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Abstract

In the first part, we present a framework for discrete spacetime classical field the-
ory inwhich solutions to the field equations over elementary spacetime cells may be
amalgamated if they satisfy simple gluing conditions matching the composition rules
of cellular amplitudes in spin foam models. Furthermore, the formalism is endowed
with a multisymplectic structure responsible for local conservation laws. Some mod-
els within our framework are effective theories modeling a system at a given scale.

In the second part, we present a new and highly efficient formalism for the calcu-
lation of helicity-decomposed amplitudes in Born-Infeld theory based on (off-shell)
self-duality and (on-shell) helicity.

Born-Infeld theory is a highly nonlinear quantum field theory which is of excep-
tional interest for field theory, since it displays a number of symmetries, both hid-
den and visible ones, and also for string and D-brane theory. We confirm the 6-point
tree-level computation of Boels et al and perform the first 8-point calculation in this
theory.
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Chapter

Introduction
to part |

There are two main approaches to Quantum Field theory. The operator ap-
proach based on the canonical quantisation of physical observables and the
Feynman path integral.

It is not always easy to recover the classical limit by the canonical formu-
lation, however it is clearly visible in path integral approach. Also path inte-
grals allow for a formulation of non-perturbative approaches to the solution
of quantum mechanical problems. In fact this formulation has many advan-
tages.

The path integral formulation is based on fundamental connections be-
tween quantum and classical mechanics, in other words, the Lagrangian is
used in this formulation since it is based on variational principles. Also it pre-
serves all symmetries of the theory. Finally the path integral approach reveals
a closed analogy between quantum field theory and statistical mechanics.

In path integral approach, renormalization group for low momentum in-
dicates the hierarchy problem. One of the solution to this problem is replac-
ing the space-time continuum with a discrete mesh of lattice points and then
writing the kinematic term for the gauge fields which was done by Wilson.

The lattice is a beautiful regularization because it is local and it respects
local gauge symmetries however it violates some space-time symmetries. We



try to recover these symmetries in the continuum limit.

In quantum mechanics the Hamilton operator induces the infinitesimal
translation in time. The analogy of this operator in Lattice gauge theory is the
transfer matrix which induces translation by the smallest possible distance; in
spin foam models we compose the elementary cellular amplitudes/propagators.

Spin foams can be seen as higher-dimensional analogs of Feynman dia-
grams in quantum gravity and other gauge theories in the continuum or in
lattice gauge theory and they are generated by evolution of spin networks.

There are several formulation of spin foam models for computing ampli-
tudes of spin foams and the transition amplitude of spin networks from spin
foams vertices, edges and faces. These models are possible candidates for
quantizing gravity.

One of these possible models is lattice-discretizations of the path integral
of gravity and generally covariant gauge theories which was proposed by Reisen-
berger. In this model, Reisenberger replaced the space-time manifold by a
complex of four dimensional cells.

In this work, we present a framework for classical field theory in discrete
spacetime. Our framework is tailored to spin foam models in the case of gauge
theories. This formalism leads to a multisymplectic framework and respects
local conservation laws.

This part of the thesis is organized as follows: We start in chapter 2 with a
review of necessary background material that we use in the following chapter.
The differential geometry and jet bundles are explained in this chapter since
these are the main materials in our work.

In chapter 3, we present a geometric-variational framework of discrete me-
chanics and field theory. The advantage of our formalism is that the quantisa-
tion of our framework is natural in spin foam models. Some models are effec-
tive theories at a given scale, in our framework. As an example we apply our
framework to 2d gravity treated as a constrained BF theory with gauge group
U(l).

Our formalism provides a multisymplectic structure and respects local con-
servation laws, therefore we see Noether’s theorem within this formalism. Our
framework allows us to study coarse graining and the continuum limit.[1]



Chapter 2

Mathematical Background

2.1 Differential Geometry

In this chapter first we review some preliminary mathematical concepts which
all the physics student should be familiar with. Then we explain jet bundles
and dual jet bundles which are more advanced but useful material in our work
and finally we see the definition and some properties of symplectic and mul-
tisymplectic manifolds. [2],[3], [4]

2.1.1 Vector Fields

A vector field v on M is a function from C>°(M) to C*°(M) which satisfies

o(f +g) =v(f) +v(g)
v(af) = av(f),
v(fg) =v(f)g+ folg) .

9

The tangent space is a vector space with all tangent vectors at P € M. Itis not
needed to say that a tangent vector at P € M is a function from C*>°(M) to R
satisfying above properties at P € M .

If we have a tangent vector v € 7,,M and a smooth function ¢ : M — N, we



can define a tangent vector ¢.v € Ty,) N which called pushforward of v by ¢
qb* : TpM — T¢(p)N

(@.0)(f) = v(fo o).

2.1.2 Differential Forms

For any vector space V, the corresponding dual vector space, *, is defined to
be the space of all linear functionals w : V' — R. For example the cotangent
space 1,/ * is the dual of the tangent space 7),M.

1-form is an object which acts on a vector field at point p and gives a num-
ber or we can say 1-forms are dual to vector fields.

By definition, a 1-form on any manifold M is a map from Vect(M) to C*°(M)
that is linear over C*°(M). By Vect(M) we mean the set of all vector fields on
M.

If we have a pushforward map ¢(p) = gand ¢, : T,M — T}, N we can write
a dual map ¢* as

¢ TyN — T M .

We call ¢*w the pullback of w by ¢.
We call 1-form the differential of f,df, as the exterior derivative of /[6], [3].

2.1.3 Chains

If {s,,i} is a labeled set of r-simplexes in M, we define a r-chain in M/ by a sum
of {s,,i} with Z-coefficients

c:Zmi{sr,i} m; € 7.

r-chains in M form the chain group which we call C,.(M).

Let o, be an r-simplex in R"” and let f : 0, — M be a smooth map. If s, is
the image of o, in M then 0s, = f(0o,) is a set of (r — 1)-simplexes in M and is
called the boundary of s. Note that boundary of r-simplex, do,, is ar — 1 chain
in M.



We could define an integration of an r-form w on an r-simplex s, by

oL

where f : 6, — M is a smooth map such that s, = f(J,). Note that f*w is an
r-formin R".
By this definition we can now define an integration of r-form over an r-

/WZE ml/ w .
c Sr,l

It is good to recall a simple but useful theorem|[5].

chain:

Theorem (Stokes theorem). Letw € Q"' M andc € C,(M). Then

/dw:/w.
c dc

2.1.4 Jet Bundles

A bundle is a structure consisting of a manifold £, a manifold M, and an onto
map 7 : £ — M. M is called base space, F is the total space and the map =
is called the projection map. For each point p € M the space E, = {q € E :
7(q) = p} is called fiber over p [6], [8].

Vector bundles are always of interest to physicists. The tangent bundle of
a manifold is a good example. In a tangent bundle, the total space is TM =
U,ear T M, so the fibers are the tangent spaces over any p € M and the projec-
tionis7: TM — M.

To go from the classical mechanics to the field theory, we should generalize
tangent bundles. The analogue of tangent bundle in this case is called first jet
bundle, J'Y.

J'Y is the set of all local sections ,¢;, of the bundle Y considered only up to
the first order of their Taylor expansion.

In this way, given a point of the base, x € X, two local sections ¢, and ¢,
are identified if ¢;(z)=¢;(x) and their derivatives at x also agree; this equivalent
class, [®],, becomes an element of /'Y which is the fiber over z in J'Y.



In other word, if ¢ : X — Y is a section of wxy , its tangent map 7,¢ at
x € X is an element of J; Y. Thus, the map = + T,¢ is a section of J'Y
regarded as a bundle over X. This section is denoted j'¢ and is called the first
jet prolongation of ¢. In coordinates, j'¢ is given by

e (x¥, ngA(:E“), 8“¢A(x”)) )

2.2 Lagrangian Mechanics and Differential Geom-
etry

Mechanics has two main points of view, Lagrangian mechanics and Hamilto-
nian mechanics. The Lagrangian formulation of mechanics is based on the
variational principles. Since the action is independent of the choice of coor-
dinate thus the Euler-Lagrange equations are also. Today, using of differen-
tial geometry language in mechanics is a standard way of expressing Euler-
Lagrange equations. In addition, important properties of solutions have sim-
ple expressions in geometric language.[4], [7]

2.2.1 Symplectic and Multisymplectic Manifolds

A symplectic manifold is a pair (P, ?), where P is a manifold and (2 is a closed
nondegenerate 2-form on P.

Q2 is required to be closed,df2 = 0, so that the flows of Hamiltonian vector
fields will consist of canonical transformations.

In many mechanics problems, the phase space is the cotangent bundle
T*@) of a configuration space (). There is an intrinsic symplectic structure on
T Q.

Assume that @ is n-dimensional, with local coordinates (¢', ..., ¢") on Q.
Since(dq', ..., dq") is a basis of T7Q, we can write any a € T:Q as a = p;dq'.
Which means that (¢, ..., ¢"; p', ..., p") are induced local coordinates on 7*Q.

We can define the canonical symplectic 2-form on 7*() by

Q=dq" Ndp; .



This 2 is a closed 2-form that is independent of the choice of coordinates
(q" ... q").

So far we talked about the cotangent space, 7*@. We know that always we
can switch from 7*Q) to T'Q) with a Legendre transformation. Since we want to
work with lagrangian, we continue this section working with 7'Q)

In the variational approach of mechanics, we vary the action and obtain

d b ) d 7
st 61 = o [ 1 (a0, %)) ar

b 0L doL OL _ ;1
/a' 5q (an - E@ql)dt + 8_(1’5q |a7

dL
8q’L )
¢*, with the tangent vector d¢'. Thus, it is a 1-form on 7T'Q; namely the 1-form
oL
g

That last term is a linear pairing of the function a function of ¢* and

dq'. We call this 1-form Lagrange 1-form.

The Lagrange 1-form, 6, is the boundary part of the the functional deriva-
tive of the action when the boundary is varied, then presymplectic form is the
(negative of) the exterior derivative of 6.

Qp = —dby.

A multisymplectic manifold is a manifold with a closed k-form which is
nondegenerate. It is obvious that symplectic manifolds is a special case of
multisymplectic manifold when £ = 2.

Here the analogue of Lagrange 1-form is (n + 1)-form © which is defined
on J'Y and called Cartan form.[8] Also we define the (n + 2)-form, 2, as

Qp =—-dOy, .
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Chapter 3

Multisymplectic Effective General

Boundary Field Theory

3.1 Variational Approach to Discrete Lagrangian Me-
chanics

In Lagrangian mechanics when we use Hamilton’s principle; we consider an n-
dimensional configuration space, (), then the Lagrangianisamap L : 7Q) — R
and the action , A
. dqg’
S(q) z/ L (ql(t),d—qt(t)) dt, 3.1)
where the history is denoted by g : [a,b] — Q.
Hamilton’s principle determines the curve ¢(¢) which the action is station-
ary under the variations of ¢(¢) with fixed end points.

