A~ (|u]?)u defined
in Eq. (3.4).

Lemma 3.1. For s > 1, the map F : H*(R? CX) — H*(R3 CX) defined by

Flu] = <|x1| ) |u|2> ", (3.32)

maps H*(R3,CK) into H*(R3,CK).

Proof. The proof for the case K =1 is given in Lemma 3 in [52]. For K > 1, the result
follows directly, since each component satisfies the lemma. |

Having established that the energy functional is well defined and continuous, we
proceed to examine its differentiability.

Definition 3.2. Let F': U(ug) C X — R be a functional defined on an open neigh-
borhood U(ug) of the point uy in the normed vector space X. For fixed h € X, the
n-th variation 6" Fug; h] of the functional F' at the point u, in the direction of h is
given by

d’I’L
0" Flug; h] = %F[uo + th] n=1,23,.... (3.33)
t=0
The functional F' has a Gateaux derivative F'(ug) at the point ug if and only if
the first variation 6 F[ug; h] exists for each h € X and there exists a linear continuous

functional F’(ug) on X such that

dF[ug; h] = F'(ug)[h] for all h € X. (3.34)
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Proposition 3.2. The energy functional €& : HY(R?,C*) — R is Gateauz differen-
tiable. For every u,v € H'(R3,CK) its Gateauzr derivative at u in the direction of v
8

d€[u;v] :== Re /Rs [Vv(x)*Vu(:v) — —v(z)"u(z) + v(x)*Al(]u\z)(x)u(x)] d*x.

|z
(3.35)
Proof. By definition of the Gateaux derivative, we compute

d d |1 M | (z) + tv(x)|?

— t =—|= t Py — — d®
SElu+ o] I [2 /]R Vu(e) + Vo (@) Pd's — = o 2

2
167 Jrs Jrs |:v —y| o

for fixed u € H*(R3,CK) and each v € H'(R? C¥). The terms of order ¢* or higher
vanish when evaluated at ¢t = 0, and the terms independent of ¢ also vanish after
differentiation with respect to ¢t. Thus, we obtain

] dm Jes |z —y|

d&[u,v] = Re /}R3 [Vv( )*Vu — %v(x)*u(x) — 1/ |u(y)|2dy v(x)*u(m)] dx.
(3.37)

Using the definition of the inverse Laplace operator (3.4), this expression coincides with
Eq. (3.35).

It is straightforward to verify that the functional £'(u) := 6€[u;-] on H(R3, CK)
is linear, so it remains to prove that it is also continuous. Let (v;) be a sequence in
H*(R3,C¥) such that v; — v in H'(R? C¥). Then

O () = o(a)ld
+ [ 187 Q@) — vl (3.38)

108 [u; v;] — 6€u;v]| < /R3 Vu(z)||Vv,(z) — Vo(x)|d*z

By Lemma 3.1, the function A~!(|u|)u belongs to H(R3, CX) and by Holder’s and
Hardy’s inequalities, it follows that

16€ (w3 03] = 6w ]| < (N[l + 2MJul| s + 1A (ulyull ) [[v; = vl — 0. (3.39)

We conclude that the functional £'(u) is linear and continuous. |

As explained at the beginning of this chapter, our problem is to minimize £[u] under
the condition ||ul|3 = N with N > 0 a fixed positive number. To this end, we define
the subset of H!(R3, CX)

Ay = {u e H'(R®,C) : |ul} = N}, (3.40)
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and the constrained minimization problem
E(N):=inf{€[u] :ue Ay}. (3.41)
It is convenient to define also the alternative minimization problem
E<(N):=inf{€[u] : ue Ay}, (3.42)

where

A<y = {u e H'R*CX) : |Jul} < N}. (3.43)

Note that unlike Ay, A<y is a convex set. Furthermore, since Ay C A<y we have
E-(N) < E(N); however the following proposition shows that in fact the equality is
fulfilled.

Proposition 3.3. Let N > 0 and M > 0. Then the following statements hold

(i) E<(N) < E(N) < 0. Moreover, if u is a minimizer of the alternative prob-
lem (3.42), then u is also a minimizer of the constrained problem (3.41), that is,

€lu] = E<(N) = E(N).

(ii) If u is a minimizer of the alternative problem (3.42), then it has the form u = fe
with f:= |u| € H(R") and e € CK a unitary constant vector.

To prove this, we need the following lemma:

Lemma 3.2. The functional E[u] satisfies the following rescaling properties:

E[\] = N*T'[u] — N2 L[n] — A\*D[n, n], (3.44a)
Eluy] = NT[u] — AL[n] — AD[n,n], (3.44b)

for each u € HY(R?,CX) and A\ > 0, where uy(x) := N?u(A\x) (note that ||uy|lz =

[ull2).

Proof. Direct verification. |

Proof of Proposition 3.53. For part (i) we let u # 0 in Ay fixed. Using identity (3.44b)
and the fact that L[n], D[n,n] > 0, we conclude that £[u] < 0 for A small enough, which
shows that E(N) < 0. Next, let u € A<y such that E[u] = E<(N). If we suppose by
contradiction that N := |ju/|2 < N with N > 0 (note that N cannot be zero since in

this case E<(N) = 0, which would contradict E(N) < 0). We define a := \/N/N > 1
and consider the function v := au € Ay. Using the rescaling (3.44a) we obtain that

Ev] =a? (T[u] — Lin] — a2D[n,n]) <a?flu], n:=ul. (3.45)

Since a? > 1 and &[u] < 0, we conclude F(N) < E[v] < E[u] < E<(N) < E(N), which
is a contradiction.
For part (i) we decompose u according to

u= fe, (3.46)
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where f := |u| refers to the euclidean norm of u in C* and e : R* — C¥ is a unitary
vector-valued function. Using expression (3.13) we obtain

(Vul? = |V f|* + f?|Ve|. (3.47)

From this, we deduce that the unitary vector-valued function e € C* must be constant.
Indeed, if e were not constant, the corresponding function u = fe would yield a larger
value of the kinetic energy T'[u] whereas L[n] and D[n,n] would remain equal, thereby
increasing the total energy £[u]. Hence, such a function cannot be a minimizer of the
energy functional. |

Remark 3.2. Proposition 3.3 allow us to reduce the minimization problem (3.42) to
EXY(N) =inf{&[f] : f € C<n}, (3.48)

with
Con = {f € H'(R®) - |IfI; < N} (3.49)

where the energy functional € : C<y — R is defined as in Eq. (3.14) with K = 1.
Therefore, if fy is a minimizer of the reduced minimization problem (3.48), then uy =
fne is a minimizer of the problems (3.42) and (3.41).

Problem (3.48) was first solved by Lieb in [53] via symmetric decreasing rearrange-
ments. Here, we adopt a slightly different approach, still employing this technique, to
reduce first the problem to the subspace of spherically symmetric function, but using
Strauss’ lemma 4.1 to complete the proof. Following [53], we formulate the following
lemma.

Lemma 3.3. Let N > 0 and M > 0. Then, E[f*] < E[f] for all f € HY(R?).
Moreover, E[f*] = E[f] for f € C<n holds if and only if f(z) = £f*(x —y), where
y € R? describes an arbitrary translation when M =0 and y = 0 when M > 0.

Proof. By Theorem 2.9, we have
T < T[f). (3.50)
Moreover, by Proposition 2.7 and by the Riesz’s rearrangement inequality 2.8 we have
L[n] < Ln*] and Din,n] < D[n,nf], (3.51)

where n := |f|> and nf := |f#>. Furthermore, the equality sign in the first equality
only holds if M = 0 or n = nf, whereas the second inequality holds if and only if
n(x) =n*(z —y).

Therefore, inserting estimates (3.50) and (3.51) into the expression for the energy
functional (3.14) we obtain the result. [

Remark 3.3. The significance of the previous lemma lies in the fact that, in order to
find the minimum of the energy functional £ over the set C<y, it is sufficient to restrict
the search to the subset consisting of spherically symmetric functions, that is,

EZ(N) :=inf{&[f] : f € CZn}, (3.52)
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where
Ciy =A{f € H (R : [|If]; < N} C Cen, (3.53)
and
HYR?) :={f € HY(R®) : f(Rx) = f(x) for all R € SO(3)}, (3.54)
is the subspace of H'(R3, R) consisting of spherically symmetric functions.
So far, we have reduced the problem of finding a minimizer of the variational prob-
lem (3.41) to the radial problem (3.52). This reduction is crucial, since in [80] (see

also [66] for further properties of the space H!(R?)), Strauss proved the following re-
sult

Proposition 3.4. Then, the embedding

HYR?) C LP(R?), (3.55)
is compact if 2 < p < 6.
Proof. See Theorem A.1 in Appendix A. [ |

In the remainder of this chapter we focus on solving the radial problem (3.52). To
this end, we first stablish the following key results.

Lemma 3.4. The space CZy, defined for each N > 0, is weakly closed in the Sobolev
space H'(R?).  Moreover, if (f;) is a sequence in CLy such that f; — f weakly in
H'(R?), then (f;) converges weakly to f in each space LF(R?®) with 2 < p < 6.

Proof. Let (f;) a sequence in CLy such that f; — f weakly in H'(R?). Since H}(R?) is
weakly closed (see Proposition 4.1 in Appendix A), then f € H!(R3). Moreover, from
Theorem 2.4 it follows that the norm is weakly lower semi-continuous, so we have

[ £1l> < lim inf | £;]l2 = VN, (3.56)

which implies that f € CZy.

To prove the second statement, let 2 < p < 6 and let ¢ : LP(R3) — C a bounded
linear functional. By Theorem 2.7 the Sobolev embedding H'(R?) C LP(R?) is contin-
uous, the restriction

p:=¢ H(R®)—=C, (3.57)
H1
is a bounded linear functional on H'(R?*). Therefore, since f; — f weakly in H'(R?),
we conclude

tim () = lim 3(5,) = 5(F) = ¢(f). (3.59)
which shows that f; — f weakly in LF(R?). [ |

Remark 3.4. In fact, we have a stronger result: by Proposition 3.4, the space H}!(R?) is
compactly embedded in LP(R?) if 2 < p < 6. This implies that every bounded sequence
(f;) in H}(R?®) contains a subsequence (f;,) converging strongly to some function f in
LP(R?). In particular, if f; — f in H}(R?), then there exist a subsequence (f;,) such
that f;, — f strongly in LP(R?), for all 2 < p < 6.
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Lemma 3.5. Let N > 0 and M > 0. Then, the functional £ : CLy — R defined
by Eq.(3.14) is bounded below. Moreover, if (f;) is a sequence in CLy such that

|| fillr — oo, then
E[fj] > 00 asj— 0.

Proof. Theorem 2.6 implies
Inlls <2CT([f] for f € H'(R?),
with n = | f|?>. On the other hand, using inequality (3.21) and

81

2/3 1
Killyz = (5) R 1Kl =

Ea

we obtain the following estimate for the functional L defined in Eq. (3.16):

N
0<Lln]<M {CORHTLH:& + R} :

(3.59)

(3.60)

(3.61)

(3.62)

with ¢o := (87/3)%/2 and for all f € CZ,. Similarly, using inequality (3.22) we obtain

N N
0 < Dn,n] < 5 [COR“TL”g + R] ,

for all f € CLy. Combining estimates (3.60), (3.62), and (3.63) yields

11> (1= BITLS] — o (2M + ),

where 8 := (2M + N)cyCR. Fixing R such that § = 1 we conclude that

If we choose R such that 5 = 1/2 we obtain instead

1 N 1 N N
E) 2 STU) = 5 @M 4+ N) = {1/l = 5 = 5 (2M + N),

for all f € CLy, which implies £[f] — oo if || f||g — oc.

3.2 Existence theorem

(3.63)

(3.64)

(3.65)

(3.66)

We begin this section by stating the main theorem, which gives the existence of a

minimizer of the variational problem (3.52):

Theorem 3.1. Let N > 0 and M > 0. Then, there exist a minimizer f € CZy for the
problem (3.52). Moreover, the minimizer satisfies f = +£f*, i.e. (up to a sign) it is a

spherically symmetric and decreasing function.
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Proof. Let (f;) a minimizing sequence in CL, such that E[f;] = EZ(N) as j — oc.
According to Lemma 3.5, the sequence (f;) is bounded in H!(R?); hence, there exist
f € H}(R?) and a subsequence (f;,) such that f;, — f weakly in H}(R?). Since CZ is
weakly closed, it follows that f € CZ 5. Furthermore, by Lemma 3.4, f;, — f weakly in
LP(R?) for 2 < p < 6 and, from Remark 3.4, f;, — f strongly in LP(R?) for 2 < p < 6.
Therefore, it remains to prove that f is the minimum of the energy functional £ over
the set CLy and in order to do this we analyze each term of the functional £.

First, it is well known that the Dirichlet functional is weakly lower semi-continuous
(see for example [42]), that is

T[f] < lur_l)me[f]k] (3.67)
Jj—o0
Next, let n := |f|* and ny := f;,. We now consider the convergence of D[ny,n;] and

Ling] of &€ defined in Eqs. (3.16) and (3.17) respectively. For the functional D, we
estimate

RS /RS \fc—y\

S/R3/R3 [ng(x |n;C ) = n(y)| + [n(y)||n, (z) —n <x)|d3yd3x. (3.68)

|z =yl
By the Hardy-Littlewood-Sobolev inequality 2.3, we find

| Dlng, ny] = Din, ]| < C(llnglless + 1nlloss)lns. —nllos. (3.69)

Since [|nelle/s = [1.f5.[132/5: Inlless = [1fIIT2/5 and [lne—nlless < (Ilf lr2ss+I1f llzss)[1f —
fll12/5 by Holder’s inequality, we obtain

|D[ng, ni] = Dln,nll < (1f5 s + 11£R/5) (i la2s + 1 flhzss) 1 i — Fllzgs (3.70)

Therefore, Proposition 3.4 yields
lim D[ng,ng] = Din,n]. (3.71)

k—o0

For the functional L{n]|, we similarly estimate

2] - 2l < [, Wl g

|z]

| fin (@) fin () = (@) + [ @)1 i (2) = F@)] 15 (3.72)

~ Jms |

Recalling that the function K defined in Eq. (3.18) belongs to LF(R?) + L(R?) with
p € [1,3) and ¢ € (3, 00], we may again apply Holder’s inequality to deduce

[L{ne] = L[n]| < Cllug, — ullvrys, (3.73)
where C' > 0 is given by

C = 1Kullzss (1 fllizss + I Fiellirse) + 1Callvzss (1 F lizsr + | £ i) (3.74)
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Therefore, estimate (3.73) and Proposition 3.4 imply

lim L[ng] = L[n]. (3.75)

k—o0

Combining (3.67), (3.71) and (3.73) yields

EL(N) < [f] < liminf £[f,] = EL(N). (3.76)

We conclude that f is a minimizer of the variational problem (3.52). Moreover, by
Lemma 3.3 it follows that f = f*. [ ]

Remark 3.5. Similarly to the proof of Proposition 3.3(i), one can show that the mini-
mizer fy of problem (3.52) satisfies || fn||3 = N. As we will see in the next chapters,
one can prove that every minimizing sequence (f;) of problem (3.52), with ||f;||3 = N
for all j > 0, contains a subsequence (fj,) such that f; — fy strongly in H}(R?). In
other words, the sequence (f;) is relatively compact in H}(R?*). This property is
crucial for establishing the orbital stability [17] of the minimizer fy € CL .

Corollary 3.1. Assume that N > 0 and M > 0. Then, there exists a minimizer u of
the problem (3.41). This minimizer must have the form u(z) = f*(x — y)e, where f*
is a minimizer of the problem (3.52), y € R3, and e € CX a unitary complex vector.
Furthermore, y =0 if M > 0.

Proof. By Proposition 3.3 and Lemma 3.3, the problem (3.41) reduces to find a min-
imizer of the problem (3.52) with f = f* Therefore, the result follows directly from
Theorem 3.1. ]

3.3 Properties of the minimizer

In this section, we present the main properties of the minimizer of the variational
problem (3.41). In fact, the theorem below holds for any critical point of the energy
function on Ay, not just the global minima.

Theorem 3.2. Let N > 0, M > 0, and let u € H'(R3 CX) be a critical point of the
energy functional € defined in (3.14) over the set Ax defined in (3.40). Then

(1) There exist a negative constant w € R such that u satisfies (in the weak sense)
the non-linear Schrodinger equation

—Au — Mu + A Y (JuP)u = wu, (3.77)

|z
where the potential A~ (|u|?) € LP(R3) for all 3 < p < oco.

