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Resumen

Consideramos gravedad en el formalismo de primer orden en tres y cuatro dimensiones. En par-
ticular, consideramos formulaciones donde las variables fundamentales son una triada y tétrada e,
y conexiones SO(2,1) and SO(3, 1), @, para tres y cuatro dimensiones respectivamente. Conside-
ramos espacios tiempo que incluyen una frontera en infinito, que satisface condiciones de frontera
asint6ticamente planas y/o una frontera interna que satisface condiciones de frontera de horizontes
aislados. Para nuestro andlisis empleamos el formalismo hamiltoniano covariante donde el espacio
fase I" estd dado por soluciones a las escuaciones de movimiento, y para el caso en tres dimensiones
también utilizamos dos descomposiciones 2 4 1. Proponemos una accién de Palatini bien definida
y manifiestamente invariante de Lorentz bajo condiciones asintticamente planas. Usando el for-
malismo covariante y canénico encontramos sus correspondientes expresiones para la energia.
También estudiamos el principio de accién mds general 4-dimensional compatible con la invar-
ianza bajo difeomorfismos. Esto implica, en particular, considerar adrmés del término estandar
de Einstein-Hilbert-Palatini, otros términos que o no modifican las ecuaciones de movimiento o
son topoldgicos. Tener un principio de accion bien definido implica la adicién de términos de
frontera, cuya forma explicita puede depender de las condiciones de frontera en cuestion. Para
cada uno de los posibles términos de la accién mostramos que la accién estd bien definida, su fini-
tud, su contribucién a la estructura simpléctica, y las cargas hamilnonianas y de Noether. M4s aun,
mostramos que los términos de frontera y topoldgicos no contribuyen a la estructura simpléctica, ni
tampoco a la carga hamiltoniana conservada. Las cargas conservadas de Noether, por el contrario,

si dependen de la adicion de tales términos.

Palabras clave: Principio de accién - Formulaciéon hamiltoniana - Términos de frontera -

Configuraciones asintoticamente planas - Cantidades conservadas

Vil



Abstract

We consider first order gravity in three and four dimensions. In particular, we consider formu-
lations where the fundamental variables are a triad and tetrad, e, and a SO(2,1) and SO(3,1)
connections, @, for the three and four dimensional case respectively. We consider spacetimes that
include a boundary at infinity, satisfying asymptotically flat boundary conditions and/or an inter-
nal boundary satisfying isolated horizons boundary conditions. For our analysis we employ the
covariant Hamiltonian formalism where the phase space 1" is given by solutions to the equation of
motion, and for the three dimensional case we also employ two 2+ 1 —decompositions. We propose
a three dimensional manifestly Lorentz invariant well posed Palatini action under asymptotically
flat boundary conditions. By using a covariant analysis and two different 2 4+ 1—decompositions
we found the corresponding expressions for the energy. Also we study the most general four
dimensional action principle compatible with diffeomorphism invariance. This implies, in particu-
lar, considering besides the standard Einstein-Hilbert-Palatini term, other terms that either do not
change the equations of motion, or are topological in nature. Having a well defined action principle
also implies adding additional boundary terms, whose detailed form may depend on the particular
boundary conditions at hand. For each of the possible terms contributing to the action we study
the well posedness of the action, its finiteness, the contribution to the symplectic structure, and the
Hamiltonian and Noether charges. Furthermore, we show that the boundary and topological terms
do not contribute to the symplectic structure, nor the Hamiltonian conserved charges. The Noether

conserved charges, on the other hand, do depend on such additional terms.

Keywords: Action principle - Hamiltonian formulation - Boundary terms - Asymptotically

flat configurations - Conserved charges
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Chapter 1
Introduction

“One cannot escape the feeling that these mathematical formulae have
an independent existence and an intelligence of their own, that they are
wiser than we are, wiser even than their discoverers, that we get more out
of them than was originally put into them.”

—Heinrich Hertz writing about Maxwell’s equations.