> d b dd
dS(q)-6q = alezo/ L(qi(t), d%(t)) dt

b 0L doL OL _ i
/a dq (aqi - %aqi>dt + 8_cf5q o 3.2)

Here we assume ¢, as a smooth family of histories with ¢y = ¢ and

(d\ de) |e=0 qc = 0q.
As we saw in the previous chapter, the lagrange 1-form is the boundary

11
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part of the functioanl derivative of the action . Therefore, we obtain the La-
grange 1-form 0, when we remove the boundary condition. There is no needed
to mention that the bulk part of the eq.(3.2) is the Euler-Lagrange equation.
Then the symplectic form is

wr, = —doy,. (3.3)

3.1.1 A Discretization of Lagrangian Mechanics

In Lagrangian mechanics if we divide the time to small cells (¢;,%;;1), then
we see that the history ,q, could be written as ¢ = ¢, 90,90 = ¢; -, ¢ | =
4, qn, ¢ . Note that in this model in the boundary of two cells i — 1 and i, we
have ¢ , = ¢; . The points are denoted by ¢~ and ¢* in the left and the right
side of q.

In the Veselov’s model the analogue of the tangent space 7'Q) is the space
@ x Q. For more details see [appendix A] [9] [10].

We subdivide each cells (g;, g;+1) to two cells, therefore in our framework
the analogue of the tangent space breaks in to two spaces @ x @~ and Q* x Q.
We define two discrete Lagrangian densities .- : Q@ x @~ — Rand LT :
Q1 x  — R which are determined by the data shown in the fig.(3.1.1). It is
clear that Q* and ()~ are two copies of Q.

I ] ] I ]

i T 1 i T

to to te =1t o=t tn

n— n

Figure 3.1: There is a point q € Y over each pointt € X.
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The action is written as

n

S(q) =Y (L7 (qr.qr) + LT (g, ar)- (3.4)

k=0

We calculate the variation of this action with nonzero variation on the end-
points

dS(q) - 0g = dS(qy , 0, 4> @ns @) - (0qq -, 0 ) =

oL~ L 9Lt oL~ B
a—,A(CIo, do )0qy " + Z (8q+A (g ar) + aq—,A(qu, Gorr)) g
k=0
— 8[7 OLT
k=1

where a variation (dq; , ..., d¢}) is denoted by d¢ and by é¢;” we mean the vector

made by these numbers:
> 0
8q; = 6q —
4 = 007 5.3

From eq.(3.5), we obtain the Euler-Lagrange equations

OL™ oL~ _ _
W(Q;ﬁ; Q) + W(qkﬂa Gep1) =0 (@5 = i) (3.6)
k k
and oL oL
a—%(qk,q;) + 5 o0 (a1, ar) = 0. 3.7)

We see that there are two sets of equation of motions foreach £ =0,...,n

From the boundary terms of eq. (3.5) we obtain the discrete analogue of
Lagrange 1-form. In fact in this situation the pair (6—,0") is the discrete ana-
logue of the Lagrange 1-form.

_ oL
07 (ar. a) - Oar, 0qy ) = 9 ——(ar, @3 )dq*dq;
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J’_

oL .
0F (a5, ar) - (g 6q) = ai, qx)dq” gy - (3.8)

ot

Here we mention that since the potentials are functions of the main points
¢’s (not ¢* or ¢7), the potential doesn’t appear in ¢; and fF, in contrast to
Veselov’s original framework [see appendix A].

We use the solutions of the equations of motion to define the discrete flow.
Note that in this model, we have one discrete flow for each interval (¢*,¢) and

(t™, 1)
F7:QxQ —Q"xQ

(@ra;) — (@ an), (3.9)

and

FTr:Qm"xQ —QxQ

(@ a) = (@etts Gy = G55 )- (3.10)

If we define the discrete flow F to be
F=FtoF, (3.11)
we can show the symplecticity of the flow. To have more sense of this defini-

tion, we mention that FF~ (g, q;,) = (41, Ge+1) OF F2F (g1, 4 ) = (@0, Grt2)-

With the solutions which are parameterized by initial data, the eq.(3.5) be-
comes

dS =0y + (F~F'")*0;, (3.12)

where i = 0, ..., n depends on our arbitrary interval (g, , q,;ﬁri) which we concern
about.

By using the fact that ddS = 0 on eq.(3.12) for each individual interval, we
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obtain

(F~F)*do} = —db; . (3.13)

Now we can study the conservation of symplectic structure by the discrete flow
F.

We define symplectic form as
wy, = dby, (3.14)

Eq.(3.12) and definition (3.14), imply

(F')*wy, = wr, (3.15)

which shows the symplecticity condition of the flow F'.

Let us assume that the Lagrangian is invariant under the action of a Lie
group(, with Lie algebra g; therefore, the action S is G-invariant and this
group sends the critical points of the action to other critical points; with this
assumption if we write the eq.(3.12) in the space of solutions which is parametrized
by initial conditions, we have

0= £QXQJdS = fQXQJQZ —+ £QXQ4(F_F")*92), (3.16)
for ¢ € g. Itis easy to see that with G-invariant Lagrangian then the discrete
flow, I, is G-equivariant; hence

Egnqal;, = —(F~F')*(Eguq0}). (3.17)

From the equation #; + (F~)* 6} = dL which we have in the space of solutions,
we can see

Eaxq-0r = —(F7)"(§qxq-01),
thus if we define the discrete momentum to be J = {16, we have conser-

vation equation of the momentum

J = Eowguf; = (F')*J. (3.18)
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This is a discrete version of Noether’s theorem which we obtained by restrict-
ing the action to space of solutions of the variational principle. The momen-
tum J is conserved under infinitesimal transformation associated to a lie al-
gebra element¢

3.1.2 Comparison of Two Frameworks

We would like to investigate the relation between our framework and Marsden-
Veselov’s one [9]to get a better understanding of our model. Also it is useful to
get a clear picture of the connection between two models and see the advan-
tage of our model for the spinfoams.

To write the Lagrangian density in Veselov’s framework, Marsden et al write
the potential of a cell as a function of the average of the vertices of that cell.
For instance in one dimensional interval (g1, gx), they write the Lagrangian

density as

M qk+1 — Gk \2 Qr+1 + Gk
—(———) = V(——).
2 ( At ) ( 2 )

So there is potential in all points of the discrete spacetime. Unlike Marsden

L(qu, f]kz) =

et al implementation of Veselov’s work, in our intermediate points( q,j orq, )
there is no potential so all we have, is the main points with potential in the
bulk and some points without any potential in the boundary. In this way, we
can see that the Lagrange 1-from in our framework does not depend on po-
tential and this is the important difference between our model and Marsden
et al’s. However, our framework and Marsden et al’s are equivalent in the sense
described below.

First we talk in 1-dimensional spacetime, however for higher dimensions
it will be similar. We do the comparison in higher dimension in appendix B.
The same as Veselov, we write the Lagrangian density for each interval but
the difference is about our intervals and Veselov’s. The Lagrangian density in
our model is L(q;, g, q; ) but the Veselov’s one is L(q+1, k), in fact Veselov’s
interval is half of a step shift of ours.

In order to compare our model with their model, we write the same poten-
tial in our action.

We start with a general example which is a particle in Euclidean space with
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arbitrary potential. In our framework the action of such particle is

=

n—1 n—

m Qi1 — G m gy —q 4 +4
S(q) =Y Lger, 4, ar) At = (Z(%)a'z(k%Ttk)z—ﬂ/(%))At-
k=1 k=1
(3.19)

We write the time interval in our action At/, as %At. Note that we write the
action in our framework for an arbitrary interval (¢, ¢,,) which is the Veselov’s
interval.

To write the equations of motion we need to write the variation of the ac-
tion

ds(q1>(ﬁi_7 "'7Q:—17Qn) : (5Qn75qf:7 "'75Q7—1_—175QH) =

oL  OK* 0K~ B
—A(C]Q, qf, Q1)5Qi4 + Z (ﬂ(%@ Qk) + ﬂ(QkH, qu))éq;A
9qi — " 0q,, dqy,

n—1
oL oL . oL

— (@ Gy Ge-1) + 5 8a7 + =—(an+ 4y, » 4n—1)0;, , (3.20

+k:2(aq;€4(Qk>Qkan 1)+aq;€4(Qk+l>qk7Qk)) Qi +aq£(q Gy Gn-1)045,, (3.20)

where we define the kinetic energy of each mini interval as K*, so K" (¢}, qx) =

gy — qr)” and K~ (g, q; ) = % (a — ¢; ). Note that ¢ = ¢, ;.

The discrete Euler-Lagrange equations are

OK™T oK~ B
W(ql—:a Qk) + W(Qkﬁ-lv Qk+1) = 07 (3-21)
and oL oL
a—q(qk, G Qe-1) + 8—q(qk+1, ¢ qx) = 0. (3.22)

With the solutions of the egs.(3.21), we can see that

Get1 — Gk = Qer1 — G + G — @k = 2(qe1 — @) = 2(q — @) (3.23)

If we substitute the equality eq.(3.23) in the action eq.(3.19), we obtain the
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action

3

m k1 — Gk qr + Qr+1
S = > <QZ(T)2 - V(T)>At. (3.24)
We see that our action eq.(3.24) becomes exactly the action of Veselov’s model.
We also notice that the potential term can be written as V(%) = V(q) us-
ing the solutions, so compare this potential to our potential, V'(¢;), the Veselov’s
one is ours which is shifted half a step.

Using the solutions of the egs.(3.21,3.22) for two consecutive intervals, we
obtain the equality ;1 — ¢« = qx12 — qx+1 Which is the solution of the equations
of motion in Veselov’s framework. Hence, the solutions of two frameworks
completely agree.

It is good to mention that the equivalence between the actions is not in
the space of solutions of Veselov’s. In fact, if we restrict our framework to the
space of the solutions of the eqgs.(3.21), we reproduce the action of Veselov’s
framework in the whole space of histories.