(i) The energy functional satisfies the virial relations:

Elu] = —Tu] = = (“’QN - L[n]) o= ful (3.78)
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Proof. (i) Let v € H'(R3, CK) be fixed and consider the variation u(t) := u + tv with
t € R. Then,

lu@®)]l = lull3 + 2tRe(u, v)r2 + [Jvll; = N + 2tRe(u, v) 2 + £2[o]]3. (3.79)

Hence, there exist a constant 6 > 0 such that ||u(t)||2 > 0 for all || < § and

d 1
a“U(t)HQ . ﬁRe(u, /U)LQ. (380)
Next, define the rescaled variation
u(t)
a(t) == VN ,ltl <o (3.81)
[[u(®)]]2

By construction @(0) = u and 4(t) € Ay for all [t| < d. Since u is a critical point of £
restricted to Ay and by Lemma 3.2, we have

L) A (S R A 47 R Gl Y

%g[u( )] t:()_ dt (Hu(t)H%T[ (t)] Hu(t)”%L[ (t)] Hu<t>”%D[ (t), (t)]> i
= & £lu(e) fdtr\ w(t)lla] (T[] = Lin] - 2D[n,n]),

: i (3.82)

where n := |u|? and n(t) := |u(t)|?. On the other hand, u(t) = u+tv, v € H(R3, CK),
and the energy functional £ is Gateaux differentiable on H'(R?, C¥) with derivative
given by

d

= Re /]RB [VU( )*Vu — f\xﬁv(x)*u(x) — v(x)*A1(|u]2)(x)u(x)] d*x,
(3.83)

t=0

as shown in Proposition 3.2. Using Eq. (3.80) and Eq. (3.83) we obtain

Re /
R3

for all v € H'(R3 C¥), where

Vou(z)*Vu — %v(az)*u(x) —o(2)* A7 (|Ju) (z)u(z) — wv(:)s)*u(x)] d*x =0,
(3.84)

W= (T'[u] — L[n] — 2D[n,n]). (3.85)

Similarly, replacing v with v in Eqs. (3.80) and (3.83), we obtain

zIm/ [VU )*Vu — |]\j|v(x) u(z) — v(@)* A7 (Ju?) (2)u(r) — wo(z) u(x)| d®z = 0.
(3.86)
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Adding Eq. (3.86) to Eq. (3.84), yields

/11@3 [VU(J})*VU — %U(I)*U(I) —v(x)* A7 (Jul*) (z)u(x) — wv(a:)*u(x)] d*r =0,

|z
(3.87)
which proves that u is a weak solution of Eq. (3.77). See Theorem 1 in chapter V
in [78] for the proof that A™!(|ul?*) € LP(R?) for 3 < p < 0.
(1) Using the rescaling in Eq. (3.44b) (recall that ||uy||e = |lu||2) implies

4 ey

- = 2T'[u] — L[n] — Din,n] = 0. (3.88)

A=1

Since E[u] = T'[u] — L[n] — D[n, n], we deduce that

Elu] = —Tlu). (3.89)

Furthermore, from Eq. (3.88) we have D[n,n| = 2T[u] — L[n]. Substituting into
Eq. (3.85) and taking into account Eq. (3.89) we obtain

Elu] = ; <N2‘“’ - Lin)). (3.90)
Finally, from Eq. (3.85) we obtain
w = 2 (€[u] - Dl n]) = ——(T{u] + Dln, n}). (3.91)
N N
From here and considering that T'[u], D[n,n] > 0 it follows that w < 0. [ |

The argument in the next chapter will show that in fact one has the strongest result:

Theorem 3.3. Let N > 0, M > 0 and let uw € HY(R3 CX) be a critical point of
the energy functional € over Ayx. Then, the critical point u is a strong solution of
Eq. (3.77). Moreover, if M =0, u is also a classical solution of Eq. (3.77).

Proof. This result will be proven in a more general context in the following chapter,
see Theorem 4.3. [ ]

Remark 3.6. Following [53], it is also possible to prove the uniqueness of the ground
state solution for the case M = 0.
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Chapter 4

Newtonian /-boson stars

In this chapter, we focus on a special class of stationary solutions of the the multi-
field Schrodinger-Poisson system, known as Newtonian /-boson stars. From a physical
perspective, these configurations can be interpreted as hypothetical self-gravitating
objects composed of K = 2¢ + 1 massive complex scalar fields, where the integer ¢ > 0
labels the orbital angular momentum of the field .

Our aim in this chapter, is to give rigorous results for the existence and stability
of ¢-boson stars. The chapter unfolds as follows. In Section 4.1 we introduce the
governing equations and, with the help of group representation theory, provide a pre-
cise definition of /-boson stars. Section 4.2 develops a variational approach to prove
the existence of ground-state solutions, while Section 4.3 presents some of their key
properties. Section 4.4 is devoted to the stability problem, where we demonstrate or-
bital stability against spherically symmetric perturbations. Finally, in Section 4.5, we
present the more familiar and explicit form of /-boson stars, connecting the abstract
framework with the standard formulation used in the literature, and provide some
numerical examples.

4.1 Theoretical set up of /-boson stars

Similarly to the previous chapters, we are interested in stationary solutions for the
system (1.78) of the form

Y(z) = e “u(r), (4.1)
where u is a vector-valued function where each component u; (j = 1,2,...,K) is

a complex-valued function and w € R. This ansatz leads the following system of
equations

—Au+ Uu = wu, (4.2)
AU = |ul® + 47 M5, on R?,

or, equivalently,

M
—A — 2l + A (|u?) | u =wu, onR3 (4.4)
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(-boson stars as a minimum of a restricted energy functional

where

- Lo juy)l
Ay = L [ 1P i
(P)e) = 3= [ oy (1.5
An (-boson stars can be defined as a solution of Eq. (4.4), which are invariant under
the ({-spin) representation of SO(3) defined at the end of chapter 2 in Eqs. (2.78)
and (2.79). Specifically, we look for solutions satisfying

p(Ru=u, forall Re SO(3), (4.6)

where ¢ € Ny and
P SO(3) — GL(L*(R3,C**y), (4.7)

is a unitary representation of the group SO(3) on the Hilbert space L?*(R3, C**1),
defined by
[0 (R)u](2) := DO(R)u(R™"z). (4.8)

Here D : SO(3) — GL(2¢ + 1;C) is the finite-dimensional /-spin irreducible unitary
representation of the group SO(3) on C2*1,

It is natural to ask whether the variational methods employed in the previous
chapters can be used to prove the existence of ¢-boson stars. In other words, we are
interested in determining whether the energy functional (3.6), when restricted to the
class of functions in H*(R?, CK) satisfying Eq. (4.6), admits a minimizer. Note that
for ¢ > 1 this minimizer has a higher energy than the minimizer found in the previous
section, since the condition (4.6) excludes the constant polarization state which describe
the global minimum.

4.2 [(-boson stars as a minimum of a restricted en-
ergy functional

In order to formulate the variational problem, we must first specify the appropriate
space of admissible functions. In contrast to Chapter 3, where the admissible space
was H'(R3 CX), here it is necessary to restrict our attention to a proper subspace.
Indeed, recall that ¢-boson are required to satisfy Eq. (4.6). This condition naturally
determines the subspace of H'(R? C¥) in which the variational problem should be
posed. Therefore, we define the following minimization problem:

EO(N) := inf{€[u] : u € Hgog) (R, C**), ||ull; = N}, (4.9)
where the energy functional € is defined as in Eq. (3.6) and
Hoe) (R, C*H) = {u e HY(R?, C**) | pO(R)u = u for all R € SO(3)}, (4.10)

with the representation p' : SO(3) — GL(L*(R? C**1)) defined in Eq. (4.8). The
space H 50(3)(]1%3,@2“1) is a Hilbert space with the scalar product inherited from
H(R3,C?**1) (see Remark 2.12). When there is no risk of confusion, we write H 50(3)
instead of H (R?, C**) for brevity.
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(-boson stars as a minimum of a restricted energy functional

For what follows, it is convenient to define also the following Hilbert space
Lo (R, C*) = {u € L*(R®,C**) | pO(R)u = u for all R € SO@3)}, (4.11)

with the scalar product of L?(R3, C**1).

Remark 4.1. Using that the matrices DY (R) are unitary and the rotation invariance
of the Lebesgue measure in R?, one can verify that the Sobolev space H'(R?, C**1) is
invariant under the action of the operators p(¥(R), that is,

P (R) - HY(R3, C*) - HY(R?, C¥**Y), (4.12)
The proofs of the following results can be found in Appendix A.

Proposition 4.1. Hgg ) (R?, C**) is weakly closed in H'(R®,C**'). Moreover, if
(uj) is a sequence in Hé()(g) such that u; — u weakly in H*(R3 C**1), then (uj)
converge weakly to u in LP(R3, C**1) for 2 < p < 6.

Lemma 4.1. There is a constant C' > 0, such that for every u € Hgy (R?, C2+1)

<

o)) < 1

||u||H1(R3,(22“’1)’ for a.e. x € R3. (4.13)

Theorem 4.1. Let 2 < p < 6. Then, the embedding
Hios) (R, C*FY) € LP(R?, C*H) (4.14)
18 compact.

Remark 4.2. Theorem 4.1 implies that if (u;) is a bounded sequence in H 50(3)7 then

there exist a subsequence (uj,) and a function u € LP(R3, C**1) such that uj, — u in
LP(R3,C**1) for 2 < p < 6. Therefore, defining ny, := |u;,|* and n := |ul?, and using
Holder’s inequality, we obtain

I = nllg < (llugillag + [lull2g) 1w, = ullag, (4.15)

which implies that nj, — n strongly in L9(R3 R) for 1 < q < 3.

Similarly to the previous chapters, it turns out to be convenient to replace the
variational problem (4.9) with the alternative minimization problem

EO(N) = inf{€[u] 1 u € Hio s (RP,C*H), Jlull3 < N}, (4.16)

Proposition 4.2. Let N > 0, { € Ny and M > 0. Then, EY(N) < EO(N) < 0.

Moreover, if u is a minimizer of the problem (4.16), then u is also a minimizer of the
problem (4.9), that is, E[u] = Eg)(N) = EO(N).

Proof. The proof is similar to the proof of part (i) of Proposition 3.3. [ |

The rescaling properties, seen in the previous chapters, still holds:
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(-boson stars as a minimum of a restricted energy functional

Lemma 4.2. The functional E[u] satisfies the following rescaling properties:
Ew] = NT[u] — N*L[n] — \*D[n, n], (4.17a)
Eluy] = NT[u] — AL[n] — AD[n,n], (4.17b)

for each u € HY(R?,CX) and X\ > 0, where uy(x) := N?u(Ax) (note that |luy|lz =
[[ull2)-

Proof. Direct verification. |

Lemma 4.3. Let N > 0, ¢ € Ny, and M > 0. Then, the functional & : A<N - R
defined by Eq.(3.14) with

SO
2 = {u € Hips (R, C*) 1 ||ul3 < N} (4.18)

is bounded below. Moreover, if (u;) is a sequence in Ai]OV(S)

then

such that ||u;| g — oo,

Elu;] = 00, asj— oo. (4.19)

Proof. We can follow the same argument as the proof of Lemma 3.5, just changing the
S0(3)
space CZy by AZG™. [ |

Theorem 4.2. Suppose that M > 0. Then, for each N > 0 and ¢ € Ny we have:

(i) The problem (4.9) admits a minimizer u € Hgg ) (R?, C*F1).
(71) Every minimizing sequence (u;) of (4.9) is relatively compact in H§O(3) (R3, C2+1),

Proof. (i) Tt is sufficient to prove the existence of a minimizer of the alternative
minimization problem (4.16), since by Proposition 4.2, such a minimizer satisfies
EY(N) = EO(N).

We proceed similarly to the proof of Theorem 3.1. Let (u;) a minimizing sequence
in Hgp such that |lu;ll3 = N for all j > 0 and E[u;] — Eg)(N). Lemma 4.3 implies
that the sequence (u;) is bounded in H'(R3,C**') and by Theorem 2.5, there exist
a subsequence (u;,) such that u; — u weakly in H'(R3,C?**!). Furthermore, by
Proposition 4.1, u;, — u weakly in LP(R3?, C**1) for p € [2, 6].

Since Hjp ) is weakly closed we have u € H g (R?, C**') and by Theorem 2.4,
|lul|3 < N. It remains to prove that u is a minimum of the energy functional £.

First we recall that

T[u] < liminf T'[u;,], (4.20)

k—ro0
since the Dirichlet functional is weakly lower semi-continuous. Define n := |u|* and
nk = |u;, [*. We study the convergence of the terms L[n,| and D[ng,ng] defined in

Egs. (3.16) and (3.17) respectively. Similarly to the proof of Theorem 3.1 we obtain
the following estimates for the functionals D and L

| Dlng, ni] — Dln,n]| < Ciluy, — ullizss (4.21)
|L{n] = L[n]| < Calluy, — ullizys, (4.22)
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where ('} and Cy are given by

Cy = C(llus, 135 + lulloys) (g lhass + llullizss), (4.23)
Cy = ||Kullrzss([wllirss + llwy l17s6) + 12 lvrys (lullrz /7 + [lug,ll17/7)- (4.24)

with C' > 0 a constant. Theorem 4.1 implies that, up to a subsequence, u; — u
strongly in LP(R?) for 2 < p < 6. Hence

lim D[ng,ng] = D[n,n] and klim Lng] = L[n]. (4.25)

k—o0

Combining (4.20) and (4.25) yields

ED(N) < E[u] < liminf Eu;,] = EY (N), (4.26)

= k—o00

hence EO(N) = EY(N) = £[u] and u is a minimizer with |jul2 = N.

(#7) Let (u;) be a minimizing sequence of problem (4.16), such that |ju;||3 = N for
all j > 0. Then, we can extract a subsequence (u;, ) such that u; — u weakly in
L*(R3,C**1). Furthermore, since all functions in the sequence have the same fixed
L?-norm, namely,

lujells = l[ull3 = N, for all k >0, (4.27)

it follows from Proposition 2.1 that w; — wu strongly in L*(R3, C**1). In addition,
from equality (4.26) we have

Tlu] - L) - Dln.n] = lim (Tfuy,) - Ling] — Dlngomal) . (4.28)
where, as before, n := |u|? and ny, := |u;,|*>. Since D[ng,ng] — D[n,n] and L[n;] —
L[n], it follows
klim T, ] = T[ul. (4.29)
—00

This implies that ||Vu,, ||2 converges to ||Vu||s and since we have already weak conver-
gence in H 50(3), we apply again Proposition 2.1 to conclude that Vu;, — Vu strongly

in L?(R3, C***1). Therefore, uj, — u strongly in H;O(g), and the theorem is prove. W

Remark 4.3. The second statement of the Theorem 4.2 will be important for the study
of orbital stability.

4.3 Properties of the minimum

This section is dedicated to present some key properties shared by any critical point
of the variational problem (4.9). To this end, it is useful to recall the Hamiltonian
operator

M

_m7

H:=—-A (4.30)

describing the dynamics of the hydrogen atom in non-relativistic quantum mechanics.
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Properties of the minimum

First, using the fact that the Laplace operator —A with domain H?(R3) is self-
adjoint in L*(R3), together with the Kato-Rellich theorem [67], one can show that H
is also self-adjoint on the same domain. This guarantees that its spectrum is real.

The spectrum of H can be decomposed into the point spectrum o,(H) and the essen-
tial spectrum oess(H), corresponding to the discrete and continuous parts, respectively.
Explicitly, the point spectrum consist of the well-known energy levels

_ A2

ap(H)z{Enz " :n:1,2,3,...}, (4.31)

while the essential spectrum is given by
Oess(H) = [0, 00). (4.32)

From a physical point of view, the values E, in the point spectrum o,(H) are the
eigenvalues of the Hamiltonian operator H, and they correspond to the discrete energy
levels of the hydrogen atom. Specifically, for each n, there exists a function wu,e, €
H?(R3) labeled by the quantum numbers n, ¢, and m satisfying

Huném = LipUnpm, (433)

so that E), represent the energy associated with the bound state w,s,. In contrast, the
essential spectrum oes(H) corresponds to the continuum of energies associated with
scattering states [73].

Theorem 4.3. Assume that N > 0, { € Ny, and M > 0. Let u be a critical point of the
energy functional £ (defined in (3.6)) on the set {u € Hgp (R?, C** Y |ul)? = N}
Then, u satisfies the following properties:

(i) There exist a constant w € R with w < 0, such that u € Hgpa, (R3,C?*1) s a
weak solution of the non-linear Schrodinger equation,

M
—Au — mu + A (JulP)u = wu, (4.34)

where the potential A= (Ju|?) € LP(R3) for all 3 < p < oo is given by Eq. (3.4).

(i) The critical point u belongs to H*(R3, C**1) for M > 0 and to H*(R3, C**1) for
all s > 1 if M = 0. In particular, u is a strong solution of Fq. (4.34). Moreover,
it is a classical solution if M = 0.

(iii) The energy functional satisfies the relations
1 /wN
Elu] = —Tu] = - (“’2 - L[n]) Con=[ult (4.35)

Before to proving this theorem we give the following Lemmas (See Appendix A for
the proofs):
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Properties of the minimum

Lemma 4.4. The orthogonal projection
P: LX(R?,C*Y) — Lipe (R, C* (4.36)
satisfies the following properties:
(i) P maps H'(R?, C**) into H§pes (R, C*HY).
(ii) For all u,v € H'(R3 C?*1)

(VPu,Vv)r2 = (Vu, VPv)pe. (4.37)

(iii) Let f : R3\ {0} — R be a SO(3)-invariant measurable function and u €
L*(R3,C**1) such that the function fu belongs to L*(R3,C**1). Then, P com-
mutes with the multiplication by f, that is, P(fu) = fPu.

Proof of Theorem 4.3.

(1) We proceed similarly to the proof of Theorem 3.2. Let v € H §0(3) and define the
variation I
u(s) == VN—F—, (4.38)
|u + sv]|2

which is well define for |s| small enough, since there exist 6 > 0 such that for
|s| < we have ||u + sv|| > 0. Then,

2
GEN| =gl = ot svll) (Tl — L] = 2Dl
(4.39)
where n := |u/?. Since € is Gateaux differentiable on H'(R? C?**1) with deriva-

tive given in Eq. (3.35), and since u is a critical point of £ on the space Héo(3)
with |lul|3 = N, it follows that

/RB [Vv(a:)*Vu — %v(x)*u(:c) +o(x)* A7 (Ju?) (z)u(r) — wv(x)*u(:c)] d*r =0,

|z
(4.40)
for all v € HéO(S), where the Lagrange multiplier w € R is given by
2
W= (T'lu| — L[n] — 2D[n,n]) . (4.41)

Equivalently, recalling the expression for the first variation of £ is

0& [u; v :/

R?)