Our quest to understand nature may have begun hundreds of thousands years ago with the first
humans, when they imagine divine or magic explanations for what happen around them, with time
and observation they could predict the seasons and then they were able to implement agriculture
and thus the beginnings of civilization as we know it today. Although it was until some few hundred
years ago that we begin to use mathematics to describe nature. It was until Sir Isaac Newton
(1643-1727) in his Principial, where he formulated the laws of motion and universal gravitation,
that for the first time in history, someone was able to unify our view that the motion of objects
on Earth (described so far by Galileo’s mechanics) and of celestial bodies (Kepler laws) could be
described by the same principles. Newton was only the beginning of a long path in trying to unify
our understanding of the laws of nature. In 1865 James Clerk Maxwell (1831-1879) published
his equations, that show that electricity, magnetism and optics were manifestations of the same
phenomena, the electromagnetic field. Unifying, in this way, branches of physics that seemed
unrelated until that moment. One of the predictions of his equations was that the electromagnetic
field could be propagated in wave form with constant velocity, in fact equal to the light velocity
measured up to that time. This would be explained later by Albert Einstein (1879-1955) that in

1905 formulated his special theory of relativity, that could unify Galileo’s relativity with classical

!PhilosophizNaturalis Principia Mathematica, Latin for "Mathematical Principles of Natural Philosophy", often
referred to as simply the Principia. we can consult Newton’s annotated and personal first edition at http://cudl.
lib.cam.ac.uk/view/PR-ADV-B-00039-00001/1



http://cudl.lib.cam.ac.uk/view/PR-ADV-B-00039-00001/1
http://cudl.lib.cam.ac.uk/view/PR-ADV-B-00039-00001/1

electrodynamics. Almost a decade later, in 1916, Einstein published his general theory of relativity,
which could unify his special theory of relativity with Newton’s universal law of gravitation. With
all this success in unifying our understanding of the laws of nature, Einstein embarked himself
in a monumental quest: Trying to unify his general theory of relativity with the electrodynamics.
His idea was trying to express electrodynamics in the same geometric footing of general relativity,
unfortunately he died in 1955 without seen his dream come true. Some decades later, Eintein’s
dream would be partially realized, when in 1986 Abhay Ashtekar showed that general relativity
could be formulated as a SU(2) connection theory [4].

In this quest of trying to unify our understanding of nature, the natural next big challenge
is to try to put together the two pillars of modern physics, say quantum mechanics and general
relativity. Both of them shocked and reshape our vision of the world we had at the beginning
of the past century, but they describe nature at very different scales and are founded on seemingly
contradictory postulates. We have not been able to fully bring them together to describe phenomena
that include both, as in the origins of the universe or black holes for instance.

Although we do not have a complete quantum description of the gravitational field we have
some very promising candidates as loop quantum gravity (LQG). Ashtekar’s ideas of rewriting
canonical general relativity in terms of SU(2) connections, led to the loop representation of quan-
tum general relativity and then into loop quantum gravity [61]. This missing complete quantum
description is beyond the scope of this thesis, though it serves as motivation for the many issues
studied here. This thesis is focused in the classical aspects of general relativity in the first order
formulation in spacetimes with boundaries.

One of the main lessons from the general theory of relativity is that one can formulate theories
that, in their Lagrangian description, are diffeomorphism invariant. This means that one can per-
form generic diffeomorphism on the spacetime manifold and the theory remains invariant. In most
instances diffeo invariance is achieved by formulating the theory as an action principle where the
Lagrangian density is defined without the use of background structures; it is only the dynamical
fields that appear in the action. In this manner one incorporates the ‘stage’, the gravitational field,
as one of the dynamical fields that one can describe. The fact that one can write a term that cap-
tures the dynamics of the gravitational field is interesting by itself. It is then worth exploring all
the freedom available in the definition of an action principle for general relativity. This is one of
the main tasks that we shall undertake in this thesis. Note that we shall restrict ourselves to general
relativity and shall not consider generalizations such as scalar-tensor theories nor massive gravity
in our analysis.