We can read the Lagrange 1-form in our framework from egs.(3.20)and
(3.19),

=2 aL A 8L _
01, - 0q = @(%;Cﬁ;%)&h + @(%7%7%—1)5%’? =
+ i
G =4 oA Un =y \ o A OV i+ 4 yOV G+ Gn-1 4
L L —2At — —2A
(3.25)

It is easy to see that using the solutions of eq.(3.21) for k = land £k = n — 1,
eq.(3.25) becomes

- — = G ov q + OV qn + qn-
9L-5q:m(%m%)5q{‘+m(—q Ai 1)5617?—&75@(%2qg)5Qf—Atan(q 2q -)dq;
1 n
(3.26)

Therefore, the Lagrange 1-form in our framework is exactly the Veselov’s one
in the space of histories, if written for the Veselov’s interval.
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3.2 Discretization of Multisymplectic Field Theory

In this section we want to develop our model of discretization of Lagrangian
mechanics to the discrete multisymplectic field theory. This will be a modifi-
cation of what Marsden et al did[8].

We denote the discrete spacetime by X%¢ and the simplices in X ¢ by
Greek letters v, 7 and 0. We want the spacetime, X4, to be oriented simplicial
complex with n + 1-simplices v’s. We have a look to Reisenberger’s model in
4d so we work with the points in the center of the simplices. We call the center
of each v as C,, also there are C,’s in the center of the n-simplices 7’s and C,’s
in the center of the n-1-simplices, o.

We ask to have C, < U° for all v’s, where the interior of U is presented by U°.
IfU C X%<suchthatU = )", vthentheboundaryof Uis 90U =", dv.

The discrete analogue of J'Y in our framework is defined as
TV = {(v,yt {yi <) |y yr € F), (3.27)

where 34 is the the element of F’ over the base point C, and the elements over
C.’s are denoted by y*’s.

And the first jet extension of section ¢ is

ilow) = (v, 0(C); 0(Cr), ). (3.28)

We define the discrete Lagrangian density L : J'Y4* — R to be a function
L(v,y* {yi }r<u}),

Marsden et al. write the potential term as V(M) for each cell v,
here v is the number of vertices of » which depends on the discretization and
dimension of X. Although we could do the same for the potential and show
the equality of two models, [see App. B |; the structure of our framework in
enhanced if we write the potential as a function of the fields ¢(C,)’s .

With all these definition we define the action

S(@) =) Loj'é(v). (3.29)

vCU
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As we had for the classical mechanics we define the Discrete Euler-Lagrange
field equations,

oL
W(V’ v (i) =0, (3.30)
forallv Cc U.
And oL
Z ayA (Va yA; {yf/}‘r’<u) =0, (3.31)

TV
forall T C U°.
Itis good to mention that in eq.(3.30), L(v, y*; {y% }, <, ) may involve a summa-
tion overall 7 < v.
There exists only one v C U related to each 7 C 9U , then we define

oL
o7 (v, ¥y {yd}ra) = @(% y i {yA Yy )dy? (3.32)

Ifr, : Cy — JY4*is a map from the set of all sections of Y over U to J!Y4is
Then the Lagrange 1-form is defined as

=) moej. (3.33)
T<OU

In the space of solutions which is parameterized by the initial conditions the
variation of S is just the boundary contribution

vivNOUAD T<v;T<OU

By the fact d>S = 0, we obtain the multisymplectic formula which is given by

0=do[V,W]= > > vaitwaar, (3.35)
vivNOU#AD T<v;T<OU

where V and W are first variations and Q] = —d©7 and ;'V is defined the first
variation of j1¢(V)

To write the analogue of the Noether’s theorem, we assume that Lagrangian
and so the action are G-invariant, where G is Lie group with associated Lie
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algebra g. For each 1-form ©7 we define a momentum map to be a g*-valued
functionon v C U as
Jg = fjlydist@E,

for any¢ € g.
We obtain the discrete analogue of the Noether’s theorem

> Y wI=0, (3.36)

vivNOUAD T<v;T<oU

by using the fact that &yaisc 10, = 0 as a result of the invariance of action. It is
clear that m.&yaisc = {1y aise.

As a simple example, we consider the action for scalar field which is written
in the discrete spacetime U with unit hypercubic simplices v. It is clear that
C, = C,F1, 1 < v, therefore, the discrete action for the scalar fields is

s =% (-

v<U

2 1 2

((b(cl/ + aO) - (25(0,,)) - §(¢(CV - CLO) - (b(Cl/))

N | —

n

F30 (60 a) — 6(C) +

=1

%(QS(CV —a;) — $(C)) + m2¢2(cy)), (3.37)

where in n + 1 dimensions, ag = (1,0, ...,0) with the first of n + 1 components
asone and a; = (0,..., 1,0, ...,0) with one in i + 1*" place.

It is easy to write the variation of this action and solve the DELF’s. Also we can
write the Lagrange 1-form

0.66-= > Y, —(8(Cr) = &(Cy))0¢m + (8(Cr) — 6(C,)) 86,

vivNOU#£D T<v;T<OU

which by C;,, we mean C, + ay or C, — ag and C;, = C,, + a; or C,, — a;.
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3.2.1 Gauge Theory

In the case of gauge theory, we need to define some new objects in the discrete
spacetime, X%, We define a wedge s(v, o) with corners on four points C,,
C,., and the center of the two 7’s which share o. This wedge s(v, o) was first
introduced by Reisenberger. He called each edge from C,, to C; where 7 < v as
l(v,7) and the edge from C; to C, as r(7,0). Note that each wedge s(v, o) has
an induced orientation from » and o.

We ask to have the I(v,7) < U° as the link with ends on v and 7, also we
define r(7,0) < Ov as the boundary links for each n + 1-simplex v (see figure
2).

Figure 3.2:
The definition of the boundary of U is U = ), -, 9v, which is the same as
we had before.
We define the first jet bundle as
ledisc = {(V, {h’l(lj,T) }T<I/; {kr(r,a)}o<7,7<u) ‘ hl, kr € G}a (338)

where the element of the fiber over the link /(v, 7) is denoted by £y, ;) and the
element of the fiber over the link r(7, o) is k,(;,. Here we have to mention
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that the information relates to the curvature comes from the closed holon-
omy around the boundary of s(v, o), gss, which is convenient to the definition

eq.(3.38).
Our discrete analogue of j'¢(z) in gauge theory is
7o) = (v AAo(l(v, 7)) }brai {6(r(7,0)) }ocrra). (3.39)
The action is defined as
(3.40)

S((b) = ZLojl(bdiSC(V),

vCU
where, here, the discrete Lagrangian density L : J!Y%* — R is a function

L<V7 {hl(y,r) }T<V; {kT(T,J) }U<‘r,7'<1/) .
The Discrete Euler-Lagrange field equations, are defined as

oL
(V/, {h’l’(y’,r’)}f’<y’; {kr’(ﬂ",o’)}o‘/<7'/,7’<l/’) = 0, (3.41)
ahl(z/,T)
forall v ¢ U and
oL
(V/7 {hl’(V’,T’)}T’<V’; {k'r’(T’,a")}o"<T’,T’<V’) - 07 (3-42)
v'>T akT(T’U)

forall - c U°.
We define

OL
(V/a {hl’(u/,‘r’) }T’<V’; {kT‘/(T/,U/) }U’<T’,T’<V’)dkr

62(7/7 {hl/(l//,T/)}T,<l//; {kr’(‘r’p’)}0’<T’,T’<V’)7 = ok
r<T r
(3.43)

for each r(7,0).
In the space of solutions which is parameterized by the initial conditions

the variation of S is just the boundary contribution
(3.44)

Where 6}, is Lagrange 1-form which is defined, using eq.(3.43).
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By the fact d?S = 0, we obtain the multisymplectic formula as

0=do [V, W)= > ) ViWumQj, (3.45)

vivNOUAD T<v;T<OU

where V and W are first variations and )] = —dO7.

In the space of solutions, when all fields are the solutions, to write the ana-
logue of the Noether’s theorem we assume that Lagrangian and so the action
are G-invariant, where G is Lie group with associated Lie algebra g. For each
1-form O7, we define a momentum map to be a g*-valued functiononv C U
as

Ji = juyase 1O,

for any¢ € G. Notice that 7.8y aisc = {jiyaise.
We obtain the discrete analogue of the Noether’s theorem

> Y wJ=0, (3.46)

vivNOUAD T<v;T<OU

by using the fact that &yaisc 10, = 0 as a result of the invariance of action.

3.3 “Macroscopic Description" for a Particle in a Cir-
cle

In this example the bundle over each point of X% is 1-dimensional config-
uration space which is S?, so the discrete analogue of the tangent bundle is
St x St

For particle in a circle, since the configuration space is S!, the points deter-
mine the angles in the circle. To write the action, we have to consider that the
velocity of the particle is not only determined by the difference of two angles
which the particle starts from and ends up to, but an integer number to deter-
mine that how many times the particle has turned around the circle.

If the angles determine by ¢(z)’s and the integer numbers by z’s, the action for
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particle in a circle is

n

S= L (p(2), 05 (7)) + LT (6 (27), or(2))
k=1

L™ (pr(2), 05 (27)) = = (0r(2) — @ (27) + 2m2,)* — V(x(2)),

m
2

LT (g (27), e(2)) =

%;(¢Z<z*)——¢m(z)+-2wzg)2-vxg%(z». (3.47)

For simplicity we write o*(z%) as p=.

We can vary this action to drive the discrete Euler Lagrange equations.

dS(gOLQOT, 79071790:,_) ’ ((ipl, 75’907—1_) -

-1

((“)L* oL~ _
g P en)der + Z sokvwk + g7 (Prr Pi)) 00
k=
—1
oL~ . oLt . .
Z - +W(s@k7s&k))5¢k+$(sﬁn,<ﬁn)5¢n. (3.48)

k=2

With initial condition (o}, ¢;) = (¢, ¢), we can solve the equations of motion.
The first set of equations is

OL™ oL~ B
Dot (SOk ,Qk) + @(@kﬂﬂpkﬂ) =0,

Which gives
m(ey — i +212;) + m(e) — P — 2m2,,) = 0. (3.49)

From the second set of equations

9 oL, .
%(Sﬁk,%) + 8—%(%7%) =0,
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we can see that

oV
+m(pr — @ —27z) + () _ 0, (3.50)

oy,

V(%)
Opp

m(pr — py, + 272, ) +

therefore in the space of solutions, the discrete analogue of Lagrange 1-form
is

0l om0t on) - (B Bor, 30t Gon) = 2L —)5—+%(+ )k =
L\¥P1,P1:%n Pn $1,01,0Py,0Pn) = 3@‘ ¥1, P1 )P 890+ PnyPn)O0Py =

m(py — o1 + 2127 )07 +m(ef — @n + 2127 ) o) (3.51)

By using the initial condition that we have, the Lagrange 2-form is

wi (0T, 91)- (01, 097) = m 8107
(3.52)

and
WL, Pn)-(00n, 0, ) = mp,dp, (3.53)

eq.(3.52)and (3.53)implies the conservation of the symplectic structure by the

flow F : (or, 01, ) = (Pr+1, 901:4-1)-
Hence we can see the symplecticity of the flow

(F")*wL = Wr.