[Vv(x)*Vu — ’]Z[‘v(x)*u(x) + (@) A Ju)) (2)u(z) | d®x

= (Vou,Vu)2 — (fﬁv,u) + (v, A (|u|*)u) 12, (4.42)

L2
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Properties of the minimum

(i)

we can write Eq. (4.40) as follows
(Vo,Vu)rz + (v, Vu)re —w(v,u)z =0, forallve Héo@, (4.43)
where we have defined the function V' : R?\ {0} — R by
M -
V(z) = T + A7 (Jul?) (7). (4.44)
Using the projector P defined in Lemma 4.4, we can further write

(VPv, V)24 (Pv,Vu) s —w(Pu,u)2 =0, for all v € H'(R3 C**1). (4.45)

It is straightforward to prove that V' is SO(3)-invariant and by Hardy’s inequality
and Lemma 3.1 we also have that Vu € L%(R3, C**1). Recalling that, by defini-
tion of an orthogonal projector, (Pf,g)r2 = (f, Pg)2 for all f, g € L*(R?, C**1)
and by Lemma 4.4, we obtain

(Vv, VPu) 2+ (v, VPu)2 —w(v, Pu)2 =0, for all v e H'(R? C**). (4.46)

Since u € Hé()(:a)v we have Pu = u. Therefore

/]R3 [Vv(x)*Vu - %v(m)*u(x) +o(x)* A7 (Jul?) (z)u(z) — wv(m)*u(m)] d*r =0,

| ]
(4.47)
for all v € H*(R3,C**1). In other words, u is a weak solution of Eq. (4.34) in
H1 (R3, CQE—H)_

For any A € C, Eq. (4.34) implies that u is a weak solution of
(H+MNu=G, G:=—-Flul+ (w+ \u, (4.48)

where the operator H is defined in expression (4.30) and F : H*(R?, C?**!) —
H?*(R3,C?*1) for all s > 1 is defined by (see Lemma 3.1)

Flu] == A~ (Ju)u. (4.49)

Thus, the function G on the right-hand side of Eq. (4.48) belongs to H 50(3). Since
H is bounded from below, we can choose A € R large enough such that H + X is
invertible [67]. Therefore,

uy = (H +\)7'G, (4.50)

lies in H2(R3, C**1) and is a weak solution of (H +\)u; = G. By the uniqueness
of the weak solution u = wu;, and hence u is a strong solution of Eq. (4.34).
Furthermore, by the embedding theorem 2.7, it follows that u € C(R?, C?*1).

If M = 0, we note that for A > 0 and all s > 0, the operator —A + X :
HsT2(R3,C?Y) — H*(R3,C**1) is invertible and the inverse satisfies (—A +
A7 HS(R3, C*FY) — HP2(R3, C**1). Therefore, u € H*(R3, C**1). By in-
duction we conclude that u € H*(R3, C**1) for all s > 1 and by the Sobolev
embedding theorems 2.7, this implies that v € C*(R?, C**1). Therefore, u is a
classical solution of Eq. (4.34) for M = 0.
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Orbital stability with respect to spherical perturbations

(#4) The proof is the same as point (i) of Theorem 3.2.

Remark 4.4. For M > 0, Lemma 4.1 ensures that u(x) — 0 as |z| — oo, with u
decreasing asymptotically at least as 1/|x|. In fact, the numerical solutions obtained
from the shooting algorithm described in Chapter 5 indicates that the solutions decay
exponentially for |z| — oo.

4.4 Orbital stability with respect to spherical per-
turbations

Assuming that there always exists a global solution of the Cauchy problem

@?,;f = —Ay) — f\éw + A Y [YHy, inRy xR? (4.51a)
P(0,2) = tho(x), with ¢ € Hgp), (4.51Db)

in this section we prove the orbital stability of solutions of the form
Y(t, ) = e “lu(z), (4.52)
where u € H§0(3) is a minimum of the problem (4.9) and w is given in Eq. (4.41).

Definition 4.1. Let X be a normed vector space and A C X a subspace. Then, for
x € X we define
dist(z, A) == ir€1£ |z — vyl x. (4.53)
y

Based in [17] and [32] we present the following definition of stability:

Definition 4.2 (Orbital stability). Suppose that N > 0, ¢ € Ny and M > 0. Let Sy,
denoting the set of minimizers of the variational problem (4.9), i. e.,

Swe = {u € Hyo : E[u] = BON), ||ul3 = N}. (4.54)

Solutions of the form (4.52) with v € Sy, are orbital stable if for every ¢ > 0, there
exists § > 0 such that if ¢y € Hgg ) satisfies

diSt(lpg, SN’g) < 5, (455)
then the corresponding solution v (t) of the Cauchy problem (4.51) satisfies
dist(¢(t), Snye) < e forallt > 0. (4.56)

Intuitively, a solution of the Cauchy problem (4.51) of the form (4.52) is said to
be orbital stable if, under sufficiently small perturbations, its subsequent evolution
remains close to the family of minimizers Sy .
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Orbital stability with respect to spherical perturbations

Theorem 4.4. Assuming that the Cauchy problem (4.51) has global solutions, the
stationary solutions of the form (4.52), with uw € Sy and w given in Eq. (4.41) are
orbital stable.

Proof. Suppose by contradiction that the theorem is false. Then there exists g > 0, a
sequence of initial data (¢9) € Hgp ) and ¢; > 0 such that

inf ||¢ —ullgr — 0 when j — oo (4.57)
uESNJ
and '
inf ||77Z)J<tj) — UHHI Z €0 for allj Z 0. (458)
UESN’g

By continuity of the L?-norm (indeed, every norm is continuous) and from (4.57) we
deduce that ||¢/4]|2 — N. Moreover, Proposition 3.1 ensures that the energy functional
€ : Hyoz) — Ris continuous. Since both, [[¢(t)||2 and E[¢)(t)] are conserved quantities,
we obtain

17 (@113 = I1W3l; — N and  E[Y(t))] = E[wg] — BO(N) (4.59)

If ¢} satisfies |[¢]|3 = N, then it would follow from Egs. (4.59) that ¢7(t;) is a min-
imization sequence and according to Theorem 4.2 it would have a subsequence con-
verging strongly to a minimizer v in H 50(3), which would lead to a contradiction with
Eq. (4.58).

Otherwise, we define the rescaled sequence

b = @wm with M = [0 (t) I = A, (4.60)

which satisfies ||¢;]|3 = N. From the boundedness of the sequence (v7(t;)) (see
Lemma 3.5 ) and the convergence M; — N, we have

. N '
p; — ()|l < C|1 i —0 asj— oo, (4.61)

J

for some constant C' > 0. Once again, since the energy functional £ : H éO(s) — R is
continuous, it follows

Elp;] — EW(t;)] = 0 as j — oo. (4.62)
Hence,
lim £[¢;] = EY(N) and ||¢;]|2 =N forall j >0. (4.63)
j—o0
Thus, ¢; is a minimizing sequence for the problem (4.9). By Theorem 4.2, there exist
a subsequence (¢;, ) such that ¢; — u strongly in H 51“0(3)7 for some u € Sy, that is

¢, —ul|lgr =0 as j — oo. (4.64)
Therefore, in view of expression (4.61) we have
107 (t5,) — ullme < g, — ¥ (&)l + 65 —ullr =0 ask — o0, (4.65)

which is a contradiction with the inequality (4.58). |
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Explicit form of /-boson stars

Remark 4.5. Tt is important to stress that (assuming global existence) Theorem 4.4
establishes the orbital stability of /-boson stars with respect to spherically symmetric
perturbations only (i.e. for perturbations within H g (R?, C2*1)). Despite this limi-
tation, our result generalizes the linearized study in [70] to the full nonlinear case and
to arbitrary values of ¢ € Ny, and it is also compatible with the results from previous
stability studies for relativistic ¢-boson stars [4, 5] with respect to spherical pertur-
bations. A relevant open problem is whether orbital stability can also be established
for arbitrary perturbations in H*(R3, C**1). This is clearly the case for £ = 0 (see
previous chapter). Numerical results in both the nonrelativistic [40] and relativistic
regimes [47, 74] indicate that (¢ = 1)-boson stars may also be orbital stable. However,
the results presented in chapter 5 strongly suggest that ¢-boson stars with £ > 2 cannot
be orbital stable.

Remark 4.6. For the case M = 0 and ¢ = 0 global existence of solutions to the Cauchy
problem (4.51) has been established in [48].

4.5 Explicit form of /-boson stars

Proposition 4.3. Assume N >0, £ € Ny and M = 0. Let u € Hgp 5 NC™(R?, C2+1)
be a critical point of the energy functional € as in Theorem 4.3. Then:

(i) There exists function f, belonging to space

X, (RY) = {f € C*(R?) : f(Rx) = f(x) for all R € SO(3)} (4.66)
such that
ato) = e (). .
where
[
Y <lzl> - 21311 : and ~ fy(x) = |z[‘ge(x)  (4.68)
Y (x/|x])

with Y™ denoting the spherical harmonics and g, € X, (R?).
(ii) The function f, € X, (R?) satisfies the equation
(L+1)

r2

—Afo+ Je+ AN fol?) fe = wfe (4.69)

Proof. (i) Each representation of a Lie group G induces a corresponding representation
of its Lie algebra g. In particular, the associated Lie algebra representation o :
50(3) — gl(L?(R3,C?*1)) of the group representation defined in Eq. (4.8), is defined
by

[0 (X)ul(z) = =

[p(g) (eisx> u} (), (4.70)

s=0
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Explicit form of /-boson stars

where s0(3) denotes the Lie algebra of SO(3) and gl(L?(R?, C?**1)) is the Lie algebra
of the general linear group G L(L?(R?, C?**1)), that is, the space of linear operators on
L2 (R3, C%Jrl).

A standard basis for so(3) is given by the matrices

00 O 0 01 0 -1 0
Xi=100 -1, Xo=[0 0 0|, Xs=(1 0 Of,
01 O -1 0 0 0 0 0

corresponding to the infinitesimal generators of rotations along the z, y and z axis,
respectively. Then, from Eqs. (4.8) and (4.70), the induced Lie algebra acts as

[09(X})u)(x) = 4 D® (eisx’“> u (e_isxkx) = Jyu(x). (4.71)
s
s=0

where we define the operators

Jpy =S+ Ly, k=1,2,3, (472)
with
d )
Sk 1= Ts DO (e*Xx) and Ly:=—i(zAV), k=123 (4.73)
s=0

In what follows, we refer to J = (Ji1, J2, J3) as the total angular momentum operator
and to S = (51, 52,53) and L = (Ly, Ly, L3) as the spin angular momentum and orbital
angular momentum operators, respectively. Hence, condition (4.6) yields

Ju =0, (4.74)
which in turn implies A
J*u =0, (4.75)
where the Casimir operator J?2 is defined by
JP=JF+ 2+ J2. (4.76)

On the other hand, the tensor spherical harmonics Y /™, describe the angular dis-
tribution and polarization of spin ¢ particles with total angular momentum .J, total
magnetic quantum number M, and orbital angular momentum L. They are constructed
from the standard (scalar) spherical harmonics Y™ (which are eigenfunctions of the
operators L% and L3) and basis spin functions £ (which are eigenfunctions of 52 and
S3) in accordance with the addition of angular momenta in quantum mechanics [50]:

YJMLg(ﬁ, (p) = Z CJMngUYLm(ﬁ, (p)geg. (477)

m,o

Here, C'M;, .1, denote the Clebsch-Gordan coefficients and .J, ¢ are nonnegative integer.
Given a pair (J, £), the admissible values for L and M are: L = |J—¢|,|J—{|+1,..., J+(
and M = —.J,...,J. The basis spin functions £ satisfy the conditions

Sl — g0 +1)€, Syt =o', o =—1,... L, (4.78)
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Explicit form of /-boson stars

and since S is self-adjoint, they form an orthonormal basis of C2**! after suitable
normalization. Using these properties and those of the scalar spherical harmonics, it
is not difficult to verify that

JY M = J(T+ 1)y 7M, (
JsY M = My M, (
L2y/M, = L(L+ 1)Y"MM, (4.81
SYIM =0+ 1)Y My, (
Furthermore, it follows that the collection of tensor spherical harmonics with the same ¢

and all possible J, L, M constitutes a complete orthonormal set in L?(S?, C**1), where
S? refers to the two-sphere. The orthonormality condition is

SO 0, 1Y M 100, 902 = 57 Srsapdu. (4.83)
S2
Hence, we can write any function v € C*°(R3 C2*+1) N L2(R3, C**!) as follows
IM X
= > wn"@)Y () : (4.84)
JML ||
where v;y" € X,.(R3) for every J, M, L. Therefore, returning to Eq. (4.75) it follows
J2u(z) = S J(J + Vv ()Y My, (ﬁ) =0, forevery z € R?, (4.85)
JML x

which in turn implies, by the orthogonality Y /™ ,, that v;/* = 0 for all J > 0, such
that

x
u(z) = voo' ()Y, <|9«"\> : (4.86)
Using the identity

YE,—E
1 A Yﬁ,—é—i—l
——Vo, W= . ;
A 20+ 1 :

Yy = (4.87)

we finally obtain

u() = fil)V) ( u ) (.58

|z
where f, € X,(R?) is a radial function. By Theorem 4.3, u belongs to Hgye N
C>®(R3,C**1), which implies that f,), € HéO(?;) N C>=(R3 C**!). Every spherical
harmonic Y™ can be written as [8]

R
ytm (a:) = jxff), for every » € R\ {0}, (4.89)
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where hy,, is an harmonic homogeneous polynomial of degree ¢. Therefore, in order for
feVe to belong Hgp gy N O (R?, C***1), the function f; must have the form

folz) = |2 ge(w), (4.90)

with g, € XT(R?’).
(77) Substituting the explicit form (4.67) of u into Eq. (4.34) (with M = 0) and

using the fact that

o+1
AV, = — <; )Yy v o= Jal. (4.91)

we arrive at Eq. (4.69). |

Finally we close this chapter presenting some results about excited states. The-
orem 4.2 established the existence of a restricted minimizer of the energy functional
& introduced in Eq. (3.6). Furthermore, Theorem 4.3 shows that, when M = 0, this
minimizer is indeed a classical solution of Eq. (4.34) (or equivalently os system (4.2)).
In other words, ground states of /-boson stars exist for each fixed ¢ > 0.

Having settled the question about ground states, it is natural to turn our attention
to the excited states. To investigate their existence, we first reduce system (4.2) by
substituting the explicit ansatz for ¢-boson stars provided in Proposition 4.3 using
spherical coordinates (r, 1, ¢), namely

u(z) = r'g(r)Vu(9, ¢), (4.92)

This leads to the following radial system of differential equations:

Ld | sy dge|
r20+1) gp [7" dr| Uge. (4.932)
1d [ ,dd 90 2
(222 = 4.93b
r2 dr (7’ dr) T g (4.93b)
with the boundary conditions
d
9(r =0) =a, % =0, (4.94a)
r=0
iy
U(r =0) = U, o =0, (4.94b)
r=0

where U := U — w and, a and U, are real constants. A rigorously study of this system
can be found in [22], and here we present the more relevant results.

Theorem 4.5 (Existence of a local solution). Let a,Uy € R and R > 0 a positive real
number. Then, there exist a twice continuously differentiable solution (ge,U) : (0, R) —
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Explicit form of /-boson stars

R? of the problem

r200+1) g [T e )% =Ugy, (4.95a)
— 22 = 4.95b
r2dr (T dr) T (4.95b)
lim (ge(r),U(r)) = (a,Uy), (4.95¢)
_(dg, dU

1 —,— | = . 4.
iy (414 = 0.0 (1.950)
Proof. See Theorem 2 in [22]. [ |

Definition 4.3. Let r.(a) > 0 a real number defined by

(4.96)

There exist solution (gy,U) € 02((0,r1),R2)}

8 = >0
rofa) = sup {Tl of the problem (4.95)

where C?((0,71),R?) denotes the space of functions f : (0,7;) — R? which are twice

continuously differentiable. Then, the maximal extension of the solution (gs,U) :
(0,7.(a)) — R? of the problem (4.95) is called the a-orbit.

Definition 4.4. The a-orbits which exist for all » > 0 are called globally defined.

Remark 4.7. It can be shown [22] that the a-orbits which are globally defined are
automatically normalizable at infinity, that is, they satisfy

/oo |g¢(r)|*r?dr < oo, (4.97)
0

such that ||ul|3 = N, with N > 0 a positive constant.

Theorem 4.6. For each Uy < 0, there exists a decreasing sequence of parameters a,
(n=0,1,2,...) such that the corresponding a,-orbits are globally defined, where the
index n labels the number of nodes of the function go. Moreover, the function |g,| decays
exponentially.

Proof. See Theorem 1 in [22]. [ |

Examples for the radial profile of the ¢-boson stars, for different values of ¢, are
shown in Fig. 4.1. Furthermore, Fig. 4.2 shows the Newtonian potential corresponding
to the ground and first excited states and ¢ = 0, 1, 2, 3. For a detailed discussion about
the numerical construction of solutions of system (4.93), see Section 5.5 of the next
chapter.
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Ground states — (=0 0.81 First excited states — (=0
1.0
— (=1 — (=1
— =2 06 — =2
08 — (=3 — (=3
— (=4 — (=4
0.41
30.6 — (=5 — (=5
=
0.4 0.2
02 00 \\W
0.0 —0.2
0 5 10 15 20 25 30 0 5 10 15 20 25 30
T T

Figure 4.1: Radial profiles fi(r) = rgy(r) for different values of £. Left panel: con-
figurations in the ground state with the ¢-spin representation (n = 0). Right panel:
configurations in the first excited state (n = 1).

Ground states : First excited states

0 10 20 30 40 50 60 70 80 0 10 20 30 40 50 60 70 80
r T

Figure 4.2: Profiles for the gravitational potential for the configurations shown in
Fig. 4.1 corresponding to ¢ = 0,1, 2, 3.
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Chapter 5

Linear stability of /-boson stars
under non-spherical perturbations

In the previous section we established the existence and orbital stability of solutions
for the multi-field Schrodinger-Poisson equation (4.34) in the spherically symmetric
sector, given a representation of SO(3). These solutions, known as ¢-boson stars, have
the form (4.67). A distinctive feature of {-boson stars is that both the orbital and spin
angular momenta are nonzero, while the total angular momentum vanishes.

In this section, for simplicity, we take M = 0 in Eq. (3.16), which yields the following
expression for the energy functional

Elu| = Tu| — D[n,n], (5.1)

and by Theorem 4.3, any critical point u € Dgps) of the energy functional, such that
|ul|3 = N satisfies Eq. (4.34), that is,

—Au+ A |uP)u = wu. (5.2)

We want to study the stability of ¢-boson stars under general (non-spherically sym-
metric) perturbations. To this end we begin by observing the following fact:

Proposition 5.1. Assume N >0 and ¢ > 1. Let u € Héo(g) be a critical point of the

energy functional (5.1) such that ||u||3 = N. Then u is a saddle point of £ on the space
Ay defined in (3.40).