The first question that we shall address is that of having a well posed variational principle. This
particularly ‘tame’ requirement seems, however, to be sometimes overlooked in the literature. It

is natural to ask why we need to have a well posed action principle if, at the end of the day, we




already ‘know’ what the field equations are. While this is certainly true, one should not forget that
the classical theory is only a (very useful indeed!) approximation to a deeper underlying theory
that must be quantum in nature. If, for instance, we think of a quantum theory defined by some
path integral, in order for this to be well defined, we need to be able to write a meaningful action
for the whole space of histories, and not only for the space of classical solutions. This observation
becomes particularly vexing when the physical situation under consideration involves a spacetime
region with boundaries. One must be particularly careful to extend the formalism in order to
incorporate such boundary terms.

In order to explore some properties of the theories defined by an action principle, the covari-
ant Hamiltonian formalism seems to be particularly appropriate (See, e.g. [6], [29] and [42]). In
this formalism, one can introduce the standard Hamiltonian structures such as a phase space, sym-
plectic structure, canonical transformations etc, without the need of a 3+ 1 decomposition of the
theory. All the relevant objects are covariant. The most attractive feature of this formalism is that
one can find all these structures in a unique fashion given the action principle. Furthermore one
can, in a ‘canonical’ way, find conserved quantities. On the one hand one can derive Hamiltonian
generators of canonical transformations and, on the other hand, Noetherian conserved quantities
associated to symmetries. One important and interesting issue is to understand the precise relation
between these two sets of quantities.

The study of field theories with boundaries in the Hamiltonian approach has received certain
attention in the literature. Most of these studies have focused on the standard formalism where
a decomposition is involved and constraints are present. One recent example is [14], that con-
siders linear gauge systems in the presence of boundaries, both in the Hamiltonian and covariant
Hamiltonian frameworks, with an emphasis on the geometric approach and the functional analytic
aspects of the problem (see the references there for previous studies). However, a detail study of a
diffeomorphism invariant theory from this perspective is, in our opinion, still lacking.

Another equally important issue in the definition of a physical theory is that of the choice
of fundamental variables, specially when gauge symmetries are present. Again, even when the
space of solutions might coincide for two formulations, the corresponding actions will in general
be different and that will certainly have an effect in the path integral formulation of the quantum
theory. In the case of general relativity, the better known formulation is of course in terms of
a metric tensor g.p, satisfying second order (Einstein) equations. But there are other choices of
variables that yield alternative descriptions. Here we shall consider one of those possibilities. In
particular, the choice we shall make is motivated by writing the theory as a local gauge theory
under the Lorentz group.

It is well known that one can either obtain Einstein equations of motion by means of the Ein-

stein Hilbert action or in terms of the so called Palatini action, a first order action in terms of




tetrads e/, and a connection @/ valued on a Lie Algebra of SO(3, 1) in the four dimensional case or
SO(2,1) in the three dimensional one (see. e.g. [60] and [56])'.

Once we choose our fundamental variables, in this case we choose to work in the so called
first order general relativity, where the fundamental variables are the tetrad of triad and connection
valued in the SO(3,1) or SO(2,1) respectively if we are in four or three dimensions. We are
ready to explain, which are the questions addressed in this thesis and how we cope with them.
In order to understand first order gravity with boundaries in the Hamiltonian approach, we shall
restrict ourselves to the three and four dimensional cases, as well as asymptotically flat and isolated
horizons boundary conditions.

In four dimensions is known that we can have a generalization of this action by adding a term,
the Holst term, that still gives us the same equations of motion and also allows us to express the
theory in terms of real SU(2) connections in its canonical description (see. e.g. [35] and [16]). This
action, known as the Holst action, is the starting point of loop quantum gravity and some spin foam
models. In the same first order scheme one can look for the most general diffeomorphism invariant
first order action that classically describes general relativity, which can be written as the Palatini
action (including the Holst term) plus topological contributions, namely, the Pontryagin, Euler
and Nieh-Yan terms (see for instance [30] for early references). Furthermore, if the spacetime
region we are considering possesses boundaries one might have to add extra terms (apart from the
topological terms that can also be seen as boundary terms) to the action principle?.