3.3.1 Free Particle in Circle and the Noether’s Theorem

In last example, we study a particle in a circle. Now, let us assume that the
particle is free, so there is no potential in the action eq.(3.47) and in the sec-
ond set of the eqgs.(3.50). Note that since in our model the potential never
appears in Lagrange 1-form, the Lagrange 1-from and its derivative remain
the same as before. It is easy to see that Lagrangian density is invariant un-
der SO(2) transformation and so the flow is SO(2)-equivariant, therefore the
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discrete momentum map is defined by

Je = Eoxqlr,

forany¢ € R.
By eq.(3.51) we can write the Noether’s theorem

m(ey — @1+ 212y ) + m(po) — on +212,7) = 0. (3.54)

Hence what is conserved here is m(¢, — i, + 272 ).
Heuristically the conserved quantity is the angular momentum of each mini

interval (g; , g¢) o (g , ).

3.4 Discrete 2-D Gravity Model as a Constrained BF
Theory

To write the action for general relativity in a 4 dimensional configuration space
which coordinatized by gauge fields, we obtain Plebanski action that can be
called as constrained BF theory. Michael Reisenberger in his paper presents
a model to discretize this action. He ends up with 4d simplicial lattice model
with SU(2) gauge fields in the boundary which converges to the continuum
limit[12].

In this section first we start with BF theory in 2 dimensions and write the ac-
tion in our discrete model then go to discrete 2d general relativity by adding
a constraint term to this action. We see that our action is in fact the 2 dimen-
sional Reisenberger’s action.

Reisenberger starts with orientable simplicial complex, A. In each 4-simplex
v of A, there is one ¢, and there are five vertices C.’s in the boundary of » and
six vertices C,’s in the boundary of 7’s. We introduced these vertices in the be-
ginning of last section.

Reisenberger gives a su(2) Lie algebra element to each surface,s(v, o), which
are formed by the center of v, o and the centers of two 7’s which share . Also
he gives a Lie group element /; to each edge /(v, 7) from C, to C. where 7 < v
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and a Lie group element £, to each edge r(7,0) from C. to C, where o < 7.
Therefore, there is a closed holonomy around the boundary of s(v, 0), gss. With
all these variables, Reisenberger gives his discrete version of the Plebanski ac-
tion as

i Loy _
In(e, h, k,p) = Z(Z esit — @gplf Z esi€s, sgn(s, 5)), (3.55)

V<A s<v 8,8<v

where ¢, is a spin 2 SU(2) tensor that represented by a symmetric, traceless
matrix, ¢, and 0 = tr[J gss).

Note that s is given orientation from 4-simplex v. sgn(s, 5) = 0if s and s are in
asame 7 and sgn(s,s) = 1 or —1 depends on the orientations match.

3.4.1 2-D SO(2) BF Theory
The action eq.(3.55) in 2 dimensional spacetime becomes

4

S(®@,e,2) = > Y [en(®+2mz,)] = Y LY (3.56)

V<A s<v i=1

Here we define L?’s for simplicity of writing equations of motion. Also we have
to mention that since we are in 2 dimensional spacetime, we have to assign a
form of degree 0 to each » which means there is a function ¢, to each v. Also
we have a simple field for each s:

q)s - hl1 + hlz + le + kT’27

where, now, h;’s and k,’s are angles. Again we can see the factor z, € Z in the
holonomy in the action eq.(3.56), which is necessary to determine the number
of the complete rounds of the parallel transport around 0Os.
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We have five sets of Euler lagrange equation which only one of them is non-

trivial.

oL
O,
oL

Dy

OLS
0 km
LS
8hl1

Z

oLy _

oL,
o =0 =e,—e,=0
A1
oL,
=0 = e, —¢e, =0
ok,
oL,
(91%1 =0 = et Cripn = 0
3Li’“1
W =0 =e,—¢e,=0
l2

= > @, + 27z, =0
s<v

(3.57)

Note that each £} is in two s’s but with opposite sign, therefore the non-trivial

equation of motion, gives us

4
Z‘Psi+27m’si :0—>Zki+2ﬂzsi =0

s<v

It is clear that the Lagrange 1-form is

0=

=1
(3.58)
AR R
: s hoos ril
; b |
Figure 3.3:
4
> (evdk,, + e dk},) (3.59)

=1
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From eq.(3.59) we can write the symplectic structure

4
w=Y (de, Ndk. +de, Adk.,) = de, A Z (dki, + dk.)

=1

Using equation of motion, we have

4
w=de, Ny (dki +dk},) =de, Nd Z +E) =
=1
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3.4.2 SO(2) Gauge Theory for 2-D Gravity

We obtain the 2d-gravity action from BF theory by adding a constraint to the
BF action.

Su(®@ ) =Y [e,(Dy, + 2m2,) — A (€7 — 1)] Zle (3.60)

s<v

and
(I)s = hll + hlg + krl + krz

The same as BF theory, we have only one set of non trivial equation

4
OLy
Z _o;»Zq> + 272, ] — 4 % 2)e, =0 (3.61)

s<v

Which gives
e€—1=0 =  de=0

We can obtain the symplectic form from lagrange 1-form:

4

0=> (evdki, +e,dk))

w—Zdey A (dkL + dE:)

(3.62)
Using the solution of lagrange equation, we can see the conservation of w

de=0=w=0
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Chapter

Summary of part |

Our formalism provides a classical counterpart to spin foam models, in which
spacetime atoms i are autonomous minimal regions of spacetime that enjoy
a complete version of the formalism. In our framework, the variation of the
action decomposes into bulk and boundary terms.

The form ©, provides a covariant momentum map linking symmetries and
conserved quantities, and it generates the multisymplectic form Q;, = —dO,,
which is conserved in covariant evolution. On the other hand, the form Q; is
responsible for the equations of motion in the interior of spacetime atoms and
for the simple gluing conditions that let us find solutions on larger regions of
spacetime amalgamating solutions over atoms. The clean separation between
bulk and boundary parts makes gluing transparent: neighboring regions share
boundary data and gluing conditions asking for momentum matching appear
when regions are fused. These structures have (sometimes implicit) quan-
tum counterparts in spin foam models. We hope that our contribution, mak-
ing available the classical counterparts of such structural properties, makes it
possible for some research lines to advance further or enter a new level. One
example is the study of the semiclassical limit of quantum gravity spin foam
models, in which most of the research has been carried on at the level of a
single atom; this study may now progress to study larger regions of space-
time aided with compatible the structures of quantum and classical gluing.
In the case of lattice gauge theories, the transfer matrix for lattice gauge the-

33
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ory can be constructed gluing cellular propagators (or ’atomic propagators’
in the terminology used here); in this paper we wrote the discrete field equa-
tions for the classical atomic propagator which is the classical counterpart of
the mentioned atomic propagator. We presented a Lagrangian picture and a
Hamiltonian picture with their respective structures and compatibility with
the mentioned classical cellular propagator. Along this line, comparing our
formalism with the classical Hamiltonian formalism of Kogut and Susskind,
would be interesting. Another line suggested by our framework is investigat-
ing the classical counterpart of the heat kernel action, and study the resulting
theory because it is the most elegant spin foam model for lattice gauge theory.



Part I1

New Helicity Formalism In Born-Infeld Theory






Chapter 5

Introduction

to part Il

5.1 Nonlinear Electrodynamics

5.1.1 Maxwell Theory

In the second half of the 19th century, James Clerk Maxwell unified the the-
ories of electricity, magnetism, and light. Today Maxwell’s equations are the
essential tools to work with electromagnetism and engineering.

Maxwell’s equations refer to a set of four relations that describe the prop-
erties and interrelations of electric and magnetic fields.

V-B =0 Gauss’ law for magnetism,
B
VxE = —aa—t Faraday's law,
V-D = p Gauss’ law,
oD ,
VxH = e +J Ampre — Maxwell’s law.

(5.1)

F is the electric field and D = ¢F is the electric displacement; ¢ indicates how
the electrical charges in a material become polarized in an electric field. The
magnetic force fields are described by H, the magnetic field, and B = nH, the

37
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magnetic flux density with x4 accounting for the magnetization of a material.

The lagrangian for Maxwell’s theory can be either written in terms of the
electric and magnetic fields components,

1
L= (B~ B,
(5.2)
or in terms of the field strength tensorF),,
1 v
L - Z MVFI
(5.3)

Maxwell’s theory and his lagrangian lead to difficulties with the self energy
of a point particle. In this theory the self energy of a point particle becomes
infinite and this violates the principle that physical quantities never become
infinite. This principle is called the "principle of finiteness" by Born[11].

5.1.2 Born-Infeld Theory

In Born’s view, special relativity avoids the violation of the "principle of finite-
ness", by imposing an upper limit of velocity c replacing the Newtonian action
Imv? with the relativistic expression mc?(1 — /1 —v2/c2). Analogously, Born
assumed in his paper [11],1934, an upper limit of the field strength and mod-
ified the electrodynamic action to obtain his action which now respects the
principle of finiteness,

L= 52(\/1+ b—12(E2 _BY) - 1) .
(5.4)

Note that Maxwell theory is obtained in the limit b — oco.

Born and Infeld generalized (5.4) making use also of the second Lorentz
invariantZ. B. There are two independent nontrivial Lorentz invariant objects
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that we can build using £, but not its derivatives

1 L1
s = _ZF/“’FM = §(E2 - BQ) s
(5.5)
1 S
(5.6)
We can express Born-Infeld lagrangian using these Lorentz invariants.
2s 2
Lo =0 (1-\1- 5 =5} (5.7)
or, expanding in powers of the field,
L :s+i(52+p2)+i(33+3p2)+ (5.8)
BI 2b2 2b4 e e .

Thus for b — oo the Born-Infeld Lagrangian converges against the Maxwell
one,

blijéloL =s5= —%qu,,}“‘“’ (5.9
Note that in eq.(5.8), p appears squared, since p is only a pseudo-Lorentz in-
variant. Although Born proposed his lagrangian in terms of the fields ¥ and B,
he mentioned that there are four different but equivalent ways of writing this
Lagrangian. In fact we need two independent vectors to write this Lagrangian
and there are different possible ways to choose these two vectors from (£, B)
or (D, H). A combination of the electric vectors £ and D with a combination
of the magnetic field B and H could be a candidate of our variables in this la-
grangian.