Proof. Let v € HY(R?,C?*1) and consider the variation

U+ sv
u(s) = VN0 5.3
(s) |u 4 svl|2 (5:3)
which is well define for |s| small enough. Then,
2 d? 2 2
0-Eusv] = @E[u(s)] = 0-E[u; v] — wl|v||3- (5.4)



Note the difference between 62€ and §?£, which arises by constraining the variation
to the subset Ay in the former case, whereas in the latter the second variation is
computed with arbitrary v € H(R3, C**1) according to Eq. (3.33) and is given by

525[uv]—581)v——/ /R?)Re

and consequently

]Re[ ( ) (y)]dgyd3$ (5 5)
Il" — | ’ '

(z)]Re[v* (y)u(y)] Pydz.  (5.6)
|93—y| | |

Relv
628 u;v] = 0&[v;v] — wlv|)5 — —/Rs /}R3

Proposition 4.3 implies that the critical point has the form v = f,)), and its components
are given by

= fY"™ me{—l,—0+1,...,0—11} (5.7)
Next, consider the variation v := (vq, Vs, ..., Uy1) With components
Um — Z'ngLM(SmM, (58)

where L € Ny is fixed, M € {—L,—L+1,...,L—1,L} for L <¢and M € {—{,—( +

L0+ 1,0} for L > (. Substituting into Eq. (5.6), taking into account that f,
satisfies Eq. (4.69) and that Y (x/|z|)YL™(x/|z|) € R for every x € R3 (which
implies Re(v*u) = 0), we obtain

fe|

0rELfe, fol = [L(L+1) — £(€ +1)] |, (5.9)

By Hardy’s inequality ||f¢/|z|]]2 < oo. Therefore, §2E[u;v] < 0 for L < ¢ and
62Eu;v] >0 for L > (. [ |

Remark 5.1. Tt is important to note that even if a critical point u of the energy func-
tional &£ is a saddle point, this does not necessary imply that u is unstable. To illustrate
this, consider the following simple example: Let H : R? — R be a function defined by

H(J}7y,Z) :ZL’2+y2—Z27 (510)
which has a saddle point at (x,y,z) = (0,0,0). Next, consider the dynamical system

a(t) =y(t), yt)==z(t), 2(t)=0, (5.11)
z(0) = zo, y(0) =wo, 2(0)=z

where the dot denotes derivative with respect to time. Solving system (5.11) we obtain

z(t) cost —sint 0\ [z
y(t) | = |sint cost O |wo|, (5.12)
2(t) 0 0 1/ \2

and clearly H(z(t),y(t),2(t)) = H(xo,yo, 20) for all ¢ € R. Since the dynamics in the
(z,y)-plane describe circular motion the trajectories are confined to constant height 2,
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Linearization of the system

tracing closed orbits in the (z,y)-plane. Consequently, the equilibrium point (0,0, 0)
is orbital stable, despite the fact that it is a saddle point of the function H. This
stability arises from the conservation of H and the structure of the dynamical system,
which also conserves z under the evolution. Therefore, even though H decreases as 2
increases and vice versa, the system cannot evolve in this direction since z(t) = zq is
constant along trajectories.

It would be interesting to obtain a better stability criteria for saddle points. We
hope to address this issue in future work. However, to gain more insight into the
stability problem we now resort to linearized analysis.

The reminder of this chapter is based on the published article [65] and is devoted to
studying the linear stability of /-boson stars under non-spherical perturbations, using
a combination of analytical and numerical techniques.

5.1 Linearization of the system

In this section we linearize Eq. (1.78) about a stationary solution u with the form

u(x) = fo(r)Ve(¥, ¢). (5.13)

where (r, 7, ) denotes the spherical coordinates. In order to do this, we assume an
expansion of 1 in terms of a small parameter € > 0 of the form

Y(t, 1) = e “u(x) +evt,x) + O(e?)], t€R, and z € R®. (5.14)

Here, v is a column vector in which each component is a complex-valued function and
(w, u) is a solution to Eq. (5.2). Substituting the expansion (5.14) into Eq. (1.78) and
considering the first-order terms we arrive at the perturbed evolution equation

zgj = <7:[u — w) v+ 2A71 <Re{u*v}>u, (5.15)

where we have introduced the operator
Hy = —A+ A (|ul?). (5.16)

A natural question is wether the /-boson stars are stable under nonspherical linear
perturbations. To answer this we follow Refs. [44, 70] and separate the time and
spatial parts of u using the ansatz

v(t,z) = M [A(z) + B(z)] + N A(x) — B(x)], (5.17)

where the bar denotes complex conjugation. Here A and B are complex vector-valued
functions depending only on z € R? and ) is a complex number. Note that when
A = \* is real, one can assume that A is real and B is purely imaginary.
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Linear perturbation for arbitrary ¢ using tensor spherical harmonics

Introducing Eq. (5.17) into Eq. (5.15) one obtains, after setting the coefficients in
front of e} and e to zero,

M = (H,-w)B (5.18a)
+ i{ AT W (A + B) +u" (A - B)]} Im(u),
iINB = (H,—w)A (5.18b)

+ {A7 ' (A+ B) + u” (A - B)]} Re(u).

These two equations remain correct for the case in which A is real, provided A = Ap
is assumed to be real and B = iB3; is purely imaginary. In this case,

u*(A+ B) +u' (A — B) = 2Re(u)" Ag + 2Im(u)" By, (5.19)

which is real. Note also that when wu is real, Eqgs. (5.18) simplify considerably.

5.2 Linear perturbation for arbitrary ¢ using tensor
spherical harmonics

In this section we want to analyze the linear stability under non-spherical perturbations
of /-boson stars. To this end, we expand the fields in terms of tensor spherical harmonics
Y7/M,, which are eigenfunctions of the operators J 2 ﬁ2, 52 and J, [50]. They are
defined by

YJMLE(ﬁa 90> = Z CJMLmEUYLm(ﬁv 90)6&77 (520)

with C’M s, the Clebsch-Gordan coefficients and £ denoting an orthonormal basis
of spin functions in C?**!'. Note that

_1\¢
Y% = (—2 Ell : ZUJ(Y“)*é‘Z", (5.21)

and for a suitable choice of the basis functions £ and using that

_1)Z—m
C% e = (iam o 5.22
e T Rl (5.22)

one obtains

1
Yo%, = —y,. 5.23
0 \/Eyf (5.23)

However, for the following we shall assume that the basis spin functions satisfy the
relation

o = (=1)7¢t7 (5.24)
for all 0 = —¢, ... ¢, which implies that

YoM, — (_1)J+M+L+€YJ—MM’ (5.25)
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and, in particular, that Y%, is real-valued. For ¢ = 1, for instance, this basis can be
chosen as

1 1
1-1 A A 11 A A
= —=(6; — 1€,), = ——=(€; +1€,), 5.26
€t = (e —ie,), €= = (et id) (5.20)
and €1 .= ¢, with é,, €y, €. the usual Cartesian basis of C3, and this yields Y%, =

—#/\/4x.

Due to their completeness, the tensor spherical harmonics can be used to expand
the fields A and B as follows:

./4 - Z AJML(T)YJMLg, (527)
JLM
and similarly for B. The fact that the background has zero total angular momentum
implies that the different JM modes decouple in the linearized equations. To derive
the mode equations and exhibit this decoupling, we use the identity
-1)¢ 2L +1
YOO *YJM — ( CJO YJM, 5.98
( Kﬂ) Lt \/E 2J + 1 L0400 ( )
which can be deduced from the product formula for the spherical harmonics, see for
instance Eq. (10) in Sec. 5.6 in Ref. [50]. One obtains from this

A_I(U*A)u = Z QJML(T)YJMLE, (529)

JLM

with

J+L 2L+ 1)(2L + 1
Q) = i 31 LEEEICEEY

L=[J—|
x  C7Low0C” oA (fZAJML/> (1). (5.30)

The selection rules for the Clebsch-Gordan coefficients imply that C7°4y is different
from zero only if |J —¢| < L < J+ ¢ and J + L + ( is even. Therefore, the only
non-vanishing coefficients are Q /"= Q /M =%2 ... Q0. Likewise, only the
amplitudes A= A7 =072 A7t appear in the sum in the right-hand side
of Eq. (5.30).

Using this observation, Eqgs. (5.18) yields for each values of J € {0,1,2,...} and
|M| < J, the following decoupled system

INA Y = (’HJ’%Z - w) Bk, (5.31a)
i)\BJML = (7:[%2 - w) AJML + 2QJML, (531]3)

for the coefficients (A, Byar) :== {(Asn®, BJML)}‘ B where H} is defined

as
A=A+ A7 (I1P), (5.32)
L(L+1
A=A, — <T2+> (5.33)
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Furthermore, the system decouples into two subsystems: the even-parity sector which
contains L = |J — £|,|J — €| +2,...J + ¢ and has non-trivial coefficients Q5" given
in Eq. (5.30) and the odd-parity sector with L = |J — €|+ 1,|J —¢|+3,...,J+{—1
which has vanishing @ ;a/*.

5.3 Decoupling of the perturbed evolution equation

In this section we show that the evolution equation (5.15) for the linearized field v can
be decoupled by expanding v in terms of tensor spherical harmonics. Writing

= VAT fi(r)Y *u(9, 9), (5.34a)
vi= Y Xou ()Y M (0, ), (5.34b)
JLM
Eq. (5.15) yields
0 N
Z’aXJML(t, 7’) = (HZ — w) X]ML(t, 7“) -+ QJML(t, 7’), (535)

where

I+t 2L+ 1)(2L +1
VR INTER) S G CUREL

L=[T—|
x C7%L000C”0 iosn A" (fE(T)ZJML’(t7T)> ; (5.36)

and where we have defined Z;p,/" (¢, 7) :== X 0" (t,7) + (=DM X, (¢, 7).
The properties of the Clebsch-Gordan coefficients discussed below Eq. (5.30) imply
that this system further decouples into two subsystems:

1. The even-parity sector which contains the values L = |J —¢|,|J — |+ 2,... J+ ¢
and has non-trivial coefficients q;a/%.

2. The odd-parity sector which has L = |J — (| + 1,|J —¢|+3,...,J + ¢ — 1, for
which ¢” vanishes.

An important consequence of these observations is that in the odd-parity sector the
right-hand side of Eq. (5.35) is characterized by the self-adjoint operators ”7':[!’3Z —w
implying a unitary evolution. Consequently, one can have only oscillatory modes in
the odd-parity sector, and unstable modes can only arise in the even-parity sector.

5.4 Properties of the solutions of the linearized sys-
tem

Before numerically solving the linearized system (5.31), in this section we discuss some
important general properties of its solutions. For the following, we assume that u is
real-valued.
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5.4.1 Quadruple symmetry

When w is real, it is simple to see that a solution (A, A, B) of the system (5.18)
gives rise to the three other solutions (A, A, —B), (=), A, —B), (=), A, B). Likewise,
any solution (X, Ajal, Bya®) of the system (5.31) yields the other three solutions
(—)\,AJML,—BJML), (X,Z]ML,—EJML), and (—X,ZJML,FJML). This means that
the eigenvalues come in pairs (A, —\) if they are real or purely imaginary, and in
quadruples (A, =\, A, =) otherwise.

5.4.2 Stationary modes

Next, we analyze the presence of stationary modes, that is, solutions of the sys-
tem (5.31) with A = 0. In this case, Eq. (5.31a) implies that Bjyy” must be an
eigenfunction of 7—2@ with eigenvalue w. When L = /¢, we know that By = aéo)
satisfies this condition, because of the background equations (4.4). A priori it seems
possible that w also lies in the point spectrum of 7—2% for values of L different from /;
however we do not pursue this issue further here. When A = 0, Eq. (5.31b) leads to
a homogeneous equation for A;y“. We only consider the trivial solution A~ = 0,
leaving open the problem of the existence of nontrivial solutions.

Summarizing, for given values of ¢, J € {0,1,...,2¢} and |M| < J, there is a
one-parameter family of zero modes of the form

(Asne™, Byn™) = Tyar(0, Syar™), (5.37)

with T'jy; an arbitrary complex constant and where the fields S;y” are zero except
when L = ¢ in which case it is equal to f,. This leads to a multivalue family of
stationary solutions of the linearized equations (5.15) which is of the form

vt ) = fir) > Y [ToaY™Mu(@, ) — e, (5.38)

J=0M=—-J

where c.c. denotes complex conjugation. When ¢ = 0 there is only one mode which
describes a change in amplitude of the background field, as discussed in [70]. However,
when ¢ > 0, there are (2¢+1)? of these modes and, except the one with J = 0, all these
modes have an angular dependency which is different from the one of the background
solution. As an example, consider ¢-boson stars with £ = 1. Then, we have stationary
modes with angular dependency

1
v, = E[Y171511+Y11€171}

3
= —& sin ¥ [cos pé, + sin pé,]| . (5.39)
™
Note that the zero modes discussed here belong to the even-parity sector when J is
even and to the odd-parity sector otherwise.

We conjecture that these modes lead to nonspherical stationary deformations of the
(-boson stars.
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5.4.3 General properties and connection with the second vari-
ation of the energy functional

Multiplying both sides of Eq. (5.18a) from the left with B* and integrating yields
iNB, A) = (B, (H, — w)B), (5.40)

where (-, ) refers to the L?-scalar product. Likewise, multiplying both sides of Eq. (5.18b)
from the left with A* and integrating gives
INAB) = (A, (H, — w)A) +2(u” A, A [u" A))
= O2E[AR] + 62E[ A4, (5.41)

where Ag and A; refer to the real and imaginary parts of A, respectively and §2E[Ag]
denotes to the second variation! (5.4) evaluated at v = Ap with fixed particle numbers
N;.

Several interesting features can be inferred from Eqgs. (5.40, 5.41). For this, we first
note that the right-hand sides of these equations are real, which implies that

~X2|(A,B)]? e R. (5.42)

Hence, either \? is real or A is orthogonal to B. Taking into account the quadruple
symmetry, we may consider the following cases:

(i) A = 0: These are the zero modes discussed previously.

(ii)) Ag > 0 and A; = 0: In this case we can assume that A = Ap is real and B = iB3;
is purely imaginary. Eliminating iA\A on the left-hand side of Eq. (5.41) using
Eq. (5.18a), one finds

— (B, (Hu — E)B;) = 62| Ag). (5.43)

Below, we will use this identity to eliminate the possibility of having unstable
modes with arbitrary high values of J.

(iii) Ag = 0 and A; > 0: In this case one can choose both A and B to be real, and
one obtains instead of Eq. (5.43),

(Br, (Hu — E)Bg) = 62E[Ag). (5.44)

(iv) Ag > 0 and A; > 0: In this case (A, B) = 0 and it follows from Eq. (5.41) that u
is a saddle point of £, provided that E[Ag] # 0.

In terms of the decomposition (5.27) into tensor spherical harmonics, the scalar
product (A, B) reads

(A, B) =Y [(Asnr, Binr)even + (Aunr, Biar)odd) (5.45)

JM

'Note that the restricted second variation 62€[u;v] defined in Eq. (5.4), corresponds to §%& given
in Eq. (19b) in [65]
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with

(AJM7 BJM)even odd
J+L

= 3 /A,M 7 B (r)rdr (5.46)
L=|J—¢|
J+0— Levenodd

denoting the corresponding products for the JM modes in the even and odd parity
sectors. A similar decomposition can be performed for the previous equations in this
subsection; for instance Eq. (5.41) yields

i/\<~’4JM7 BJM)even - 638JM,even[AJM]a (547)
where 02E 711 cven[Asar] is given by

63€JM even [AJM]
J+L

- > / (Asa™) 7-[ — W) A (r)r?dr
L=|J-t|
J+4£¢— L even
2J—|— 1 / / J_HCL]M CLJM(f)TQdeTdf, (548)
where
2L +1
aJM = fg Z i 1 CJOLogoAJML(T). (549)

In the next section, we shall use Eq. (5.47) to check numerically that iA(Ajar, Bar)even
is real.

5.4.4 Non-existence of unstable modes for sufficiently large
values of J

Finally, in this section we prove that for modes with large enough values of the total
angular momentum .J, the second variation of the energy functional is positive definite.
As we show below, this implies through Eq. (5.43) that there cannot exist unstable
modes with large J. This reduces the stability problem to the analysis of a finite
number of J.

Let v € C5°(R3, C**1), then we have the following estimate for the second variation
of the energy functional (see Appendix E of [65])

2

628 [u;v] = =(Vo, V)2 + (v, [U, — wv)2 — C1 ||| (5.50)

9ll2

N)\»—t

where ¢ is a positive function of r which will be determined shortly, C; > 0 a positive
constant depending on g and U, := A~!(Jul?) is the gravitational potential of the
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background configuration. To show that §2€ is positive definite for large enough J we
expand v in terms of the tensor spherical harmonics:

v(x) = J%\:/[ hJML<T)Yi]eM(19, ©), (5.51)

with coefficients hjyL depending on 7. Substituting this in the right-hand side of
Eq. (5.50) and discarding the quadratic terms in the derivatives of hy” yields

gz s { [Totop |2 - S0
+ [T ot ) PIUur) - P} (5:52)

Consider first the integral on the second line, whose integrand contains the function
a(r) == [U,(r) — w]r?. Since U, is regular at the center, one has «(0) = 0, whereas
a(r) is positive for large enough r since w is negative. Together with the fact that U, is
continuous [53], this implies that a(r) > Cy for all r > 0, for some (negative) constant
Cs. Next, choose g(r) := +/1 + r2 which implies that 72/g(r)* < 1 for all » > 0. Using
these properties, the estimate (5.52) yields

026> 3 [ haut ()P

5 — 01 + Cg dr. (553)
Therefore, 62£ is positive definite if hsy* vanishes identically for all L with L(L +
1)/2 — Cy; + Cy < 0. In particular, it follows that 62€ s cven is positive definite for J
large enough, such that L := |J — {| satisfies L(L + 1) > 2(Cy — Cy).