Thus, the most general first order action for gravity has the form,

S [e ) 0)] = SPalatini + SHolstTerm + SPontryagin + SEuler T SNieh—Yan + SBoundary- (L.1)

It is noteworthy to emphasize that in the standard textbook treatment of Hamiltonian systems
one usually considers compact spaces without boundary, so there is no need to worry about the
boundary terms that come from the integration by parts in the variational principle. But if one is
interested in spacetimes with boundaries we can no longer neglect these boundary terms and it is
mandatory to analyze them carefully. In order to properly study this action in the whole space-
time with boundaries, we need the action principle to be well posed, i.e. we want the action to
be differentiable and finite under the appropriate boundary conditions, and under the most general

variations compatible with the boundary conditions.

!One should recall that the original Palatini action was written in terms of the metric g, and an affine connection
I [1; 55]. The action we are considering here, in the so called “vielbein" formalism, was developed in [40; 62; 64]
and in [31] in the canonical formulation.

2We should clarify our use of the name ‘topological term’. For us a term is topological if it can be written as a
total derivative. This in turn implies that it does not contribute to the equations of motion. There are other possible
terms that do not contribute to the equations of motion but that can not be written as a total derivative (such as the so
called Holst term). For us, this term is not topological.




It has been shown that under appropriate boundary conditions!, the Palatini action plus a
boundary term provides a well posed action principle, that is, it is differentiable and finite. Fur-
thermore, in [25] the analysis for asymptotically flat boundary conditions was extended to include
the Holst term. Here we will refer to this well posed Holst action as the generalized Holst action
(GHA).

This thesis is structured as follows:

In chapter 2 we give a brief review of the key basic material needed to dive in the rest of the
thesis. Although it is a review, in sections 2.4 and 2.5 we discuss some aspects there are no so
widely known, and that they have not been presented altogether in a coherent and systematic way
in the literature. The chapter is structured as follows: In section 2.1 we introduce the geometrical
concepts to make a n+ 1 decomposition in the cases when we have and have not defined a metric.
We discuss the definition of hypersurface, globally hyperbolic spacetimes, foliations, projectors,
time evolution and adapted coordinates. This concepts are independent of the theory to which
are applied. In section 2.2 we review, in the four dimensional case, the fundamental variables
of the first order formulations, that is, we introduced and give the geometrical interpretation of
tetrads and connections. In Section 2.4 we review what it means for an action principle to be well
posed, which is when it is finite and differentiable. In Section 2.5 we use some results discussed
in the previous section, to review the covariant Hamiltonian formalism taking enough care in the
cases when the spacetime has boundaries. We begin by defining the covariant phase space and
its relation with the canonical phase space. Then we introduce the symplectic structure with its
ambiguities and its dependence on boundary terms in the action. Finally we define the symplectic
current structure, and the Hamiltonian and Noether charges.

In chapter 3 we begin with a simpler yet interesting enough model. That is, we shall consider
three dimensional first order gravity only with an outer boundary corresponding to asymptotically
flat configurations that are known for a while in the metric variables [11; 47].

For this example, in section 3.1 we derive the asymptotically flat conditions for the first order
variables. Then in section 3.2 we prove that the 3-dimensional Palatini action with boundary term?,
which give us the same equations of motion that the 3-dimensional Einstein-Hilbert action, has a
well posed action principle, is finite and differentiable under the asymptotically flat boundary con-
ditions. Moreover if we introduce an additional boundary term to the action to make it explicitly
Lorentz invariant we find that the resulting action is equivalent to the Einstein-Hilbert action with
Gibbons-Hawking term. In section 3.3 we prove that the energy is bounded from below and above,
through the covariant hamiltonian formalism (CHF) of first order gravity with this this fall-off

conditions. Agreeing with previous results in the metric variables via Regge-Teitelboim methods

ISee e.g. [7], [8], [9] and references therein for the asymptotically flat, isolated horizons and asymptotically AdS
spacetimes respectively
’In analogy to the four dimensional case [7] and as previously introduced in the literature.




[11]. Although CHF provides an elegant and short derivation for the energy (and other relevant
symmetries as discussed in [27]), this quantity is determined up to a constant, that shifts the region
in which the energy is bounded. We also prove in section 3.4 that the energy is bounded bounded
from below and above with the Canonical formalism (following two different 2 + 1 decomposi-
tions), but in contrast with the CHF, here there is no ambiguity in the election of the constant, the
energy is given directly from the hamiltonian. Our results agree with those of [47].And finally
in section 3.5 propose a Chern-Simons action with boundary term valued on the Lie algebra of
ISO(2,1) that lead us to the well posed manifestly Lorentz invariant Palatini action previously in-
troduced. And at each stage we prove that we obtain all the same relevant quantities, in particular
the energy. This action may served to further study some topological aspects of the theory. But we
shall leave it to forthcoming works.