Following this, Born and Infeld showed in their article that the group of
transformations of their lagrangian has an invariant spacetime integral[13].
This group is the group of special relativity and is larger than the group of the
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old lagrangian. Although this lagrangian was not written to describe electro-
magnetism in the presence of a material medium, it is easy to see that with a
nontrivial relation between (D, H) and (FE, B) we can obtain Maxwell’s equa-
tion. In fact the vacuum behaves as some kind of material in nonlinear elec-
trodynamics.

In 1935, Schrédinger proposed two complex combinations of these fields
in such a way that their conjugate are equal to their complex conjugate[14].

§=B—-iD,
®=FE+il,
(5.10)

where

oL
0B
0L

=5

8’*
6*
In terms of these variables, the Born-Infeld lagrangian is

32—62

L =b?
o)

(5.11)

Note that with the new variables, the square root which makes the Born-Infeld
Lagrangian so specific, has disappeared.
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5.2 Alternative derivation of the Born-Infeld The-
ory

5.2.1 BIand String Theory

In some systems the low energy states (compared to an energy scale) are effec-
tively independent of high-energy states which means that, for those systems,
what goes on at high energies is irrelevant for studying the low energy sector.
Therefore, one can describe the system at low energies by an effective field
theory which is a theory of the dynamics of the system below some energy
scale. In some cases the full theory is known and using effective field theory
is not necessary but it makes the calculations more easier. However, in many
cases the full theory (and high energy theory) is unknown. In those cases, one
can use effective field theory to made predictions at low energies without the
necessity of knowing the details of high energy theory.

Although we can see the Born-Infeld theory as a fundamental theory sub-
stituting for the Maxwell theory, as a quantum theory is not renormalizable.
Therefore, it is natural to think of the Born-Infeld Lagrangian as an effective
field theory.

By effective action we mean the action which is obtained by integrating
out all massive degrees of freedom. The low-energy effective action we get
by omitting terms in the effective action that are small compared to the mass
scale defined by those degrees of freedom. In the present context, this means
that we keep only the terms involving field strength tensor but not its deriva-
tives. These terms are the ones which vary slowly at the string scale. In other
words, we have to keep all momenta small compared to the cutoff 1/o/, as we
do in other effective field theories.

Fradkin and Tseytlin in 1985 computed the effective action for an abelian
vector field coupled to the open bosonic string [15]. For D = 26 string theory,
they gave an exact solution for a constant field strength in the tree and one
loop approximation. The resulting tree-level effective Lagrangian was shown
to coincide with the Born-Infeld Lagrangian.

Later in 1999, Rocek and Tseytlin studied the connection between the break-
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ing of supersymmetry and nonlinear actions[16]. They explained the relation
between the BI action (U(1) duality) and N = 2 partial supersymmetry (S-
duality).

5.2.2 BI and D-branes

In 1995, the Born-Infeld action found a new interpretation as an action of D-
branes in the static gauge.

The Dirac-Born-Infeld Lagrangian, which describes the behavior of elec-
tromagnetic fields on D-branes is

Lppr = —Tp(g)\/—det (77;w + 27/ FM,,>
(5.12)

We can compare this Lagrangian with Born-Infeld Lagrangian density which
is written in terms of the field F

1
Lpr = —b2\/ —det (1, + EF,W) + 12

(5.13)

Note that in (5.12) we do not subtract the leading constant term in contrast
to (5.13), since it has natural interpretation as the total mass energy of the D-
brane.

In the theory of D-branes, T-duality links the finiteness of the velocity of
light with the finiteness of the electric field strength. We can use T-duality and
show that a D-brane with a constant electric field along a compact direction as
a background is physically equivalent to a D(p-1)-brane without any electric
field which is moving with constant velocity along the dual circle. It is clear
that the velocity of the D(p-1)-brane can not reach more than the light veloc-
ity. Using this property, we understand that the strength of an electric field
on D-branes is bounded. This result which we obtain using T-duality, leads us
to think about the Born-Infeld theory as an appropriate candidate for electro-
magnetism in string theory[17].
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5.3 New Aspects on The Field Theory Side

5.3.1 Helicity Conservation

As is well-known, the Maxwell equations are invariant under the duality trans-
formation :
E— B
B — —1/PE

This is a discrete transformation, however there exist a continuous version of
this invariance:
E — cosaF +sinaB

é% —sinaE+cosoz§

Thisis a U(1) symmetry. In the string theory contests, this duality to S-duality.

Recently, Aschieri et al. have studied the formulation of U(1) duality sym-
metry on shell and off shell and proved that the Born-Infeld action is invariant
under this symmetry off-shell.

Rosly and Selivanov [18] have used the same symmetry to argue that at tree
level, the helicity is preserved in the scattering of photons in Born-Infeld. They
used U(1) duality symmetry and defined a basis of self-dual and anti-self-dual
plane waves and assigned a quantum number s, which they called self-duality
number, to a plane wave. They argued that the tree-level contribution of the
amplitude is zero unless sum of the self-duality numbers of all the scattering
states vanishes. Therefore, we have helicity conservation at tree level of this
theory.
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Atree(= =y =+, 4,0, +) #0 "Middle component”,

(5.14)

Rosly and Selivanov mentioned that this helicity conservation may indicate
that the Born-Infeld theory is, in a sense ,solvable.
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5.4 Born-Infeld theory, Connection between
field theory and string theory

Born-Infeld theory has interesting properties in both quantum field theory
and string theory. On the field theory side, Born-Infeld theory is a model case
of a highly nonlinear field theory, and in some aspects resembles nonabelian
gauge theory, particularly in that it provides a nontrivial example for both the
CSW [19] and BCFW [20] recursion relations. Let us shortly explain these con-
cepts. Cachazo, Svrcek and Witten use tree-level amplitudes as building blocks
for more complex amplitudes.

The usual field theory methods remain valid for complex momenta. To see
this, note that a tree-amplitude is a rational function of momenta and polar-
ization vectors. If we now consider complex momenta then tree-amplitudes
become analytic functions but for some isolated poles.Using this fact, Britto,
Cachazo, Feng and Witten [20] construct on-shell recursion relations in the
number of legs, leads to a very compact formulas. Any tree-level amplitude of
gluons is expressed as a sum over terms constructed from the product of two
subamplitudes with fewer gluons times a Feynman propagator.

Boels et al [22]studied the tree level amplitudes in Bl theory and verified the
helicity conservation, predicted by Rosly and Selivanov [18], up to the 6-point
amplitude. Also they noted that the BI theory is an example for BCFW.

BI amplitudes are of interest for string theory because they appear in the
field theory limit of the open string. As was already mentioned, Fradkin and
Tseytlin [15] have shown that the tree-level effective action for a constant field
strength coupled to the open bosonic string coincides with Born-Infeld La-
grangian

Previously one primarily used to go only from string amplitudes to field
theory amplitudes (as in the seminal work of Bern and Kosower([23]), but nowa-
days there is traffic in both directions; there is a big effort going on to system-
atically construct the string o’ expansion starting from its lowest order term -
the field theory limit - and the hope is to find structures that actually do not
change (much) when you go from the leading to higher orders (such hopes
are also fueled by similar things happening in Yang-Mills theory in the usual
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perturbation expansion)[22,41].

In particular, the string theory MHV amplitude, defined by two negative
helicity legs, must be proportional to the field theory MHV amplitude[22].
This means that the two amplitudes differ only by a scalar function of the
string coupling.

BI theory possesses a great amount of symmetry, of which some is visible
already in field theory, such as duality and helicity conservation, while some is
hidden and has been discovered only recently through strings and D-branes,
such as S-duality and T-duality. Thus it is a very interesting question how
much simplification is implied by the existence of these symmetries for the
structure of the S-matrix. The work of Rosly and Selivanov[18], as well as Boels
et al[22], already points to a level of simplicity that is very unusual for an inter-
acting field theory in four dimension.

Here we wish to build a highly optimized formalism for the calculation of
helicity amplitudes in BI theory, extending the work of Martin et al[28] and
Boels et al[22].

5.5 The Structure of Part 2

From eq.(4.9) we can see that the Born-Infeld theory is quite complicated since
its Lagrangian is an infinite power series in F? = F**F,,, therefore, a priori one
would expect amplitude calculations to be quite difficult, even at tree-level.

With this motivation, in chapter 5, we present a new and highly efficient
formalism for the calculation of helicity-decomposed amplitudes in BI theory
based on (off-shell) self-duality and (on-shell) helicity.

In chapter 6 we present our result for the 6 point amplitude and compare
them with the ones which Boels et al calculated in their article. Also for the
first time, we calculated the middle amplitude for the 8 point diagram. Boels
et al were able to obtain only the contribution of the elementary 8-point vertex
to this amplitude[22].

In chapter 7, we give a summary of our formalism. With this formalism it
is possible to compute any diagrams at tree levels in a more efficient way than
was previously possible.



Chapter 6

New self duality based formalism

Our goal here is to build an efficient formalism for the computation of helicity
amplitudes in Born-Infeld theory. At the tree-level, our notation for the on-
shell amplitude with M negative and N positive helicity legs is simply AV,
We will omit the global power of b, which is fixed by the mass dimension any-
way, and it will be understood that the momenta k4, ..., k), are associated to
the negative helicity photons, and the remaining ones to the positive helicity
ones. Although the Rosly-Selivanov theorem [18] predicts that only the “mid-
dle” component with M/ = N can be nonzero, we will study other cases, too,
since it will be instructive to see how the corresponding cancellations arise
diagrammatically.

For the case of the QED effective Lagrangian, it is well-known [24-26] that,
once it is written in terms of the field strength tensor £, the corresponding
low-energy N - photon amplitudes can be obtained from it by introducing a
field strength tensor for each photon,

FI" = Kkl'el — kiel (6.1)

writing the background field as the sum of the photon field strength tensors,

47
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N

Fu =y 6.2)

i=1

plugging this into the effective Lagrangian, and keeping only the terms involv-
ing all N tensors Fi,..., Fy. For the Euler-Heisenberg Lagrangian [41], the
QED effective Lagrangian in the one-loop and constant field approximation,
at the four-photon level this procedure is a textbook exercise (see, e.g., [25]),
and has been carried out in closed form even at the N - point level [28]. Here
it turned out to be advantageous to use the helicity basis for the polarizations,
and to decompose the field strength tensors (6.1) correspondingly. The result-
ing tensors

1 -
e = SGEET (6.3)

Where

~ 1
_FLHV — §6uyaﬁ‘Fi(xﬁ

are self-duality eigenstates [18,29-32] and have nice algebraic properties, as
will be seen in detail below using the spinor helicity formalism. At the two-
loop level, the corresponding calculation has been carried out up to the ten-
point case for general polarizations in [28], and for arbitrary N for the case of
the “all plus” (or “all minus”) amplitudes in [33].