Finally, we prove that this property implies the absence of unstable modes for large
enough values of J. We do this by contradiction. Consider first case (iv) for which
Ar,A\r > 0 and (A, B) = 0. In this case, Eq. (5.41) and the positivity of §2€ would
imply that Ar = A; = 0 which also implies that B = 0 according to Egs. (5.18). The
other case in which an instability could appear is case (ii). Here, a contradicion arises
by observing that the right-hand side of Eq. (5.43) is positive definite, whereas the
left-hand side is negative definite for large enough values of J, as can be shown using
arguments similar to the ones following Eq. (5.52).

5.5 Numerical results

In this subsection we solve numerically the system (5.31). In the previous section,
some general properties of the linearized system were established. In particular, it was
proven that unstable modes cannot arise in the odd-parity sector nor in the even-parity
sector with high values of J, thus reducing the problem to a finite number of decoupled
systems. For this reason, we will focus on the even-parity sector for what follows.

We start in the next subsection with a short description of our numerical imple-
mentation and subsequently, we discuss our main results regarding the eigenvalues

of (5.31).
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5.5.1 Background solutions

First, it is necessary to construct the /-boson stars numerically, that is, we must solve
system (which is equivalent to Eq. (4.69))

—Afo+ E(E; 1>fe +Ufe =we, (5.54)

AU = [fiol (5.55)

To perform the numerical integration, it is convenient to replace the gravitational
background potential U with the shifted potential & := w, — U, which allows us to
rewrite the problem (5.54) in the equivalent form

A fo= V(g; b _ M} Je, (5.56a)
AU = —|fil? (5.56b)

In a next step, we identify the correct boundary conditions at » = 0 and at r — oo that
guarantee that the solution is normalizable and regular at the origin. As we explain
in Proposition 4.3, we can write f;, = r‘g for some function g € X,. Therefore, the
boundary conditions for g are

g(r =20) = go, ;li(r =0)=0, (5.57)
U(r =0) = U, C;Z:(r =0)=0. (5.58)

with constants gy and Uy. Note that U, must be positive for a global solution to
exist [22]. Furthermore, one can prove that if (f;,U) is a solution of the system (5.56),
then for any constant A > 0, the pair (f2,U") defined by

fZA(r) = A2 fy(Ar), (5.59)
UNr) .= NU(Ar), (5.60)

is also a solution. Hence, one can assume without loss of generality that Uy = 1. In
turn, the value of the constant gy is fine-tuned using a numerical shooting method
which aims at the condition lim g(r) = 0.

The numerical integration of the system (5.56) with the boundary conditions (5.57)
is performed using an adaptive explicit 5(4)-order Runge-Kutta routine® [86, 28, 51],
where we rewrite the system as a first-order system for the fields (g,U). For the fine-
tuning, we use a methodology similar to the one described in [61], based on bisection.
Additionally, we find it necessary to match the numerical solution obtained in this way
to the asymptotic form of the fields (g,U), given by

Cl nr

g(?") ~ fral—i-Z—M/(Qn)e ) (561&)
M

U(r) = w+ —, (5.61Db)
T

2The integration is performed using the fifth-order accurate steps; the fourth-order steps are only
performed in order to estimate the error.
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with k := \/m and constants C', w and M. Here, w and M represent, respectively, the
(unrescaled) energy eigenvalue and total mass of the configuration. The form (5.61b)
is obtained by recalling the fact that lim U (r) = 0 and the definition U(r) = w —U(r).
The constants w and M are determined using the methodology described in Appendix
C in [70], whereas the constant C} is computed by fitting the profile of the right-hand
side of Eq. (5.61a) to the last 10 points of the function g obtained from the shooting
algorithm. This extension of the solution turns out to be necessary for the numerical
analysis of the first-order equations discussed in the next section, which requires the
knowledge of the background solution for values of r lying beyond the maximal radius
obtained from the shooting algorithm. Typical examples for the radial profile of the
(-boson stars, for different values of ¢, are shown in Fig. 4.1. Furthermore, Fig. 4.2

shows the Newtonian potential corresponding to the ground and first excited states
and £ =0,1,2,3.

5.5.2 Perturbations solutions

Next, we focus in the study of of the linearized system (5.31). Introducing the change
of variables A" = ayn®/r, Byy® = bya™/r in (5.31) one obtains

bHJML — UefbeJML = —i)\aJML, (562&)
a’ " — U™ agn™ — 200" = —idbsn", (5.62b)

where a prime denotes differentiation with respect to r, Ug(r) := L(L+1)/r* —U(r)
is an effective potential, and the function q;y,* is defined by

It 2L+ 1) (2L + 1)

QJM (1) = folr Z 7 Lowo
oy 2J+1
2 JJ+1)\ " ,
X C L'000 <d2 — T {fg(IJML} (T), (563)
-1
with the operator ;f% — J(i;H)> = rAS'(r7!) denoting the inverse of the operator

r/\;(r~1) with homogeneous Dirichlet conditions at 7 = 0 and r — oo. Note that the
system (5.62), like the system (5.31), is independent of the total magnetic quantum
number M, and hence we do not need to specify it.

To solve the system (5.62) we need two boundary conditions for each equation. To
determine these, one can study (heuristically) the dominant terms of the perturbed
system near the origin and infinity. Using the fact that J = 0,1,2,... and L =
|J—£),|J—£€]+2,...,J+£, and that the background solution behaves as f,(r) ~ r¢, one
finds that the dominant terms at the center stem from the centrifugal terms L(L+1)/r?
in the effective potential. Consequently, the regular solution at the center behaves as
(ayar™, b)) ~ (rFr1 r 1) (see Appendix F in [65] for further details). This leads to
the following boundary conditions for all £ > 0 at the origin:

ap“(r=0)=0, by (r=0)=0. (5.64a)
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In the asymptotic region f, decays exponentially and U (r) — w. Demanding that the
fields (aynL, byy™) decay at infinity, one requires that

: Ly — : Loy
lim ayp ™ (r) =0, Lim by (r) = 0. (5.64b)

In order to solve numerically the system (5.62) using the previous Dirichlet bound-
ary conditions we proceed as follows. First, we computed the background profiles f,, U
and represent these, as well as the perturbed fields a %, byar”, in terms of Chebyshev
polynomials. The different operators e.g., derivative and its inverse are discretized us-
ing a standard spectral method (see, e.g., Ref. [85]), which leads to a finite-dimensional
eigenvalue problem. For details of the numerical discretization procedure, we refer the
reader to subsection IVA in Ref. [70].

The discrete version of the system (5.62) can be written as:

0 D? —Up\ (asm) . (asm
<1D>2 Uy — 2 Zey(D? — V) 'F, 0 ) (bJM =M, ) 669

where here 0 represents the ¢;(N — 1) x ¢;(N — 1) zero matrix, with N the number of
Chebyshev points distributed as z; = cos (j7/N),j = 0,1,...,N. The constant c¢; is
defined as ¢; :=J + 1 for J < {and as ¢; := ¢+ 1 when J > ¢, and it corresponds to
the number of possible values of L with non-trivial coefficients Q s, for a given tuple
(¢,J). D* Upy,Fp and V; are cy(N — 1) x ¢;(N — 1) matrices whose diagonal contain
¢y blocks of smaller (N — 1) x (N — 1) matrices,

D? = diag (D, D3, ..., D}), (5.66a)
Upy = diag (U, U172, Ug™") (5.66b)
]Fg:diag(Fg,Fg,...,Fg), (566C)
VJ = dlag (VJ, VJ, ce ,VJ) . (566d)

The matrix block ]f)?\] corresponds to the discrete representation of the second derivative
operator with implemented Dirichlet conditions. For details of its construction we refer
the reader to Refs. [85, 70]. The blocks F, V4 and U.z" are diagonal and are constructed
as

Fy = diag (fo(@1), fo(x2), ..., fe(on-1)),

VA:diag<A(A2+1),A<A+1),...,A(A+1)>,

x7 x%

TR-1
Ue" = Vi — diag (U(a1),U(s), ... . U(zn-1)) 4

where the subscript A in V4 can take the labels J and L. The matrix Z,; is non-
diagonal, has dimension ¢;(N — 1) x ¢;(N — 1), and is obtained from

L=|J—¢| L=|J—¢| L=|J—¢|
ZJL’:|J—Z\ ZJL’:|J—€|+2 e ZJL’:JJrZ
L=|J—¢|+2 L=|J—£|+2 L=|J—£|+2
777 777 A
=|J— =|J— JL'=J+¢
ZZJ — JL |J €| JL |J f|+2 + 7 (568)
L=J+¢ L=J+¢ L=J+¢
ZJL/=|J4\ ZJL/:|J4|+2 e ZJL':J+£
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where the blocks Z%;, are diagonals matrices of constant coefficients

2L+ 2L +1)
Zi = \/ 57+ 1 C”° LowC”° o x 1, (5.69)

with I the identity matrix of dimension (N — 1) x (N — 1). The vector

(aJM> - (al‘]_“(xl), a7 o), a T (),

by
ca T R ), La’ T (an_y),
b|J_€|(:E1)7 ey b|J_£|(xN_1), b‘J_éH_Q(lL‘l),
T
ce 7bu_€‘+2(l‘[\|_1), ...... ,bJ—M(CL’N_l)) s

corresponds to the discrete representation of the eigenfields r(A ", Byt ).

We solve the discrete eigenvalue problem (6.65) using the SciPy library [86] for
N := 3r,/4 Chebyshev points where 7, := 200(n + 1) for the n’th excited state of
the background solution represents the physical radius of the outer boundary of our
numerical domain. Our code is publicly available in [1].

5.5.3 Results: Ground state in non-relativistic (¢ = 1)-boson
star

We first proceed to study the linear stability of the ground state corresponding to a
nonrelativistic (¢ = 1)-boson star. This configuration is characterized by a radial scalar
field profile f; without nodes (n = 0), whose gravitational potential Uy, = A~ (| f1?)
is monotonically increasing to zero as can be seen in Figs. 4.1 and 4.2. It follows from
Eq. (5.17) that linear stability requires that the real part of each eigenvalue A of the
system (6.65) with ¢ = 1 is zero.

By Theorem 4.4, ¢-boson stars are orbital stable (assuming existence of global
solutions) under radial perturbations (J = 0). The numerical results are in agreement
with the theorem and indicate that they are also stable under linear nonspherical
perturbations with J = 1,2,...,10. That is, we found only purely oscillatory modes
with strictly imaginary eigenvalues that come in pairs (A, —\) as was discussed in
subsection 5.4.1.

Table 5.1 presents the three lowest positive frequencies A for the first seven J
values. Notice that for even J = 0,2 values the first eigenvalue corresponds to the
stationary mode with Ay := A = 0 discussed previously. Numerically we can identify
these eigenvalues because although they are not zero to machine precision, they are
several orders smaller in magnitude than the remaining eigenvalues. For example, for
J =0 and ¢ = 1 the ratio with the first non-stationary eigenvalue is [Ag/A| ~ 1072,
Their eigenfunctions fulfill the relation Eq. (5.37). In the case of odd values for J, the
stationary modes belong to the odd-parity sector which we do not study numerically
because it only contributes to oscillatory modes.
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AL/t AL/t
Components Components
J | Real Imaginary J | Real Imaginary
0 1.05201 x 107° 0 0.11368481
0 0 0.06385090 4 0 0.16030883
0 0.14328038 0 0.18097544
0 0.00086601 0 0.15468802
1 0 0.05499307 5 0 0.18203923
0 0.08194250 0 0.19756177
0 2.11418 x 1076 0 0.18105790
92 0 0.09613376 6 0 0.19765391
0 0.10590972 0 0.20832581
0 0.05557199 0 0.19756669
3 0 0.13196275 7 0 0.20833027
0 0.15373565 0 0.21570444

TABLE 5.1: (Table extracted from [65]). Table with the first three eigenvalue pairs
(A, =) for perturbations with total angular momentum J = 1,2,...,7 of a boson star
with ¢ = 1. All modes are purely oscillatory.

Finally, we observe from Table 5.1 that (when excluding the stationary modes)
the slowest oscillating nonspherical modes with the largest period have total angular
momentum J = 1.

5.5.4 Results: Ground state in other non-relativistic /-boson

star
Next, we generalize the above study to configurations with ¢ = 0,2,3,...,6 and non-
radial linear perturbations with J = 1,...,10. This extends Theorem 4.4, which proves

that f-boson stars are orbitally stable under radial perturbations J = 0. As a check
of our results, we computed the respective eigenfunctions Ay, By for every type of
eigenvalues \ found: real, purely imaginary, complex with nonzero real and imaginary
parts, and we validated that these satisfy the properties discussed in Sec. 5.4. In
particular, we verified the quadruple symmetry and the fact that iA(Asar, Biar)even 1S
real.

Similar to the £ = 1 case, we show in Table 5.2 the three lowest positive eigenvalues
for the configurations ¢ = 0,2,3 with J = 0,1,2,3. As can be appreciated, similar to
configurations with ¢ = 1, (¢ = 0)-boson stars only exhibit purely oscillation modes
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0.05285868
210 0.06564270
0 0.07136165

4.32 x 1077 2.63 x 1071°
0.00644373 —5.11 x 10713
0 0.10237935

=0, N1/t (=2, X[1/t.] =3, A[1/t]
Components Components Components

J|Real Imaginary |Real Imaginary | Real Imaginary
0 4.321x107%0 8.766 x 1076 |0 1.637 x 107°
00 0.03412558 |0 0.06408695 |0 0.05903587
0 0.06030198 |0 0.16575905 |0 0.16827468
0 0.00049999 |0 0.00111802 |0 0.00132286
110 0.05555078 |0 0.05842642 |0 0.05925506
0.06676208 |0 0.07777395 |0 0.06609698

7.99 x 1077 1.37 x 107"
0.00907756 2.1 x 107'2
0 0.09954769

0.06571493 |0 0.05550210 {0.00363560 0.05313153
30 0.07135829 |0 0.06147704 |0 0.05910000
0.07442765 |0 0.07000546 |0.00085739 0.05953874

TABLE 5.2: (Table extracted from [65]). Table with the first three lowest eigenvalues
of the perturbations with J = 0,1,...,3 for boson stars with ¢ = 0,2,3. For ¢ = 0 all
modes are purely oscillatory, while the others have unstable modes.

and a stationary solution for J = 0. In contrast, for / = 2 and 3 we found a real
eigenvalue in the sector with total angular momentum J = 2. (Strictly speaking, this
eigenvalue has a nonzero small imaginary part; however a convergence study reveals
that by increasing the number N of Chebyshev points the imaginary part converges to
zero.) Furthermore, Table 5.2, we observe that for ¢ = J = 3, complex eigenvalues
with nonvanishing real and imaginary parts appear. In fact, we found that this type
of eigenvalue is also present in configurations with 2 < ¢ < 9 (see the left panel in
Fig. 5.1). The corresponding modes grow exponentially in time implying that the
underlying background solution is linearly unstable. This leads us to conjecture that
nonrelativistic /—boson stars with ¢ > 3 possess at least one exponentially in time
growing mode characterized by a complex eigenvalue A with A\; # 0.

Summarizing, for ground state configurations of the ¢—boson stars we verified
that the eigenvalues of the linearized system (5.31) satisfy the properties discussed
in Sec. 5.4. Furthermore, we found that they possess the following features:

(a) Configurations with ¢ = 0, 1 only present oscillating modes whose largest periods
correspond to the smallest J values.

(b) A family of stationary modes of the form Eq. (5.37) exist for a given set of values
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Figure 5.1: (Figure extracted from [65]). The relation between the total angular mo-
mentum J and the number of time-growing modes i.e., eigenvalues with positive real
parts Ag > 0. As a consequence of the symmetries discussed in subsection 5.4.1 we
have one (two) growing mode (modes) for every real (complex) eigenvalue with A # 0.
The cases having real X are pointed out in the figures, e.g., forn =0,/ = 2,3 and J = 2
one has A € R. Note that for large values of J there are only oscillating modes. The
left /right panel corresponds to configurations in the ground/first-excited states.

¢, J€{0,1,...,2¢} and |M| < J. For ¢ = 2,4,...,2n with n € N and J # 0,
they have an angular dependency that is different from the background solution;
hence they are expected to give rise to stationary nonspherical deformation in
the nonlinear case.

(c) Configurations with ¢ > 1 have in the even-parity sector with J = 2 a real
eigenvalue, for which all components of By (Ayys) are real (purely imaginary),
and the component Byy,’ is proportional to f,. These modes are exponentially
growing in time.

(d) Configurations with ¢ > 3 have at least one unstable mode that grows exponen-
tially in time and is characterized by a complex eigenvalue with nonvanishing
real and imaginary parts.

(e) Perturbations with large total angular momentum .J have only purely oscillatory
modes. As can be seen from the left panel of Fig. 5.1, the real parts of the
eigenvalues A vanish above a certain value of J, leaving only oscillatory modes.
This result is compatible with the analytical results of subsection 5.4, where the
absence of unstable modes for high enough values of J was proven. Therefore,
the lowest J modes are the ones that determine the linear stability of the non-
relativistic ¢-boson stars.
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5.5.5 Results: Excited states in non-relativistic /-boson star

Finally, to close this section, we discuss briefly the mode stability of excited /—boson
stars, i.e. background configurations with n > 0 nodes.

In [70] we conjectured that these configurations are linearly unstable — with expo-
nentially in time growing modes — under radial perturbations J = 0. The findings in
this section allow us to strengthen this conjecture: in addition to the unstable modes re-
ported in our previous work, here we found unstable non-spherical modes characterized
by purely real or complex eigenvalues. Furthermore, we found non-spherical stationary
and purely oscillatory modes. Our results support the conclusion that excited states
of nonrelativistic /-boson stars are unstable.

Similar to the ground state configurations, under perturbations with large total
angular momentum excited configurations only have oscillatory modes. In the right
panel of Fig. 5.1 we show the number of eigenvalues with non-zero real parts as a
function of J. Notice that in contrast to the ground state configurations, the real
eigenvalues are not limited to the J = 2 sector; however they are constrained to even
values of J.
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Chapter 6

Self-interacting boson stars

Following the approach of previous chapters, this chapter applies the direct method
of of the calculus of variations to the Gross-Pitaevskii-Poisson system. Our goal is to
demonstrate the existence of a ground state solution in the presence of a central point
mass and to establish its orbital stability. This analysis consider a single scalar field
and differs from the preceding work by including a self-interaction potential.