In chapter 4 we have three main goals. The first one is to explore the well-posedness of the
action principle with generic boundary terms. For that we shall study two sets of boundary con-
ditions that are physically interesting; as outer boundary we shall consider configurations that are
asymptotically flat, and in an inner boundary, those histories that satisfy isolated horizon boundary
conditions. The second objective is to explore the most basic structures in the covariant phase
space formulation. More precisely, we shall study the existence of the symplectic structure as a
finite quantity and its dependence on the various topological and boundary terms. Finally, the last
goal is to explore the different conserved quantities that can be defined. Concretely, we shall con-
sider Hamiltonian conserved charges both at infinity and at the horizon. Finally we shall construct
the associated Noetherian conserved current and charges. In both cases we shall study in detail how
these quantities depend on the existence of the boundary terms that make the action well defined.
As we shall show, while the Hamiltonian charges are insensitive to those quantities, the Noether
charges do depend on the form of the boundary terms added. While some of these results are not
new and have appeared somewhere else, we have several new results and clarifications of several
issues. Equally important is the fact that in no publication have all the results available been put in
a coherent and systematic fashion.

The structure of the chapter is as follows: In Section 4.1 we use the covariant Hamiltonian
formalism to study the action of Eq. (1.1). We find the generic boundary terms that appear when
we vary the different components of the action. In Section 4.2 we consider particular choices of
boundary conditions in the action principle. In particular we study spacetimes with boundaries:
Asymptotically flatness at the outer boundaries, and an isolated horizon as an internal one. In
Section 4.3 we study symmetries and their generators for both sets of boundary conditions. In
particular we first compute the Hamiltonian conserved charges, and in the second part, the cor-
responding Noetherian quantities are found. We comment on the difference between them. We

summarize and provide some discussion in the final Section 4.4.




I want to apologize the experienced reader for some ‘very basic’ comments here and there. I

write them for ‘my younger self’.




Chapter 2
Preliminaries

“It is important to do everything with enthusiasm, it embellishes life enor-
mously.”

—J ev Landau.

In this chapter we briefly review some of the ‘basic concepts’ used along this thesis. It is based
on several readings and notes' taken during my PhD years. I hope to give proper credit to all the

sources.

2.1 n-+1 decomposition

We refer to a 3+ 1 decomposition by a way of slicing an n dimensional manifold M into 3 di-
mensional surfaces (hypersurfaces), but we do not necessarily assume the existence of a metric. In
contrast to the standard 3 4 1 formalism where we ask these hypersurfaces to be spacelike, so that
the metric induced on them by the Lorentzian spacetime metric [signature(—, +, ..., +)] is Rieman-
nian [signature(+,...4)]. So a n+ 1 decomposition is a generalization of the n+ 1 formalism that
includes the cases where we have and do not have a metric defined on the manifold, as we shall
see in the 2+ 1 and 3 + 1 examples studied on this thesis.

All the machinery reviewed in this section was originaly developed in the context of the 3+ 1
formulation, which in the late 1950’s and 1960’s received impulse by providing the foundation of
Hamiltonian formulations of general relativity by Paul A.M. Dirac [32; 33], and Richard Arnowitt,
Stanley Deser and Charles W. Misner (ADM) [1]. It was also during this time that John A. Wheeler
put forward the concept of geometrodynamics and coined the names of lapse and shift [66].

We want to emphasize that the concepts presented in this section are independent of the dy-

I'Specially the ones given by Alejandro Corichi and Juan Daniel Reyes.




namics, that is, they are valid independently of the theory to which they are aplied, and whether
this theory depends on a metric or not.

Some of the material presented in this section is based on [12; 19; 34; 57].