Since the Euler-Heisenberg Lagrangian is missing derivative corrections,
the result gives only the leading low-energy approximation, where all photon
energies w; are assumed small in comparison to the electron mass m. In the
Born-Infeld case there are no such derivative corrections, and the same pro-
cedure gives the exact contributions of the elementary vertices contained in
the expansion (5.8) of the Lagrangian. On the other hand, contrary to the QED
case we now have to also include nontrivial tree-level diagrams, the first such
diagram appearing at the six-point level.

Since such diagrams involve also internal photons, we will generally need
to split the field strength tensor F as
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‘F}U/ = F}U/ + f/u/ (6.4)

where F),, will generate the external and f,, the internal photons. The field
strength tensors f/* for the internal photons will have to be kept off-shell, and
cannot be treated in the spinor helicity formalism. Nevertheless, it will still be
useful to apply to them the same decomposition into self-duality eigenstates
as in the on-shell case, (6.3),

v 1 v Nz
= U Ef) (65)

This suggests to use a corresponding decomposition already for the BIL itself.
Namely, we introduce s.. by

1
se == Fu " (6.6)

Using that ., F ™" = 0, we have

§ = Sp+Ss_

p = —i(sy —s-)
(6.7)

It follows that the expansion (5.8) of the BIL can also be rewritten in the form
[35]

1
L=s,+s_+)»_ = > Lyns™s} (6.8)
=1 m,n

77L+n7=l+1

Thus we will use this self-duality/helicity decomposition from the beginning
(a similar approach was pursued in [22]).
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The coefficients of this expansion L,,, can be given in closed form; namely
they are essentially the Narayana numbers, T'(n, k)[36], defined as

T(n, k) == %(Z: D (k " 1) 6.9)

Namely, one has

Ly =2T(m+n—1,n) (6.10)

The numbers 7'(m,n) are integers and appear in many combinatorial prob-
lems[40],[39], which fact we take as an indication of the naturalness of the
expansion of L in terms of s.. A table of the first few of these numbers is
also given in Appendix C. While for the Euler-Heisenberg Lagrangian it is
well-known that the corresponding coefficients are Bernoulli numbers[37], for
the BI lagrangian we introduce the relation between these coefficients and
Narayana numbers for the first time.

6.1 The formalism

We will now explain our computational approach in detail. As has already
been said, we will generally write all field strength tensors in the decompo-
sition

Fu=Fh+F, F. = %(FW +iF,,) (6.11)
and identical formulas for f,,. Diagrams will have vertices involving powers
of s, and s_ as defined in (6.6). A vertex in general has external photons, rep-
resented by on-shell field strength tensors F;* generated by F'*, and internal
photons represented by off-shell field strength tensors f; generated by f*. An
internal photon with momentum £; is represented by a photon propagator
D% (we will use Feynman gauge throughout)
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pp = e 6.12)
k[
Thus before the + decomposition an internal photon will yield a factor involv-
ing two off-shell field strength tensors from the two vertices connected by the
momentum k;,

B kﬁanm [ k;]

(PO = » (6.13)
I

(here and in the following we symmetrize or antisymmetrize without a factor,
e.g. Tia,5) = Top — T3o). From this basic formula one easily derives the corre-
sponding formulas for the + decomposition:

Py = ey F ik, (5(16[)[%?} + e“”"[“l%?v
4<fliaﬁ I:FMV> _ _nu[anﬁ}v _ Qgganﬁ][uffl]/] - Z-I%Ip (gﬁp[u;%;] _ 5#'4)[04];?})
(6.14)

where we have introduced the further notation

kr = — (6.15)

Further useful identities are obtained from (6.14) considering that each fo‘ﬁ

must appear together with either an f7, , or an F;. ;. In the all off-shell case,
one finds
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Fras{IT O H M e = Fasfi®” (6.16)
Frag T 10" o = Frapfs™ 6.17)
Fras (T F T fry = —2ki{ S, F1 Y (6.18)
Fra(Ir 1) fh = —2ki{fy, 1 Y (6.19)

Here in writing the right hand sides we have used the identity

fF = Fiff (6.20)

which follows from (6.5). The identities (6.16-6.19) hold, of course, also if one
or both of the external field strength tensors are replaced by on-shell ones. If
both are on-shell, however, we can achieve further simplification using some
identities which can be derived for the = in the spinor helicity formalism.
Those are [28]

1oy
(B = =5l (6.21)
1
URQ?W:=—;W%W (6.22)
[ F7] = 0 (6.23)

Using these identities (6.16-6.19) become, in this case of two on-shell tensors,

Fl (i L, = i) (6.24)
Frog{ I T = (i) (6.25)
w5<f1+“5f1 M Fr, = —2ki{F S Y (6.26)
m5<f1a6f+w>F;Ly = —Qéf{ﬂ_,Ff}/%[ (6.27)

For tree-level diagrams we can, as a final step, further simplify the resulting
expressions by writing each internal (off-shell) photon momentum k; as a sum
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of external (on-shell) momenta k;.

At the tree level, the final result for any amplitude will then have the struc-
ture

N,
AMN = : 6.28
Xfr: k%rl k%rQ T k%rp ( )

with (possibly) some uncancelled poles in the denominators, and numerators
N, that are completely written in terms of spinor products.

6.2 Elementary vertices

Let us start with the computation of the contributions to the helicity ampli-
tudes coming from the elementary vertices. As was mentioned above, this part
of the calculation is analogous to the computation of the low-energy limit of
the one-loop QED photon amplitudes from the Euler-Heisenberg lagrangian,
carried out explicitly in [28]. The elementary vertices contribute only to the
amplitudes with M and N even, M = 2m and N = 2n. Let us denote this con-
tribution to A*™" by V™. To get it from the term in (6.8) carrying a s™s’, we
write for, say, s_,

1 1 1 . 1.
soo= TR = 2 F T = 3 3 e ({F ) = =5 ) )
2,j=1 1<J %,J
(6.29)
where (6.22) was used in the last step. Defining [28]
v S (6.30)
-=5 .

and



54

|

Xy = )™ = ?{(12?(34)2 - ((M —1)M)* 4 all inequivalent permutations}
all different m

(6.31)

we have obtained the conversion

s = (=1)"xu (6.32)

Defining v, and x}, analogously to (6.30),(6.31), just with (ij) replaced by [ij],
we can write the elementary vertex contribution as

V™ = Loy (=)™ X & (6.33)



|Chapter 7

Helicity Amplitudes, the Middle
Amplitude

In this section we calculate the 4 point diagrams then we compare our result
with the Boels et al’s one.

Also for the first time we calculate the middle (non-vanishing) amplitude
for the 8 point diagrams.

7.1 4-points

701.1 2' 2+
There is no reducible diagram for this amplitude and we have only the main
vertex.

Fy Fyf

Fy Fy

55
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The basic vertex which we call V' for this diagram (four point) is

V2 = Liix; X3 = 2X2 X3 » (7.1)

which comes from (6.33), with m,n = 1.

7.2 6-points

7.2.1 3-3+

Unlike the four point diagram, there is no elementary vertex, 33, contribution
of 6-points since we need odd number of F*’s.
However there is a reducible diagram.

4+ 3—

11

33 _
¢ b4l

2
X 213 8i_8i+8j_Sjy = b4si+sj,Lllsi,sj+.

(7.2)
Here we labeled the s’s only for clarity of calculation.

_ 1 . .
siisie = ( T = () x 22 x (=2)k {7 F e

T <2< B -G
_1 (kll + kl2 + k]?)){ 13 j3 (kll + kl2 + k]?))
(kiy + iy + kjy)?

= (T)Q x 22 x (—2) x
__(kll + klz + k]s){ i3 ]3 (kll + klz + k]s)
2 (iy + iz + kjy)?

g ]a,8>

(7.3)
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We call these s*’s which participate in off-shell contractions as an active.

—1 v a 1 o
) F W BFJF <21 22> [J1,]2]2-

SiySj— — ( iapvT j1 joaB — 16

4
(7.4)

The s*’s which never contribute in contractions, we call passive ; This kind of
s* always appears in a =

3 6 +
,(Biy + ki + ki) Fo s FP Y kg + Ky + Ky
3,3 — 2 1 2 J3 i3 73 1 2 73
C Ln E E (i112)*[j1 o] (ks + by + o)

11,i2.13=1 j1,j2.J3=4

Z‘”’: 26: (i o (Kis + Kia + kio){Fiy, F} (ki + kia + ko)
1 2 ]1]2 (k“—l-km-l-kjg)

i1,42.13=1 j1,j2.j3=4

OOI»—t

1
__4
(7.5)

With some calculation we can see that

1 4 F; Ff .
O33 = —i % (1 2)%[5 6]2(kk1{+3k7 jgk; — all inequivalent permutation of
1 2 4
(1,2, )and(4,5,6)
1 1 1 1
= —— X =X - 1 4](42)[21] — alli ivalent tation.
X5 % 4(k:1+l<:2+k4)2< 3)[34](42)[21] — all inequivalent permutation

(7.6)

This is equal with Boels et al after replacing ; = ’TT”’ and some changes in

notation.
033 — (%)4 % (%)30@1 - ki e (13)[34](42)[21] — all inequivalent permutation
(ra’)? 1

= 5 T, )2<13)[34](42>[21] — all inequivalent permutation.
1 2 4

(7.7)



58

7.3 8-Points, the Middle Amplitude

To compute the middle amplitude of 8-points, we have to consider three types
of diagrams.

A

7.3.1 Main vertex

+ +

In our formalism it is easily calculated from the general formula which is given
in eq.(6.8).