Moreover, recent numerical studies by Sanchis-Gual et al. [75] and Brito et al. [12]
suggest that excited boson stars may be stable if their self-interaction is repulsive and
sufficiently strong. Their conclusion is based on the numerical evolution of perturbed
boson stars in the spherically symmetric sector of the fully nonlinear Einstein-Klein-
Gordon theory with quartic self-interactions. In particular, they find excited config-
urations in which no apparent instabilities are manifest during the time span of the
evolution, indicating that these states are either stable or are unstable with a large time
scale associated with the unstable modes. Of course, the restriction to spherical sym-
metry leaves open the possibility that such excited states, although stable with respect
to radial perturbations, suffer from instabilities with respect to generic perturbations.

The purpose of the second part of this chapter is to shed new light on the stability
problem of excited boson stars in the self-interacting case. For this, we concentrate on
the Newtonian limit of the theory, where the complications of relativistic effects are
absent. As we will show, this non-relativistic framework, which reduces the Einstein-
Klein-Gordon system to the Gross-Pitaevskii-Poisson system, allows for a systematic,
linearized study of the stability of excited states against generic perturbations.

Similarly to chapter 1, in this chapter we are interested in the Newtonian limit of
the action (1.1) with the Lagrangian of matter given by

Lar = —V, BV 6 — m2lof — Mgl (6.1)

Here ¢ : R* — C is a complex-valued function and as before, the bar denotes complex
conjugate. Following the procedure developed in Sections 1.1 and 1.2 we obtain the
action

Slw] = [t [ d [87T1GUAU

L(.0 1 A
b (1974 g o lVF ) 0 = ol (6.20)
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where the functions ¢ and U refers to the wave function and the gravitational potential,
respectively. The variation with respect to these functions yields the Gross-Pitaevskii-
Poisson system

oy 1 A
5 = " Ay + o [9]%2) 4+ moU1p, (6.3a)
AU = 47Gmolp]?, on R, x R? (6.3b)

where A is a constant which is positive (negative) if the self-interaction is repulsive
(attractive).

The action (6.2a) is invariant under time translations, which means that the evolu-
tion of the system is not affected by shifts in the time parameter t. Associated to this
symmetry we can define the total energy of the configuration,

. 1 A 4 mo :
£16.0] = [ (e V0 + alol* + 2010 (6.4

which is conserved during the evolution. In addition, Eq. (6.2a) is also invariant under
continuous shifts in the phase of the wave function, v + ¢*), with « a real constant,
which results in the conservation of the particle number

N :/\1/1|2d3:c. (6.5)

One can prove using Noether’s theorem that other conserved quantities associated with
the Galilei group do exist (see Subsection 1.3.1 in Chapter 1 ).

It is convenient to formulate the Gross-Pitaevskii-Poisson system in terms of the
following dimensionless quantities

t:= Tt, = ml’, (66&)
A - A2\ 2 —
= — = —— M = GMmgyA'/? )
U 9 Ua ¢ <2M§1mo> ¢> G mo ) (6 6b)
where we have defined
M\ M2 1
A= i Sl, and Mp) = —(—. (6.7)

27wm3 VG

Including a central potential generated by a central mass M (see Section 1.3.2) and in
terms of these new variables the Gross-Pitaevskii-Poisson system (6.2) simplifies to

Oy 2

igy = (—A+ KU +U) 9, (6.8a)

AU = [¢|? + 4r M, (6.8b)
where K = +1 if the self-interaction is repulsive and x = —1 if it is attractive. We

have omitted the tildes in order to simplify the presentation (as before we will denote
dimensionfull quantities with the superscript phys whenever necessary).
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Equivalently, Eqgs. (6.8) can be expressed as an integro-differential nonlinear equa-
tion

2 _

ot

where A™!(]1|?) is defined as in Eq. (3.4).

As in previous chapters, we focus on scalar field configurations of the form:

Al - M A P v, (6.9)

]

U(t, ) = e “lu(z), (6.10)

where v is a real-valued function of z € R? and w a real constant. Introducing this
ansatz into system (6.2) we arrive at:

— Au + &lulu + Uu = wu, (6.11a)
AU = |ul* + 47 M, (6.11Db)
or equivalently
M
—A + klul* - il + A (|u?) | u = wu. (6.12)
x

The system (6.12) determines the stationary solutions to the Gross-Pitaevskii-
Poisson system.

The conserved energy functional (6.4) can be expressed in the form EPMS[ypPhvs] =
[ME,/ (moA*?m)]E[], with

Elu] = T[u] — Ln) + kFn] — D[n,n], n:= |ul? (6.13)

where the functionals T', F' and D are defined by

Tl] = ; [, Ivu(a) . (6.14a)
Lin =" Rs’;ﬂf , (6.14b)
Fln) = [ niayar. (6.14c)
Din,n] = 1; L] mdydx. (6.14d)

Lemma 6.1. The functional E[u] satisfies the following rescaling properties:

Elvu] = v*T[u] — v’ Lin] + v*sF[n] — v*Dn, n), (6.15a)
Elu,] = v*T[u] — vL[n] + v’k F[n] — vD[n,n], (6.15Db)

for each u € H' (R, CX) and v > 0, where u,(z) := v3?u(vz).

As in previous chapters, we want to prove the existence of a minimizer of the energy
functional (6.13) when it is defined over a admissible class of functions, and then to
establish the existence of solutions to Eq. (6.9).
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6.1 Variational problem
We define the variational problem
E(N):=inf{&[u] : u € Ax}, (6.16)

where
Ay = {u € H'(R?) : ||lu||3 = N}. (6.17)

We note that Flu| can be written as

Fln] = ull} (6.18)

Then, by the results of Chapter 1 (see estimate (3.22)) and by Theorem 2.7 and Corol-
lary 2.1, the energy functional £ : H*(R?) — R is well defined, continuous and Gateaux
differentiable. However, the next lemma shows that £ is not bounded from below in
the attractive case.

Lemma 6.2. Let N >0, M >0, and k = —1. Then, the energy functional £ is not
bounded below.

Proof. The statement follows from identity (6.15b) of Lemma 6.1, namely

= —F[n|+ -T[u] — — (L[n] + Dn,n]) = —oo when v — 0. (6.19)

In view of this lemma in what follows we shall only consider the repulsive case
k = +1. Furthermore, let v € H'(R?®) and denote by u’ its symmetric decreasing
rearrangement. Since ||ul|, = ||u*||, and by Theorem 3.3, we have

Elf] < Eu), (6.20)

which implies that we may restrict our attention to radial functions and consider instead
the minimization problem

E"(N) := inf{&[u| : u € A\ }, (6.21)

where
vo={ue H(R?) : ||jull3 = N} C Ay. (6.22)
Theorem 6.1. Let N > 0, M > 0, and k = +1. Then the problem (6.21) admits a

minimizer u € Ay and u = uf.

Proof. The proof follows the same strategy as that of Theorem 3.1. Therefore, using the
fact that H}(R?) is compactly embedded in LP(R?) for 2 < p < 6 (see Proposition 3.4),
Theorem 2.4 and that the Dirichlet functional is weakly lower semi-continuous, we
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conclude that there exist a minimizer u € ALy of the energy functional &, defined
by (6.13), over the space

“yv={ue H R : ||lul; <N} (6.23)
It remains to prove that ||u]|3 = N. To this end, define
E<(N) :=inf{€[u] : u € ALy} (6.24)

Fix u € A} with u # 0. Since L[n] > 0 and D[n,n] > 0 and using the scaling
identity (6.15b), we conclude that E[u,] < 0 for v > 0 small enough, which implies
that E(N) < 0.

Let u € AL 5 be a minimizer of £, so that

E<(N) = €[] < 0. (6.25)

Assume by contradiction that ||ul|2 < N and consider the function vu for 0 < v < 1.
Using the scaling identity (6.15a), we compute

d

T Elau) = 2T[u] — 2L[n] + 4F[n] — 4D[n,n] =0, n:= |ul*. (6.26)

a=1

Similarly, defining uq(z) = o/?u(ax) and using Eq. (6.15b) we have

d

o= Elua] = 2T[u] = L[n] + 3F[n] = D[n, n] = 0. (6.27)

a=1

Combining Eqgs.(6.26) and (6.27), we deduce
T[u] + F[n| + Dln,n] =0, (6.28)

which is a contradiction since each term is strictly positive. Hence [lul|3 = N, and
therefore u € A}, is a minimizer of the functional £. |

The following theorems can be proven by repeating the arguments of the proofs of
Theorems 4.2(ii), 4.3(i) and 4.4 respectively.

Theorem 6.2. Let N > 0, k = +1, and M > 0, Then, every minimizing sequence
(u;) of (6.21) is relatively compact in H}(R?).

Theorem 6.3. Assume that N >0, k = +1, and M > 0. Let u € H}(R3?) be a critical
point of the energy functional € (defined in (6.13)) on the set {H(R?) : ||ul|3 = N},
such that ||u||3 = N. Then, there exist a constant w € R with w < 0 given by

W= (T'[u] + 2F[n] — L[n] — 2DIn,n]), (6.29)

such that u is a weak solution in H*(R®) of the non-linear Schrédinger equation,

M
—Au + |ul*u — |m—|u + A7 (JuP)u = wu, (6.30)
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where the potential A~ (Jul?) € LP(R3) for all 4 < p < oo is given by Eq. (3.4).
That is, for all v € H'(R?)

[ [Vqu(x)* + u(z) Pu(z)o(z)” — f\éu(x)v(x)* (6.31)
o) Ua(@)u(z)o(a)” — wulz)o(z) | e =0, (6.32)

Moreover, the following virial relation is satisfied
£lu] = —T[u] — 2F[n). (6.33)

Theorem 6.4. Suppose that N > 0, k = +1, and M > 0. Let Sy denote the set of
minimizer of variational problem (6.21), i. e.,

Sy ={u€ HR? : Eu] = E(N), |lul|5 = N}. (6.34)
Solutions to the Cauchy problem (assuming these exist globally in time)

O M

i = TACHIPY = S+ AT, inRy < RY (6.35a)
V(0,2) = o(x), with g € H'(R?), (6.35b)

of the form
U(t, ) = e "™u(x), (6.36)

are orbital stable (see Definition 4.2). Here u € Sy and w < 0 is given by Eq. (6.29).

6.2 Linear stability of self-interacting boson stars
under non-spherical perturbations

The stability of stationary solutions is determined by the behavior of the small devia-
tions about Eq. (6.10). To proceed, we take M = 0 and linearize the integro-differential
equation (6.9) following the procedure presented in Chapter 5. With this is mind, we
propose the following ansatz for the wave function

Y(t,x) = e [u(x) +ev(t,z) + O(?)], (6.37)

where € is a small positive parameter. Here, (w,u) is a solution of the nonlinear
eigenvalue problem (6.12) and v is a complex-valued function depending on (¢, z) that
describes the linear perturbation.

Introducing the ansatz (6.37) into Eq. (6.9) one obtains, to linear order in &,

Ov

o = (7:[ — w) v + 2uK [uRe(u)], (6.38)
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with the linear operators

Ho= —A+ &lul> + A (Jul?), (6.39)
K:=r+A"L (6.40)

To separate the temporal from the spatial parts of o we use the mode ansatz (see also
Section. 5.2 in Chapter 5 for details):

v(t, ) = [A(z) + B(2)] e + [A(z) — B(2)]" e, (6.41)

where A and B are complex-valued functions depending only on # € R? and ) is a
complex constant (not to be confused with the selfinteraction coupling constant A of
Eq. (6.1)). Substituting Eq. (6.41) into Eq. (6.38) and setting the coefficients in front
of e* and e to zero, we arrive at

iM =(Hl-w) B, (6.42a)
iIAB = (H —w) A+ 2uK (uA). (6.42D)

This system constitutes a linear eigenvalue problem for the constant A. Notice that
linear instability is signaled by the existence of solutions with a positive real part Ag
of X\. The lifetime of the unstable configurations is expected to be of the order of
tiife ~ 1/ AR, with \™®* the eigenvalue with the largest real part.

6.2.1 Basic properties of the stationary states

Next, we present some basic properties satisfied by the solutions of Eq. (6.12), based
on the simple scaling argument given in Lemma 6.1. In Sect. 6.2.3 these properties will
be used to shed light on the stability of stationary states in the attractive case.

To explain our scaling argument, recall that stationary states are critical points of
the energy functional (6.13), assuming that the particle number N = |Jul|3 is fixed.
Now, let v > 0 be an arbitrary real and positive parameter and u(x) a given scalar
field. Consider the rescaled function

u, () = v u(ve), (6.43)

which leaves the particle number invariant: |lu,||3 = ||u/|3. Under this rescaling, the
energy functional (6.13) transforms as

Elu,) = v*Tu] £ v*F[n] — vD|n,n, (6.44)

and the first and second variations of £[u, | at u,—1 = u are

jyg[uy] | = 2T(u] £3F[n] - Dfn,n), (6.45)
dd;zf[u,,] = 2T[u] + 6F[n). (6.45b)
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In particular, if u is a stationary solution, the first variation is zero, which yields the
relation
Din,n| = 2T'[u] £ 3F[n]. (6.46)

This expression is valid for any stationary solution and allows one to eliminate D[n,n]
in the energy functional and compute the energy for such states solely in terms of T'[u]
and F'[n| according to

Elu] = =Tu] — 26 F[n]. (6.47)

This expression implies that the energy of the stationary states is always negative in
the repulsive case. In the attractive case, it follows from Eq. (6.44) that &[u,] is not
bounded from below, since it can be made arbitrarily negative by choosing v large.
According to Eq. (6.45b), the critical point at ¥ = 1 corresponds to a local minimum
of Eu,] if T —3F > 0 and to a local maximum if 7' — 3F < 0. It follows from
these observations that in the attractive case a stationary state u cannot be a (local)
minimum of the energy functional if 7" < 3F', that is, when the selfinteraction term
dominates the kinetic term.

6.2.2 Properties of linearized equations

In this section we review some properties of the solutions to the system of Eqs. (6.42)
that describe the behavior of linear perturbations. These properties and their deriva-
tion are completely analogous to the ones reported in subsection 5.4 of chapter 4; hence,
we only mention the most relevant ones.

First, note that there always exists the zero-mode solution (A, A, B) = (0,0, fu),
with 8 an arbitrary complex constant. This corresponds to the trivial perturbation that
rotates the real function v(x) into the complex plane, resulting in a new configuration
Y(t, ) that is indistinguishable from (6.10).

Second, the solutions to the Eqs. (6.42) appear always in quadruples, that is, if
(A, A, B) is a solution, then (=X, A, —B), (A\*, A*, —B*) and (—\*, A*, B*) are also so-
lutions. This implies that the eigenvalues A appear always in the form {\, =\, \*, —=A\*}.
Linear stability requires that all eigenvalues A are purely imaginary. In the remaining
of this work we shall count the number of unstable modes by the number of eigenval-
ues with distinct real part. Hence, when both the real and imaginary parts of A are
different from zero, we count the pair of eigenvalues A and \* as one unstable mode,
although they may belong to two linearly independent eigenfunctions.

Third, from Eq. (6.13) and analogously to expression (5.4), we obtain the following
expression for the second variation of the energy functional,

52Eu;v) = (v, [H — wv) 2 + 26F[0n] — 2D[dn, én), (6.48)

where dn := 2Re(u*v). The restricted second variation of the energy functional §2€ is
related to the linearized equations in the following way: multiplying Eq. (6.42b) by A*
and Eq. (6.42a) by B* and integrating one obtains

i\ (A, B) = 62E[AR] + 02E[A)], (6.49a)
i\(B,A) = (B,[H - w]|B), (6.49b)
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where Ag, A7 denotes the real and imaginary parts of A, respectively, and 62E[AR] is
given by Eq. (6.48) replacing v with Ag. The right-hand sides of the previous equations
are real; thus,

— M| (A, B)]? €R. (6.50)

Finally, if A is real one can choose A real and B purely imaginary. Eliminating ¢AA on
the left-hand side of Eq. (6.49a) and using Eq. (6.42a) one gets

— (B, [l —w|B) = 62€[A]. (6.51)

Equations (6.49), (6.50) and (6.51) are useful to rule out the existence of certain
unstable modes. For example, consider a stationary state for which w is the ground
state energy of the Schrédinger operator H. Then, gB , [7—1 — w]B) > 0 with equality if
and only if B lies in the kernel of H — w. This immediately excludes the existence of
modes with Ar # 0 and A\; # 0 since in this case Eq. (6.50) would imply that (A, B) =0
and then one could infer that A = B = 0 using Eqs. (6.49b) and (6.42). If, in addition,
this state is a local minimum of the energy functional, such that §2£ is positive or
zero, then unstable modes with A\; = 0 are also ruled out since in this case Egs. (6.51)
and (6.42) imply that A = B = 0. These arguments show that stationary ground state
configurations can have only real or purely imaginary A and that real eigenvalues are
excluded if these configurations are a local minimum of the energy functional £.

6.2.3 Stationary and spherically symmetric configurations

For the remaining of the chapter we focus on stationary solutions which are spheri-
cally symmetric, i.e. u(x) = u(r). In the next subsection we discuss the background
(unperturbed) solutions, whereas some properties of the linearized perturbations are
discussed in subsequent subsections.

Background configurations

Instead of solving directly the integro-differential equation (6.12), for a numerical analy-
sis it is more convenient to work with the original Gross-Pitaevskii-Poisson system (6.8).
Introducing the harmonic ansatz 6.10) into Egs. (6.8) and defining the shifted potential
U(r) :=w—U(r), the dimensionless Gross-Pitaevskii-Poisson equations take the form

Ayu = (mﬁ - Z/{) u, (6.52a)
AU = —u?, (6.52b)
where A, := %%r denotes the radial Laplace operator.