VI = Ly s2 5% = (=) " Laax{ x5 = 6xi x4 (7.8)

LQQ = 0.
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7.3.2 Diagram A, Diagram 1

We call the reducible diagram with three branches as Diagram A. We have two
types of this diagram which we denote by Diagram one and two.
The diagram type one, C'y;, is

92— 7+ 4—
o+ 8+
1- 6+ 3-

Cjil = g(L11)381_81+82_82+83_33+ + <+ < —>
(7.9)
We have two passive s_ :
1
S1_83_ — Xi = 3 <<1, 2)%(3,4)? + all inequivalent permutation)
(7.10)
S1+82-83+ _> 23 Z Z F+a6 5@,8 fz;pa><fi;po jsuu>F+m/7
13=1 j5,78=5
(7.11)
As a special case of (6.18), we can have
Fj—;aﬁ<f s f13p0'> 13 = _Qkf{ j5 fzg }k[
(7.12)
This leads to
—1 « v
S1482_834 — ( 1 ) X 23 X 4]€]aF+ B<fzdﬂfy ]sMV>F+M ]CPY

(7.13)
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7 +ap — +pv
klaFjs, (<fi357 38/W>>F g kv

I « v 7 TV .7 TV v 7 vy
_ ZklaF; B ( _ nu[ﬁm] _ Qk‘[]ﬁnw][“k} +iky, (Eﬁvp[ukJ] M p[ﬁ/{ﬂ)) F;“ i

1 N o oty N ptow vy
-1 ( B R 4 R

~2krakysk Fi POV kY + 2kpaky ke, Fi M F k)
+2kmkwk:JMF+o‘ﬁF+“”k” — 2kraky ko P IR
ik kg PR FI K — ik F kg g R F kY

—Z/{ZIQF B, gﬂ”ﬂﬂmF+Wm+@kmF+ Pl eﬂ”ﬂvkﬁFﬂ”m) (7.14)

To continue our calculation we need to deal with the imaginary terms. If we

use different identities for I :

1
vaf
2° e g

P — i, (7.15)

F:I:,uu _
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Then we obtain:
N (VRS R P

4 J57 I8 J5 7 J8

= - ( — 2(/{1F~+F-+k1) — 4(k’]F;gk])(k’[F;;k]) + 4(ky - kJ)(kIF*F.*kJ)

—2F BBy kg RS FTV KT — 2k B kg k) ESPORY - 2ik o Fi P /%Jpl%ﬁﬁgpwéy>

1 . . . S . e . .
== ( — 2k FLFfhy) — A0k Fiky) (ki Fitky) + A(kr - k) (ki Ff F k)

4 J57 I8 J5 7 I8

1 A~ A oA A ~ A~ A N - A~ ~
—2 x 5Fgmgamgﬂwﬂkmk‘,pkgz«‘g“"k} + 2k F Pk kY FFP K] — 2k FL° kJ,,kﬁF;%}>

J5 7 J8

1 . . L A .
=1 ( — 2k FjLFlkr) — 2(kr Fyl k) (R k) + 2(ky - k) (ke Fy Fil k)

1 S .
-2 X 5ijagaﬁwgﬁwﬂkmkjpk?,ﬁg“”k]>.

(7.16)

We see that still we have two ¢’s in the last term:

757 J8

8
—1 1 . . - SN R
sresa-sey = () xPx—dxg ) (‘ 2(ke B Fyfhr) = 20k F k) (kL)
J5,98=5
T “ 1 A A N
—|—2(k‘] . kj)(k[F+F+kJ) + 2 x _Fﬂjﬂ;kagﬁakagﬁ'yppklakjpk;F]:puk?) ‘

757 J8 2

(7.17)

Note that the two ¢’s in that term share in the index 5 therefore we could

use this identity
Erpus €0 = nJ )y — g = ngnS w4+ 0l gy + i ns g — 0l n) .

(7.18)
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We obtain

FiAohore ceuy Jog k F k]
= Ff 2 kepokeg W5 F k) (775 MG = ng 1 — 0 ng a4 1S 1y + 03 gy — 05, nZ)
= 2F 0 kg kg kY FI K — 2F ke kg ks FS K+ 2F ke kg ks F )
= —2(ks F ky) (ki Fl k) + 2(ky - ky) (k1 FiE Fioky) — 2k FiEFf k).
(7.19)
Finally
8
—1 3 3 1 1.+ 1 1. +1 1. +1
siesa-say = ()P x 20 x —4x o S - Ak F R — Ak F k) (R F k)

J5,78=H
J57 J8

+A(kr /%J)(/%IF*F*/%JO

1 I 7 7 7 - * ~ ~ ~ A
- 5( — (kFjLFkr) — (krF k) (krFylky) + (k- kJ)(kIF‘—i_F-—'—kJ)>.

757 J8 J5 7 J8
(7.20)
Therefore the amplitude for this diagram is
1 1 ~ ~ - PN ~ PN ~
kit = 5250 % 5 (= Bt Fyf ) = (ki ey (et ) + G- o) (a5 )
+ all inequivalent permutation) + (—i— “ —>
(7.21)

or

4 ) ) . A .
Cyi = 5XI< — (ki FLF;Lkp) — (RrFLky) (R Fyiky) + (k- ky) (ki FjFky)

J5 7 J8 Js5 7 J8

+ all inequivalent permutation)
+§X2< — (ki F Fikp) — (krF kg ) (ki Fy k) + (kr - k) (ki E Fy k)

+ all inequivalent permutation) :
(7.22)
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7.3.3 Diagram A, Diagram 2

The second type of diagram A, Cy; , is

2— 3— 8+
o+ 4—
1— 6+ 7+

Note that in this diagram we have two choices. We can choose [ to the left
side of the middle branch and f~ to the right (C7},,) or vice versa (C'yy,).
Therefore the complete amplitude of this diagram is

44 ~44 4,4
Cuy = Chor + Oy

First let us give the f* to the left :

11
Ci;i 2 X b4 3' (LH) 51-81+52-824+ 5353+,
(7.23)
The passive s’s give
v « ]' . .
S1-S3+ —>( 4 ) F s FZQMVth BFZGB - 16<Z1 22> []77]8]27
(7.24)
For the active ones we have
—1 2 o+ v+ af+ L. 2
S14-52+ _>( 4 ) X 2 F}5#V<f gaaﬁ>F 4<j5>]6> )
(7.25)

—1 o B 1
s1-Sg— = (— 1 )2 % 22F SR frrag) FO° 4<23J4>27
(7.26)
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4 8
11 1 CN2rs 12y a2y
Chyy =2 % b—4§(L11)3 X (E)z Z Z (i1 42)?[j7, Js]* (s, Jo) (i3, ia)?,

11,82,93,14=1 j5,J6,J7,78=5

(7.27)
1 1
Chy =2 % bl‘i? X (2)5 x 24(12)%(7,8]%(5,6)%(3,4)? + all inequivalent permutation,
' (7.28)
1
Coiny = 7 3'<1 2)2[7,8]*(5,6)%(3,4)? + all inequivalent permutation.
(7.29)

Now we start to calculate the second type of this diagram. If we give the f~ to
the left, then

11
Cj;; =2 X b4 31 (Lll) S1-814+82_-89483_S34,
(7.30)
For passive s’s we obtain
—1 wv +af 4+ 1 .22
S1-53+ _>( 4 ) F EQ,J,VF]? Eygaﬁ — 16<21 Z2> [j7aj8] )
(7.31)

We have two contractions for the active s’s

—1 2 v+ af— 1 (kll + kiz + k]'5){F+> F }(kll + klz + k]5)
81482 — ( 4 ) X 2 F}iﬂl/(fu fz3a6>ing = _§ (kl +J;€2 + k5) )

(7.32)

l(kjﬁ + kjg + ki4){FJJga F }(kﬁ + kjs + ku)
2 (k7 + ks + k4q)? ’
(7.33)

1 , B
So183- — (— 4 ) X 22FJ:W<fN " f24aﬂ>F"46 -



65

4 8
11 1 . .
Clin=2x (L)’ x (5)° D0 D0 (i) ljr sl
' 11,92,13,44=1 j5,J6,J7,j8 =5
(Kiy + Kiy + kg {FL (i + Ky + Kjs) o Uy + ks + ki) {Fy, Fy, kg + kjg + ki)

(k1 + ko + k5)? (k7 + ks + kq)? ’
(7.34)

X

11 1
Cliny = TR (5)2 x 4(12)%(7, 8]

+ all inequivalent permutation,

ki{F5, F5 }ho y kio{Fy, F§ Yhs
(kv + ko + ks)? (k7 + ks + ka)?

(7.35)
sa 11 20 g2, L (13)[35](52)[21]  (74)[46](68)[87]
4= = x (12 —
Coane = gy ¥ 20 8 X e e Tk ™ (o o+ s + Kr)?
+ all inequivalent permutation.
(7.36)

The total diagram type 2 is

44 ~44 4.4
Cuy = Cuy + Chny

::%%(gmﬂza%awﬂa®2+

1
+ all inequivalent permutation> :

1
6

2 (13)[35](52)[21] ~(74)[46](68)[87]

12)2[7,8
<>[](m+@+@yx(m+@+my

(7.37)
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7.3.4 DiagramB

For the 8-point amplitude, we call the reducible diagram with two branches
diagram B.

8+
2— 4—
1—- 54 7+

11
CéA =2 ——L9 X L1181_82_82+83_83+ + (+ < —>,

b3
(7.38)
2 X 81— —2x5 = —(i1,42)%,
(7.39)
1 . . .
S94 834 — X4 = 5([]'5, js)?[j7, js]* + all inequivalent permutat10n>,
(7.40)
2 _1 2 — v — — —aﬁ 1 . . 2
82_83_ — 2 X (T) Eg <f7,'3,u,l/ fi4aIB>in4 = Z<Z37Z4> ?
(7.41)
44 11 U N i S (N
Cg =-2x b_4§L21 X Lyy x 2(iy,d)" X 5[]57]6] [j7, Js]” % 21<237Z4>

+ all inequivalent permutation + (+ “ —),
(7.42)
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4
Cy'=—— §<1, 2)2[5,6][7,8]%(3,4)* 4 all inequivalent permutation + <+ T —),
(7.43)
4
Cy'=—2x @5“’ 2)°[5,6]%[7,8]*(3,4)* + all inequivalent permutation.
(7.44)
Total amplitude for the middle 8 point diagram is

At =yt oyt + ol (7.45)

We compute this amplitude for the first time.



68



Chapter 8

Example of a vanishing amplitude

Finally, let us also give an example for the vanishing of the non-middle ampli-
tude, as predicted by Rosly and Selivanov[18].

This amplitude is the MHV amplitude at 6-points. We show that this am-
plitude vanishes.

4+ 6+
1— 2—
3+ 5+

The basic vertex which we call V, for this diagram is
VA = —Lipxa xif = —2xa x4, 8.1)

which comes from (6.33)
The reducible diagram is

24 _ 12
C™" = L1151-S1452— 524,

(8.2)
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+
S14+82+ 7 X4

(8.3)

—1
S$1-8S9_ — (—

7 VE 5 (f 7 fu ) F7H x 2 x 2. (8.4)

The factor 4 comes from the choices which we have for the internal f’s.