The system of equations (6.52) must be solved for some appropriate boundary
conditions. By Theorem 6.3, u must be regular at the origin, thus u(r = 0) = wuy,
wW(r=0)=0,U(r=0)=Uy, and U’ (r =0) = 0. (Here and in the following the prime
refers to derivation with respect to r.) Then, given Uy, the central amplitude of the
field u is fine-tuned using a numerical shooting methodology based on the condition
TlLIglo u(r) = 0 at spatial infinity, which is required for the solution to be localized.
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Figure 6.1: (Plot extracted from [21]). In the notation adopted in this thesis, o(®)
corresponds to u, oy to uy and |E| to |w|). Stationary and spherically symmetric
solutions of the Gross-Pitaevskii-Poisson system with no nodes (n = 0). Red (blue)
lines correspond to the repulsive (attractive) case, and we have included the solutions
to the Schrodinger-Poisson system (black lines) for reference. (Left panel) The profile of
the wave function u(r) for a central value of unity, uy = 1. (Center panel) The effective
mass of the configurations Myg as a function of the effective radius Rgg. (Right panel)
The magnitude of the energy eigenvalue |w| as a function of the central amplitude wy.
The dots in the last two panels correspond to the configurations of unit amplitude. For
ug — 0 the effects of the selfinteractions become negligible.
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Figure 6.2: (Plot extracted from [21]). In the notation adopted in this thesis, o(®
corresponds to u, oy to uy and |E| to |w|). Same as in Fig. 6.1 but for the stationary
and spherically symmetric solutions of the Gross-Pitaevskii-Poisson system with one
node (n =1).
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Figure 6.3: (Plot extracted from [21]). Relationship between the energy func-
tional (6.47) and the particle number N for states with zero, one and two nodes in
the repulsive, non-selfinteracting and attractive cases. Note that in the attractive case
the number of nodes n does not necessarily label the number of the excited state. The
shaded regions represent the stability bands with respect to generic linear perturba-
tions discussed in Sec. 6.2.4.

The system (6.52) is solved numerically using an adaptive explicit 5(4)-order Runge-
Kutta routine [86, 28, 51|, where we rewrite the equations as a first-order system for
the fields (u,U). For the shooting, we use a methodology similar to the one described
in previous Chapter in Sec. 5.5.

Some representative solutions of the stationary and spherically symmetric Gross-
Pitaevskii-Poisson system are shown in Figs. 6.1 and 6.2 for the ground (n = 0) and
the first excited (n = 1) states, respectively.

In these figures, the mass of the configurations MP"* has been calculated as their
particle number Eq. (6.5) times the mass my of the individual particles, which leads to
MPhs = [M3,/(4mmoAY?)| M, where M := 47 [° u(r)?r?dr is the dimensionless mass.
Note that, formally, the radius of a boson star extends to infinity, and for that reason
we have defined the effective radius Rgg as the one encompassing 99% of the total mass
of the configuration, Mgyg. On the other hand, the energy eigenvalue w?™* = [2mg/AJw
associated with the state u(r) can be computed from the formula

w=U— /OOO u(r)rdr. (6.53)

As expected, the profile of the configurations expands (shrinks) if the selfinter-
action is repulsive (attractive), as can be appreciated in the left panels of Figs. 6.1
and 6.2. Furthermore, in the repulsive case the configurations become more compact
as we increase the value of the central amplitude, as also occurs for the stationary and
spherically symmetric solutions of the Schrédinger-Poisson system, wheres in the case
in which the selfinteraction is attractive there exists a state of maximum mass corre-
sponding to a central amplitude uéwgg ; see the central panel of Figs. 6.1 and 6.2 and
Refs. [18, 20, 19]. Finally, it is also interesting to stress that in the limit ug — 0 the
attractive and the repulsive configurations approach the solutions to the Schrodinger-
Poisson system, see the central and right panels of the same figures. This implies that
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Figure 6.4: (Plot extracted from [21]. Here oy corresponds to uy and ad" to u) 9n§ax).

Configurations with a negative value of T' — 3F' correspond to stationary states that
represent critical points of the energy functional which cannot be local minima, and
hence they are expected to be unstable. The stars denote the maximum mass config-
urations at uy = uéw ‘“’Héax; see also Fig. 6.5 which complements these plots.

the effects of the selfinteractions become negligible in the limit of low amplitudes, as is
also apparent from the Gross-Pitaevskii-Poisson system (6.3).

In Fig. 6.3 we plot the total energy £ of the configurations as a function of the
total number of particles N for the ground and first two excited states. Note that the
energy functional (6.4) consists of three terms: the first of them is a consequence of
the “quantum pressure” and is positive definite. The second one is associated with the
selfinteraction and can be positive or negative, depending on whether the selfinteraction
is repulsive or attractive, respectively. Finally, the last term is associated with the
gravitational interaction which is attractive and negative definite. It is interesting to
note that in the repulsive case, as well as if there are no selfinteractions, the total
energy is negative definite and its magnitude increases with the number of particles.
Furthermore, for a given value of N, the energy also increases with the number of
nodes n in the configuration. This allows us to label the number of the excited states
with n, as is usually done. However, this behavior changes for the case of an attractive
selfinteraction, where, for a given n, there is a state of minimum energy (which coincides
with the state of maximum mass), and from this point onward the energy increases up
to positive values.

Stability properties based on a scaling argument (attractive case)

Recall from Section 6.2.1 that in the attractive case, a stationary configuration cannot
be a local minimum of the energy functional if 7' — 3F < 0. When the central value
of the scalar field ug is small, the configurations resemble the ones of the Schrodinger-
Poisson system, and hence the selfinteraction term F' is negligible, such that T" > 3F is
expected to hold. In contrast, as uy grows, the influence of the selfinteraction becomes
more pronounced (see Figs. 6.1 and 6.2) and one expects 3F to surpass the value of T’
after some critical value of uq.
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Figure 6.5: (Plot extracted from [21]. Here v, corresponds to u, and oy to ug). The
energy functional £[u,| as a function of v for three ground state configurations. (Left
panel) Stationary state with ug = 0.19 < ué\@]’ax giving T' = 0.558 and F' = 0.047.
This state could be a local (but not a global) minimum of the energy functional and
hence could be stable. (Center panel) Stationary state with ug = 1.0 = ué\/[ 95" giving
T = 5.641 and F' = 1.887. This state resembles a saddle point of the energy functional.
(Right panel) Stationary state with uy = 1.89 giving T'= 11.411 and F = 5.282. This
state cannot be a local minimum of the energy functional and is expected to be unstable.

The plots in Fig. 6.4 show that these expectations are indeed fulfilled. Interestingly,
the critical value of ug for which T'— 3F = 0 seems to coincide with the maximum of
the mass in the center panels of Figs. 6.1 and 6.2. As will be discussed in the next
section, when this critical value is surpassed, the number of unstable modes grows by
one.

For completeness, Fig. 6.5 shows the behavior of the energy functional under the
rescaling (6.43) and illustrates that stationary states with positive (negative) values of
T —3F represent a local minimum (maximum) with respect to this particular variation.

Decomposition of the linearized system into spherical harmonics

Since the background solution is spherically symmetric, the linearized equations can
be decoupled into a family of purely radial systems by expanding the perturbations in
terms of spherical harmonics Y. In particular, the field A(z) can be expanded as:

A(z) = Apu(r)Y™(9, ), (6.54)

and similarly for B(z). This reduces Eqs. (6.42) to the following system:

Z)\ALM = (/?:[L — (JJ) BLM) (655&)

Z)\BLM = (HL - w) ALM + 2URL [UALM] y (655b)
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with the operators A 1, and K 1, defined by
Hy = —Ap + wu® + AT u?), (6.56a)
Kp =k + AL, (6.56b)
where Ay, := A, — L(L+1)/r? and

1 7ot
AN = g7 [~ (PR, (6.57)
0 >

with r~ := min{r, 7} and r~ := max{r,7}. Note, in particular, that Ay = Ap_o.

In the next section this system will be solved numerically for L = 0,1, 2,.... Before
doing that, however, we prove that no unstable modes are present if L is large enough,
which, in principle, reduces the numerical analysis to a finite number of L values.

Non-existence of unstable modes for sufficiently large L

In this subsection we show that if the orbital angular momentum L of the perturbation
is large enough, then there are no unstable modes. The arguments below generalize
the ones in Section. 5.4.4 to include the self-interaction term.

Using the estimate (E8) in Appendix E in [65], one obtains from Eq. (6.48) the
inequality?

1
2> QIIVUHS + (v, [su? + U — wlv) = Cil|v/ f|l3 + 26F [on], (6.58)

where U := A~(Ju|?), C; > 0 is a positive constant and f(z) := (/1 + |z[2. In the
repulsive case, the term +2F[dn]| on the right-hand side of Eq. (6.58) is positive and
hence can be discarded without altering the inequality. In the attractive case, we use
the estimate |on|? < 4|u|?*|v|?, which implies

F[on] < max (L [[*)u(@) ] llo/ f13- (6.59)

Since |u| is smooth and decays exponentially to zero as |r| — oo, the maximum is
finite. Therefore, the negative term —2F'[n| on the right-hand side of Eq. (6.58) can
be removed after making the constant C larger.

Based on these results, we can prove that §2€ is positive definite for sufficiently
large values of the orbital angular momentum L. To this purpose we expand du in
spherical harmonics

v = Z R (r)YEM (9, ). (6.60)

Substituting this in expression (6.58) and discarding the terms which involve |h/ ,,(r)|?
one gets

E>3 { /0°° hoat (1) [L(L;” - 01] dr
+/ e (7 P[50 + U(r )—w]r2dr}. (6.61)

'Note that the left-hand side of Eq. (E8) in [65] should read D[én,dn] instead of D[du, ful.
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First we look at the integrand in the second line and observe that the function g(r) :=
[ku? + U(r) — w]r? satisfies g(0) = 0 since u and U are regular at the center, whereas
g(r) is positive for large enough r. This implies (since U is continuous) that ¢g(r) has a
minimum, that is, g(r) > Cs for all r > 0 for some negative constant Cy. Using these
properties, the estimate (6.61) yields

£5>Z/MWMWPV@+”—GH65W. (6.62)
/o 2

Therefore, §2€ is positive definite if hzy, is identically zero for all L with L(L+1)/2 —
C1 4 Cy < 0. This proves that the second variation of the energy functional is positive
definite on the subspace of perturbations with large enough values of L.

Now we can prove the non-existence of unstable modes for large L. We proceed by
contradiction. If A has real and imaginary parts different from zero, then Eq. (6.50)
yields (A, B) = 0, and in this case Eq. (6.49) and the positivity of £ imply that
A = B = 0. On the other hand, if X is real, Eq. (6.51) leads to a contradiction since
the right-hand side is positive whereas the left-hand side is negative for sufficiently
large values of L.

6.2.4 Numerical study of the linearized system

To find the eigenvalues A of the system (6.55) we use a similar methodology to the
previous chapter, for which it is convenient to write the system of equations in a more
appropriate form. For this, we define the new rescaled functions ar(r) := rApy(r) and
br(r) := rBry(r), in terms of which the system (6.55) reduces to

by F lul?br + U by = —idar, (6.63a)
ai + Usfay — 3k|ul?ar, (6.63b)
2 L(L+1)\" .
—2u (dr2 — (7“2)> [uap] = —iXby.

Here we have introduced the effective potential U (r) := U(r) — L(L +1)/r?, and the
operator (d2/dr? — L(L +1)/r2)"" = rA7'~! denotes the inverse of rA.(r~!) with
homogeneous Dirichlet boundary conditions at » = 0 and r — oco. Given that the
system (6.55) is independent of the magnetic quantum number M, we have omitted
this label in Eqgs. (6.63).

These equations must be solved for some appropriate boundary conditions. To
determine these conditions, one can study (heuristically) the dominant terms near the
origin and at spatial infinity. Near » = 0 the equations are dominated by the centrifugal
term L(L + 1)/r? of the effective potential U§T, which means that regular solutions at
the center must behave as (aL, br) ~ (r¥+i, TL+1). This leads to the following boundary
conditions at the origin:

ar(r=0)=0, by(r=0)=0. (6.64a)
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On the other hand, in the asymptotic region, the radial profile of the background field
u(r) decays exponentially to zero and U(r) approaches w. This implies that the fields
(ar,br) must vanish at infinity,

lim ar(r) =0, lim bz (r) =0, (6.64b)
in order to have solutions with finite total energy.

To numerically solve the system (6.63) with the Dirichlet boundary conditions (6.64)
we employ the following approach: first, the background profiles u(r) and U(r) are
computed following the method described in Section 6.2.3, and they are extended to
large values of r using the procedure described in the previous chapter in Section 5.5.
Second, these background profiles, as well as the perturbed fields ay,, by, and the different
operators, e.g. the derivative and its inverse, are discretized in terms of Chebyshev
polynomials using a standard spectral method (see Sec. 5.5 or Ref. [85]), which leads
to a finite-dimensional eigenvalue problem. For details of the numerical discretization
procedure we refer the reader to Sec. IV of Ref. [70].

The discrete version of the system (6.63) can be writen as:

0 D} FU? + UsF
) L, -, LN P2} = —in (2F),  (6.65)
D ¥ 302 + U —2U(D - L) U 0 bz b

where here 0 represents the (N — 1) x (N — 1) zero matrix, with N the number of
Chebyshev points distributed as z; = cos (jm/N),j = 0,1,...,N. The quantities

U := diag (u(xl), u(zs), ... ,u($N_1)>,

Ut .= diag (Ugff(xl), Ust(2,), ..., Ugff(a;N_l)>,

]L::diag<L<Lj_l),L(L+1),...,L(L+1)>,

T x%

2
TN-1

are the discrete representation of the background quantities and centrifugal term, re-
spectively, and the discrete operator Dy is defined in [70]. The vector

(Ei) = (aL(l'l)a ,aL(:l?N—1),bL(:E1),...,bL(xN_1)>

represents the eigenfields r(Aras, Brar)?. We solve the discrete eigenvalue problem (6.65)
using the SciPy library [86]. Our code is publicly available in [1].

In the following subsections we present the results of the eigenvalue problem, first
for the ground state configurations and then for the excited states.

Ground state

For ground state configurations (n = 0) we have found that, for the explored range
of the parameter space (0 < up < 10, 0 < L < 12 for the repulsive and 0 < uy < 5,
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Figure 6.6: (Plot extracted from [21]. In the notation used in this thesis we identify
oo with ug). The real part of the frequency A as a function of the central amplitude
ug for perturbations with L = 0 in configurations with n = 0, 1 and 2 nodes. The
existence of modes with a real positive part of the frequency indicates the existence
of an instability. The different color shades correspond to different unstable modes,
and for reference we have included dotted vertical lines in blue to indicate the state of
maximum mass ué\/[ %" in the attractive case. The circles denote our numerical results,
whereas the dashed lines represent the scaled results of the n unstable modes reported
in Ref. [65] for the Schrodinger-Poisson system. For the repulsive and the attractive
cases we use straight solid lines to connect the numerical results and improve the
visualization. Ground state configurations (n = 0) are stable for any value of the
amplitude if the selfinteraction is repulsive, or if there is no selfinteraction, and they
are unstable for large enough amplitudes (uy 2 uéw LI 1.0) if the selfinteraction is
attractive. Excited states (n # 0) are in general unstable, although certain bands of
stability in the amplitude uy appear if the selfinteraction is repulsive.

0.4 n=>0 : n=1
0.2 1 1
200
L=1
—0.2 —e— GPP repulsive 1
e~ SP
—0.4 1 —— GPP attractive

Figure 6.7: (Plot extracted from [21]. In the notation used in this thesis we identify
oo with ug). Same as in Fig. 6.6 but for perturbations with L = 1. The ground state
(n = 0) is always stable under such perturbations, no matter if the selfinteraction is
attractive, repulsive or absent. Excited states (n # 0) present stability bands for the
repulsive and attractive cases.
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O N WHER T N1 0 ©

Figure 6.8: Plot extracted from [21]. In the notation used in this thesis we identify oy
with ug. The shaded regions in red represent, for different values of L in the interval
from 0 to 12, the amplitudes uy for which the system posses unstable modes. Lighter
(darker) colors indicate the presence of one (two) unstable mode(s). Note that the
ground state (n = 0) does not present unstable modes for any value of uy or L, so we
can conclude that it is stable. In contrast, the first excited state (n = 1) presents a
common stability band in the interval 1.55 < uy < 2.07, whereas this band is empty
for the second excited state (n = 2).

0 < L < 6 for the attractive case), the first two scenarios exhibit a similar behavior
under linear perturbations. In particular, the configurations are always stable under
spherically symmetric perturbations (L = 0), as can be appreciated from the left panel
of Fig. 6.6. Furthermore, non-spherical perturbations (L # 0) do not either exhibit
unstable modes that grow in time, at least for L < 12, as can be seen in the left panel
of Fig. 6.7 for L = 1 and the left panel of Fig. 6.8 for other values of L in the repulsive
case. The results corresponding to the scenario without selfinteractions are consistent
with those reported in [65] and coincide with the repulsive and the attractive cases in
the limit ug — 0.

Contrary to the first two scenarios, the case with an attractive selfinteraction
presents ground state configurations that are unstable under radial perturbations (L =
0). More precisely, we found unstable modes with Ag > 0 when wuy 2 1; see the left
panel of Fig. 6.6. This gives rise to a family of solutions which is stable for uy < 1
and unstable for ug = 1. Interestingly, the division between the stable and unstable

max

states seems to coincide with the maximum mass configuration at uy = uéw % 1.
This is consistent with the turning-point principle; see Refs. [89, 43, 79], the Appendix
C2 of the published version of [2], and in particular [35] for a discussion in the con-
text of relativistic boson stars. Regarding non-spherical perturbations, no unstable
modes appear when L = 1, as is appreciated from the left panel of Fig. 6.7. Based
on a more extensive study within the aforementioned parameter range, we found no
unstable modes for L > 0, as can be seen from the left panel of Fig. 6.9.
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GPP attractive n=1 n=2
n=>0

a0

Figure 6.9: (Plot extracted from [21]. In the notation used in this thesis we identify
oo with ug). Same as in Fig. 6.8 but for the attractive case. Note that the common
stability band is empty for the first and second excited states and that no unstable
modes are found for L > 3. Note also that for n = 2 and L = 2 there are two unstable
modes in the interval 0 < ug < 0.1, although they are barely visible.

Excited states (spherical perturbations)

The excited states of the Schrodinger-Poisson system are known to be unstable under
radial perturbations [44]. However, in presence of selfinteractions, our analysis (carried
out in the range 0 < uy < 14 with 0 < L < 12 and 0 < L < 6 in the repulsive and
attractive cases, respectively) reveals an interesting pattern of stability and instability
bands, with a particular relevance for the case where the selfinteraction is repulsive.
Our study focusses on the first two excited states (n = 1 and n = 2) of the Gross-
Pitaevskii-Poisson equations, however, we expect that the behavior discussed below
will continue to be valid for higher excited states.

The central and right panels of Fig. 6.6 present the results obtained for radial pertur-
bations. As can be observed, there exist unstable modes with Az > 0 in the attractive,
the repulsive as well as in the non-selfinteracting case. In the first and third cases, we
have identified an unstable band that spans all values of the central amplitude uq that
we have explored. For the n’th excited state, this band consists of n unstable modes
that grow exponentially in time. In the attractive scenario, for one of these modes,
Ar grows rapidly as ug increases, signaling that the solutions have a lifetime that is
much shorter than the state with the same central amplitude in the non-selfinteracting
theory. Indeed, in absence of selfinteractions, one observes a linear relationship be-
tween the real part of the mode(s) frequency Ag and the central amplitude ug. This
relationship arises from an inherent scaling freedom in the Schrodinger-Poisson system.
For further details regarding this symmetry we refer the reader to Refs. [61, 70]. The
dashed lines represent the scaled results of the n unstable modes reported in Ref. [65],
while the dark circles denote our numerical results. As can be seen, both sets of results
are in agreement.

A more interesting pattern appears for the repulsive scenario, in which the unstable
radial modes cover only localized intervals of ug, resulting in stability bands where
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Ar = 0;? see the central and right panels of Fig. 6.6. It is worth noting that, unlike
ground state configurations, the boundary between stable and unstable solutions is not
determined by a maximum mass state.

Excited states (non-spherical perturbations)

Next, we address the problem of what happens to the stability bands of the previous
subsection when non-spherical perturbations are considered. Specifically, the relevant
question is whether unstable modes with L > 0 appear inside these bands, which would
imply that the configurations are unstable with respect to generic linear perturbations.

The central and right panels of Fig. 6.7 show unstable modes with L = 1 appearing
in certain intervals of ug, giving rise to new stability bands. Interestingly, such bands
appear in the repulsive as well as in the attractive case, whereas for L = 0 they only
occurred in the former case. Further stability bands arise as L increases. The central
and right panels of Figs. 6.8 and 6.9 show the different stability bands (white regions)
for different values of L. Notice that for high enough values of L, the stable band covers
entirely the region of the parameter space we have explored, which is compatible with
the result obtained in Subec. 6.2.3.

Furthermore, it is interesting to compare the colored regions of instability shown
in Figs. 6.8 and 6.9 for small values of uy. In this limit the selfinteraction term of
the Gross-Pitaevskii equation (6.3) is subdominant, which would lead to all scenarios
being equivalent (see the overlapping region in Figs. 6.1 and 6.2). As a consequence,
one observes from Figs. 6.8 and 6.9 that in the limit uyg — 0 the instability bands
(including the number of unstable modes) transit continuously to the corresponding
instability bands belonging to the configurations of the Schrédinger-Poisson system.
For the particular cases n = 0 and n = 1 we refer the reader to Fig. 4 of Ref. [65] for
the case ¢ = 0 where the respective regions of instability for the Schrédinger-Poisson
system are reported.

We conclude this section by emphasizing that only configurations lying in the in-
tersection of the stability bands for all L are stable with respect to generic linear
perturbations. For n = 1 the resulting common stability band turns out to be very
narrow in the repulsive case, as shown in Fig. 6.8, whereas it is empty in the attractive
case, see Fig. 6.9. For n = 2 there are no stable configurations, neither in the repulsive
nor in the attractive case. Similar results are expected for higher excited states.

2Note that the occurrence of such localized stability bands is excluded in the non-selfinteracting
case due to the aforementioned rescaling freedom of the Schrédinger-Poisson system.
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Chapter 7

Conclusions

In this thesis we have studied the multi-field Schrodinger-Poisson and the Gross-
Pitaevskii-Poisson systems, both modified through the inclusion of an external gravita-
tional potential generated by a point mass M. By minimizing the functional associated
with the total energy keeping the total particle number fixed, we established the ex-
istence of static solutions of these systems. These solutions are strong (belonging to
the Sobolev space H?, controlling up to two derivatives in L?) in the case M > 0
and classical solutions (controlling derivatives of arbitrary order) when M = 0. For
the multi-field Schrédinger-Poisson system, the ground state obtained is characterized
by the form u = fe where e € C¥ is a constant unit vector and f is a real-valued,
spherically symmetric and monotonically decreasing function.

Furthermore, by restricting the minimization of the energy functional to the space
of functions invariant under the spin-¢ unitary group representation p\), we were able
to rigorously demonstrate the existence of Newtonian /-boson star. In addition, it was
shown that these configurations are orbital stable within the class of perturbations
which are invariant with respect to p® (under the assumption of global existence),
and a linear stability analysis indicated that they are linearly unstable against non-
spherically symmetric perturbations unless £ =0 or £ = 1.

The advantage of demonstrating the existence of static solutions through variational
methods, compared to the approach in [22], is that we are capable of proving that the
solutions not only exist but also minimize the energy functional for each ¢. In addition
to existence, this allows us to establish other relevant properties of the solutions, such
as their orbital stability.

Using similar methods, we also proved the existence and orbital stability of solutions
to the Gross-Pitaevskii-Poisson system with a point mass M. In the particular case
M = 0, we investigated the role of self-interaction on the linear stability of such
solutions, with a special focus on excited states. We established that the ground state
is stable under generic perturbations (in agreement with orbital stability), while excited
states are, in general, linearly unstable.

This finding shows that in the Newtonian limit, self-interaction alone is insufficient
to stabilize excited states of boson stars. This stands in contrast to recent results
in the relativistic regime from Refs. [75, 12|, where the authors have concluded that,
for strong enough repulsive self-interaction, these configurations remain stable under
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spherical perturbations, at least for times of the order of 10%mg*.

It is often the case in physics that the rigorous question of the existence of solutions
to partial differential equations is regarded as a technical subtlety. Nevertheless, we
believe that such results provide a crucial mathematical foundation for physical models.
In particular, they offer a solid framework for applying numerical methods to construct
an approximate solution with confidence. Furthermore, they allow one to prove generic
results beyond exploring isolated points in the solution space. A rigorous proof of
existence also ensures that the ground state (the configuration of minimal energy) is
a well defined entity. This mathematical certainty is also vital for stability analyses,
as it confirms that the object under study corresponds to a genuine solution of the
underlying equations and that its stability properties are intrinsic.

Despite the progress achieved in this work, several important questions remain open.
On the one hand, it would be of great interest to extend the existence results to the case
of multi-¢ boson stars [6], where multiple values of ¢ are allowed simultaneously. This
should be an immediate generalization of the methods presented here; it is sufficient
to replace the spin-¢ representation p® with a more general unitary representation of
SO(3) or SU(2).

On the other hand, the problem of establishing the existence of ¢-boson stars in
the relativistic regime remains a challenging open problem. Even in the simplest case
¢ = 0, were a rigorous proof of existence was provided in [10], it would still be desirable
to obtain a proof based on variational methods, as such approach naturally yields
additional and valuable properties of the solution, such as its stability.

Regarding stability, while both numerical simulations and linear stability analysis
suggest that Newtonian /-boson stars may be orbital stable for £ = 1 with respect to
arbitrary perturbations, it would be desirable to obtain a rigorous proof confirming
this fact. Although we proved that (¢ = 1)-boson stars are saddle points of the energy
functional if we consider non-spherical perturbations, this does not imply that they are
unstable, as we explained in Remark 5.1.

In summary, the results presented in this thesis strengthen and extend the the-
oretical framework concerning the existence and stability of Newtonian boson stars.
Furthermore, these findings reinforce the proposal of scalar fields as viable dark mat-
ter candidates. In particular, we highlighted multi-field boson stars—an extension of
ordinary boson stars that arise naturally from semiclassical theory of gravity [6]-as an
interesting candidate for modeling dark matter halo cores. We hope to address some
of the open issues mentioned above in future work.
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Appendix A

Strauss lemma for vector-valued
functions

In this appendix we present the proofs of some results.

Proposition A.1. Hgg ) (R?, C**) is weakly closed in H'(R®,C**'). Moreover, if
(uj) s a sequence in Hpey such that u; — u weakly in H'(R?, C**), then (u;)
converge weakly to f in LP(R™, C***1) for 2 < p < 6.

Proof. Since H (R?, C**1) is a linear subspace of H*(R?, C**') it suffices to show

that it is strongly closed.
By definition, for each R € SO(3), the operator

p(é) (R) . Lz(RB, C2€+1) N Lz(RS, C2£+1)7 (Al)

is linear and bounded and extends naturally to H*(R?, C?>**1). Therefore, the operator
p(R)—1I (with I the identity operator) is also linear and bounded for each R € SO(3),
and the kernel of a bounded linear operator is closed. Hence,

Hioe (R, C* ) = () Ker(p“(R) - I). (A.2)
ReSO(3)

is an intersection of infinite closed subsets of H'(R3, C?**1). Since the intersection of
closed sets is closed, we conclude that Hg ;) (R?, C2*1) is closed in H(R3,C?+1). W

Lemma A.1. There exist a constant C > 0, such that for every u € Hgy (R?, C2+1)

C
lu(z)| < m|’ﬂ’|Hl(R3;C2Z+1), for a.e. x € R®. (A.3)

Proof. Let u € Hgpy), then for all R € SO(3) we have
u(z)] = [u(R™"2)], (A.4)

which implies that |u(x)| = f(|x|) for some real-valued function f : (0,00) — R. Using
the Strauss’ radial Lemma [80] and Proposition 2.5, we obtain that there is a constant
C' > 0 such that

C C
\u(:c)] < mmu’HHl(Rs) < HHUHHl(RS’CQU»I), for a.e. xz € RS. (A5)
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where in the last inequality we use that |||ul||z1®s) < |Jull g s c2eery. [ |
Theorem A.1. Let 2 < p < 6. Then, the embedding

Hipo) (R, C*H) C LP(R?, C*Y) (A.6)
18 compact.

Proof. Let (u;) a sequence in Héo(g)) such that u; — 0 weakly in H'(R3 C?**!). Then
(u;) is bounded in H'(R?, C?*!) and, by the previous lemma, there exist a constant
C > 0 such that

luj(x)] < i for a. e. x € R* and for all j. (A.7)

x|’
Fix € > 0. Since p > 2, we can choose R. > 0 such that
luj(z)|P"? <e, fora. e |z|] > R(e)and for all j. (A.8)
Therefore,
(x)PdPe < / (2)2d%z < Ce. A9
fors, o @P T < [ (@) de < Ce (A9)
On the other hand, since u; — 0 weakly in H'(R3, C?*!) and the embedding
H'(Br, (0), C%+1) < LP(B, (0), C) (A.10)
is compact for p < 6 (see Theorem 2.8). We conclude that there exist a subsequence

(uj,) in H§O(3)(BRE(O), C%H) such that

; PPz — 0. A1l
/BRE 0) ‘u]k (.Z')’ Zz ( )
Putting both expressions (A.9) and (A.11) together:

limsup | uj, (z)Pd’z < Ceé, (A.12)
R

k—ro0
and since ¢ is arbitrary, we deduce ||u;, ||, — 0, that is, u;, — 0 strongly. Now,
suppose u; — u weakly in Hgy s (R?, C2*+1). Since Hgoes) (R?, C2+1) is weakly closed,
it follows that u € Hyg ) (R? C*™). Define v; := u; — u, then v; — 0 weakly in
Hioes (R, C*H), and by the argument above there exist a subsequence (vj,) such
that v;, — 0 strongly in LP(R3, C?**!). Therefore,

lug, = ullp = [lvjllp = 0, (A.13)

which proves that u;, — u strongly in LP(R?, C***1). Hence, the embedding is compact.
|

Lemma A.2. The Fourier transform F : L*(R3 C?**1) — L%(R3, C**) maps the
subspace L?S”O(S) (R3, C**Y) into itself and also maps the orthogonal complement, denoted

by [Lgoes) (R, C*H)*, into itself.
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Proof. Let u € L?(R3,C?**1). Then, for all £ € R?

1
(QW)B/Z

(0O (R)Fu)(€) = /R  DO(R)u(z)e =R "z, (A.14)

Performing the change of variables y = Rz, yields (dx = dy since R € SO(3) preserves
the measure)

[ (R)Ful(€) = (273)3/ L, OB e By (A1)
Since R~y - R71¢ = y - £, we obtain
[p(R) O Fu)(&) = F[p' (R)u)(€), (A.16)

which proves that the Fourier transform commutes with the operator p¥(R). There-
fore, assuming that u is SO(3)-invariant, that is, p (R)u = u it follows

[0 (R)Ful(€) = Flp(R)u](€) = (Fu)(£). (A.17)

We conclude that if u € L%O(g) then Fu € L%OB).
For the second part, let ut € [L%O(:,))]L, that is, (u,ut)z2 = 0 for all u € L%O@).
Hence by the Plancharel theorem [67] it follows that

(Fu, Fut): =0, (A.18)

for all Fu € L%y Since F is invertible and F~' also leaves Ly, invariant, it
follows that Fu' € [Loe)] "

[ |
Lemma A.3. The orthogonal projection
P: LX(R?,C*Y) = Lipe) (R, C*) (A.19)
satisfies the following properties:
(i) P maps H*(R3, C**1) into Ho3 (R3, C2¢+1).
(i) For all u,v € H'(R3 C?*1)
(VPu,Vov)2 = (Vu, VPv)pe. (A.20)

(iii) Let f : R3\{0} — R a SO(3)-invariant measurable function and u € L*(R3 C**1)
such that the function fu belongs to L?(R3,C**1). Then, P commutes with the
multiplication by f, that is, P(fu) = fPu.
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Proof. (iii) For any u € L*(R?,C?**1), we decompose u = Pu + ut with u* belonging
to the orthogonal compliment of L%O@). Hence,

P(fu) = P[f(Pu+u")] = fPu+ P(fu"). (A.21)
Now, let v € L%O(B)' Since f is SO(3)-invariant, we have that fv € L§0(3). Therefore,
(fut,v)e = (u*, fv)2 =0, (A.22)

This shows that fu' lies in the orthogonal compliment of L%O(g), and thus P(ful) = 0.

Consequently,
P(fu) = fPu, (A.23)

which proves the claim.
() Recall that the Sobolev space H' admits a Fourier characterization: a function
u € L?(R3,C?**1) belongs to H*(R?, C***1) if and only if [67]

@ +1gP)Fu()fds < oc. (A.24)

Let u € H', then by definition of the projector P, the function Pu is SO(3)-invariant,
that is, p(R)Pu = Pu for all R € SO(3). It remains to prove that Pu € H', in other
words we must prove that

L0+ EPIFPu@)ds < oo. (A.25)

We can decompose u = Pu + ut with Pu € Lioe and ut € [L?go(g)]l. Hence, by the
linearity of P and the Fourier transform

P[Fu] = P[F(Pu)] + P[Fu™t]. (A.26)

By Lemma ??, F[Pu] € Loy and Fu® € [Loe)]*, which implies P[F(Pu)] =
F(Pu) and P[Fut] = 0, Therefore

P[Fu] = F[Pul, (A.27)

that is, the Fourier transform F commutes with the projector P. Thus

[+ EPDIFPa)©PaE = [ (1+[6PI(PLF) ()P (4.28)
= [PIFD© PP+ [ EIPIF)©)Pde.
(A.29)

Using that || Pully < ||ul|y for all uw € L2(R3, C***!), we obtain

L a+IERIEPa)© P < [ IFu@Pds+ [ llPIFa)@Pas.  (A.30)

102



On the other hand, for any v € H' we have
(P([€]Fu), Fv)z = (Fu, [§|P(Fv))Le. (A.31)

Since |[R7'¢| = [¢] for all R € SO(3), we have that [{|P(Fu) € Ly, that is,
P[|¢|P(Fu)] = |¢|P(Fu). This implies

(Fu, [§|P(Fv)) 2 = ([§1P(Fu), Fo)re, (A.32)

and then
(P([§|Fu), Fo)rz = ([§|P(Fu), Fv)rz, (A.33)

for all v € H'(R3, C?**1). Thus,
P([§|Fu) = [§|P(Fu), (A.34)

for u € H*(R?, C?***1). Therefore,

[ PR ©Fee = [ IPIgFu©ds < [ ePFu@Pds  (A35)
R3 R3 R3
Finally, returning to estimate (A.30) it follows
[0+ EPIFIPa)©PaE < [ (14 EDIFuPaE <o (A30
(41) Let u,v € C?(R3, C*1) N H(R?, C?**!). Using integration by parts we have
(VPu,Vv)r2 = (Pu, —Av)e. (A.37)

By the Plancharel theorem and using that the Fourier transform commutes with the

projector P and |{|P(Fu) = P(|¢|Fu), it follows
(Pu, —Av) 12 = (F[Pu], F[=Av]) 2 = (Fu, [§[*F[Pv]) e, (A.38)
Substituting in Eq (A.37) we obtain
(VPu, V)2 = (Fu, [£*F[Pv]) 2. (A.39)
Using again integration by parts and the Plancharel theorem yields the result
(VPu,Vov)2 = (Vu, VPv) e, (A.40)

for all u,v € C?(R3, C**1)N HY(R3, C**!). By a density argument, the same result is
valid for u,v € H'(R?, C?**1). [ ]
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