1 _ _
A P (0 f) P = (2/@21@”@—*‘” 4k FT Bk + 4ikFr By k:)

1
- (szFl;WF;W - 8]<;F1’F2’k>,
(8.5)
1
2k Fy, Fy " = =k tr{F Fy } = §k2 <12>%tr(n,) =2<12>?
(8.6)
~1
—8kF[ Fy k= —4k{F,, Fy }k = —4k* x (7) <12>%.

(8.7)

Finally we have

AX Fop(f P f )P = 4k* < 12>,
(8.8)
~1
C* = LI ()" x4 <12 >"= 2\ x5,

(8.9)

where L; = 2

AP = VA L 02 = vy, 20y, = 0. (8.10)



Chapter 9

Summary of part |l

After calculating the 8-point diagrams, we now understand the structure of the
BI amplitudes sufficiently well to build an efficient formalism for the calcula-
tion of any tree level diagram. Our formalism has the power of calculating any
diagram at tree level.

At tree level, we can see that any diagram can be decomposed into a core
and an ornament. Here the ornament is defined as the product of all the
passive factors of s* (that are not involved in the contractions defined by the
propagators of the graph). The remained is called core, and it factorizes into a
product of closed chains. Here a closed chain is defined by

FE(ff).Aff)F* CBY
Similarly, we define an open chain by open chain,

TR O 9.2)

and a half-open chain by

TSR AL FYFT (9.3)

Also we have to types of chain, odd or even. The even chains are end with the
same "helicity" F’s(or f’s) and the odd ones with F’s(f’s) of opposite sign.
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Also we have two kind of chains, we call these chains "alternating” chain
and "non alternating" one.

The alternating chains are made from a contraction of some active s™ and
s7, butdo notincludes (f*f*) or (f~f7).

SIS IWETINSFD) TN
(9.4)

A priori it is not obvious that a non alternating chain is reducible to an
alternating one, but due to the eqgs.(6.16, 6.17)we can easily show this equality.
For example,

<f+f_>(f_f)(ftfﬂ<f+1f_>~~<f+f_)<f‘f+> = (ST
(9.5)

Using these chains and the identities which we have seen in chapter 5, we
can calculate any diagram at tree level.

At the end, let us use our experience with these low-point calculations to
define a step-by-step procedure for the calculation of any tree level diagram in
BI theory:

Step 1: Strip off any factors of s; that are not involved in contractions.

Step 2: Factorize the remainder (the core) of the graph into closed chains.

Step 3: Use eqs.(6.16, 6.17) to reduce all chains to alternating ones.

Step 4: Use momentum conservation to write all internal (off-shell) mo-
menta in terms of external (on-shell) ones.

Step 5: With all momenta now on-shell, write the alternating chains in
terms of spinor helicity variables.

Step 6: Sum over permutations over the external legs (separately for the +
and the — ones).

Step 7: Write the result in terms of the variables y (as far as is possible).

Let us mention also that steps one to three are not specific to the tree level
and can be applied to any diagram in BI theory.
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For the first time we will show these calculations, including also first result
one-loop BI amplitude, in our paper[38].
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Appendices






Appendix A

Veselov Discretization

Marsden et al. derive Vesselov’s discrete mechanics from a variational ap-
proach. The cornerstone is Vesselov’s model for the discrete tangent bundle
@ x Q, heuristically for each time interval d¢, the point (¢r, ¢;) has information
regarding the position and velocity of the particle during this lapse of time,
then the discrete Lagrangian density can be defined as a smooth map of the
initial and final copies of Q, L : Q x @ = (¢r, ¢;) — R and the discrete action is

S(Q) = Z L(Qk-‘rla Qk)a (A.l)
k=0

where ¢, + 1 is the final point and the ¢, is the initial one.

We may vary the discrete action with arbitrary, not fixed, endpoints and has
the discrete analogue of the Lagrange 1-form and the Euler-Lagrange equa-
tions.

—_

3

- - OL oL
dS(qo, -+ qn) - (0G0, -, 0Gn)) = (a—(%,%—l) + a_(Qk+17Qk>)5Qk
1 Y0 do

oL oL
+ =1, 90)0G0 + —(Gns Gn1)0Gn.  (A.2)
o (91, 90)090 o0 (@ns Gn-1)0¢

B
Il
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By definition we have the discrete Euler-Lagrange equations

OL(q1,q0) N OL(q2, q1)
o dqo

— 0, (A.3)

then in the space of solutions the last two terms in eq.(A.2) which are the
boundary terms are defined as the discrete analogue of Lagrange 1-form

_ oL
9L (Q17 QO) ) (56117 56]0) = a—qo(Qh QO)(SQOa

and
oL

07 (q1,q0) - (0q1,0q0) = a—ql(ql, q0)0q1 - (A.4)

If we use the solutions of the equations of motion to define a discrete flow

F:QxQ—QxQ

(q1,%) — (g2, q1), (A.5)

and if we use the initial condition to parameterize solutions, we can define
S:QxQ—R,

by
S(q1,q0) = S(q(a1, %)),

then eq.(A.2) becomes
dS(q1,q0) = 07 (a1, q0) + (F")" (07 (¢n, @u1))- (A.6)
By using the fact that ddS = 0, eq.(A.6) becomes
(F™)*(d6}) = —db; . (A7)

Note that
0; +0f =dL,
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thus
do; + do} = 0. (A.8)

If we define the symplectic form as

wr, =0; = —db}, (A.9)

eq.(A.7) becomes
(F")'wr = wr, (A.10)

which is exactly the symplecticity condition of the flow.
Marsden et al. also show that if L is G-invariant and thus the map F is G-
equivariant in the space of solutions then defining a discrete momentum

Je = Eoxqa bt (A.11)
leads to a discrete version of Noether’s theorem.

Je = F*(Je)
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Appendix B

Comparison of Our Model with the

Marsden et al’s model

Before starting to compare these two frameworks for the field theory, it is good
to have a review of Marsden et al’s framework in 2 dimensions.

1,4} {1, 1)

1) :n gy fi. j*1)

1,010 -1,

Figure B.1: The triangles which share vertex (i, j)

Fig.B.1 shows the triangulation of the space in their framework. (Note that
this is not a triangulation since there are many holes in it and this is not allowed topo-
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logically in triangulation. Working with these triangles is correct since there is one tri-
angle per square which is the cell in this model.)

The discrete Lagrangian for the triangle A = ((i,5), (1,5 + 1), (i + 1,5 + 1))
is

1, Yiie1 — Ui 1 Yistie1 — Yii i1 » i
LA:—(yHl y])Q_ (y+1j+1 y]+1)2+N<y+1]+1“r‘y]-i-l"‘y])’ (B.1)

2 h 2 k 3

where y;; is the element of Y over the point(i, j) € A"
Then the action in Marsden et. al.s framework is summation over the La-
grangian of triangles in A™*!

Now lets start to compare two frameworks with writing the discrete action
in our framework but with the potential of a cell as the average of all points in
that cell.

C\'d [(—CVZ
¥ o
) ey

h j‘
(!
e 2

BN

LI

[

Vo

Figure B.2: s(v, 0)
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Fig.B shows the cells in our discrete spacetime X %,

Cro) — 0(Ch) N2 Cry) — 0(Ch)\2
S@) = Y (_%(Qb( : )k' 9( )) %((ﬁ( )h' 9( ))
TOU
_N(¢(Ou) + (b(Cgm) + (b(CVQ))) hE
1 6(C) = 0(C)y 1,6(C)—6(C,)
+2U:O(_§( Vk,/ ) _5( L )
1 ¢(ij1)_¢(0u) s 1,9(C)) _qﬁ(cfgl) 2
5( n ) +§( B )
+4N(¢(Cy) + ¢(Ci;111) + ¢(CV2) )) K. (B.2)

By C,, we mean the center of 7 < v in the boundary of U. Note that there is
just one such v and 7 which canbe 7+ or 7.

In the last three equations, v, and v, are the neighbors of » which are shown

in fig.B.

Note that this action is written in the Veselov’s interval so we choose U in a

way that there is no C, in the boundary.

We can write the equations of motion, for this, we have to vary the action

S(¢) respect to ¢(ro), ¢(r1) and ¢(v)
tions.

’s. Then there are three sets of field equa-

- ¢(O 1 ¢<Cu) =+ ¢(Cl/1) + ¢(CV2)

Z ( o e Tv0 + o n1)) + gN/( ; )
J%N/(éb(cug) + cb(SCu) + ¢(Cu4)) n %N,(¢>(Cu5) + 45(?()7%) + ¢>(Cu))
__9M0) 209G +9(Cr) | 9(C) ~29(Ch) 4 9(Cry)
- L2 12
+%N/(¢(Cv) + ¢(C3u1) + ¢(Cu2)) + %N/(¢(Cu3) + (b(gz/) + ¢(Ou4))
+%N’(¢(CV5) + ¢(§Vﬁ) + qﬁ(C,,)) -0,

(B.3)
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forall v < U and

¢(Cry,) = 0(Cy) — 9(C%,,) — o(Ch)
) 260) _ 80l G)

¢(Cyr,) —o(C,)  9(Cr,) — o(Cv)
(Co) ~6) _6C0)-oCs)

for two v’s which share r,all = < U°.

If we substitute the solution of the eqgs.(B.4,B.5) in the second summation
in the action eq.(B.2) which is the bulk part of our action, and consider the
difference between Reimann sums, we obtain

Z (_%(¢(Cu2) ;¢(CV1>)2+1 (¢(Cl/1) — ¢(CV>)2+N(¢<OV) + ¢(OV1) + ¢(CV2)))hk,

3
v<U°

(B.6)
which is the bulk part of Marsden et al’s action. We see that our framework has
more terms in the boundary.



Appendix

First Few Coefficients in the
expansion of the Born-Infeld

Lagrangian

Here is a table of the first few coefficients L,,,,,:

Table
Lpn |1 2 3 4 5 6 7 8 9 10
1 2 2 2 2 2 2 2 2 2 2
2 2 6 12 20 30 42 56 72 90 110
3 21| 12 40 100 210 392 672 1080 1650 2420
4 21| 20 100 350 980 2352 5040 9900 18150 31460
5 21| 30 210 980 3528 10584 27720 65340 141570 286286
6 2| 42 392 2352 10584 38808 121968 339768 858858 2004002
7 2| 56 672 5040 27720 121968 453024 1472328 4294290 11451440
8 21 72 | 1080 | 9900 65340 339768 1472328 5521230 18404100 55621280
9 21 90 | 1650 | 18150 | 141570 | 858858 4294290 | 18404100 | 69526600 | 236390440
10 | 2| 110 | 2420 | 31460 | 286286 | 2004002 | 11451440 | 55621280 | 236390440 | 898283672
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