2.1.1 Hypersurfaces
2.1.1.1 Definition

A hypersurface M of M is the image of a n — 1 dimensional manifold M by an embeding' 1 : M —
M (see Fig.): M = 1(M).
Locally we can define a hypersurface as the set of points for which a global function 7 is
constant, that is,
VpeM, peM<i(p)=t, with t = const. (2.1)

We can introduce locally a coordinate system of M, ¥ = (¢,x%) with a = (0,1,...,n) and @ =
(0,1,...,n— 1), such that ¢ spans R and x? are Cartesian coordinates spanning R"~!. M is defined

by the condition 7 = ¢. So the embeding takes the form,

r M — M
(x7) — (t9,x%).

(2.2)

Figure 2.1: Embedding 1 of the n — 1 dimensional manifold M into the n dimensional manifold M,
defining the hypersurface M = 1(M).

Note that the embeding 1 maps curves in M to curves in M. Also it maps vectors on TPM
to vectors on T,M by the push-forward mapping, 1.. Conversely the embedding t induces the
pull-back mapping, 1*, that maps linear forms on TPM to linear forms on 7,M in the following
way,

(2.3)

From now we identify M and M since they are related by M = 1(M). So we shall refer to a
hypersurface on M by M.

'An embeding 1 : M — M is a isomorphism, a one-to-one mapping such that both 1 and 1! are continuous, which
guarantees that M does not ‘intersect itself’.




A very important application of the pull-back operation is that by knowing the bilinear form g

(the spacetime metric), we can define another bilinear form, ¢, the induced metric on M by,
q:=1"g. (2.4)

2.1.1.2 Normal vector

Given a global function # on M, such that the hypersurface M is defined as a level surface of 7, the
gradient 1-form dr is normal to M, in the sense that for every vector v tangent to M, < df,v >=0.
The metric dual to dt, i.e. the vector Vi (whose components are V¢t = gVt = gab(dt)b) is a

vector normal to M and satisfies that,
e Vi is timelike iff M is spacelike.
e Vi is spacelike iff M is timelike.
e V¢ is null iff M is null.

The vector V¢ defines the unique direction normal to M (see Fig. (2.1)). When M is not null

we normalize V7 to make it a unit vector,
n:= (V- Vi) 12y, (2.5)

such that,

n-n=—1  if Mis spacelike, (2.6)
n-n=1 if Mis timelike. '

2.1.2 Globally hyperbolic spacetimes and foliations

In the previous subsections we have studied some aspects of the geometry of a hypersurface M
embedded in the manifold M. We have not assumed the existence of a metric neither a particular
topology of M. Now we shall restrict ourselves to a wide class of spacetimes so-called globally
hyperbolic spacetimes, where we can consider a continuous set of hypersurfaces (M;);cr that
covers the manifold M. This type of spacetimes cover most of the astrophysical and cosmological

cases of interest.

2.1.2.1 Cauchy slice and globally hyperbolic spacetime

A Cauchy surface is a spacelike hyper surface M in M such that each causal (i.e. timelike or null)
curve without end point intersects M once and only once []. In other words M is a Cauchy hyper

surface iff its domain of dependence is the whole space-time M.
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A space-time (M, g,5) that admits a Cauchy surface M is said to be globally hyperbolic.
The topology of a globally hyperbolic space-time M is necessarily M x R, where M is the
Cauchy surface entering in the definition of global hyperbolicity.

2.1.2.2 Foliations

Assume a globally hyperbolic spacetime M, by the definition given in the previous section, it can
be splitted of foliated by three dimensional spacelike hypersurfaces M; ~ M parametrized by a
global function 7 : M — R, that is they are level surfaces' of 7,

M, ={peM|i(p) =t, t = const}. (2.7)
We consider 7 regular, so the hypersurfaces M, are non-intersecting:
M,N\My =0 for t#t. (2.8)

We shall call each hyper surface M; a leaf or a slice of the foliation. We assume that all M,’s

are spacelike and that the foliation covers MV,

M= M. (2.9)
teR

Figure 2.2: Foliation of spacetime M, by a family of hypersurfaces.

For general coordinates ¥* in M, a = 0,1,2,3, each M, may be characterized by 7(¥*) = ¢,
but also the hypersurface M with coordinates X, a=1,2,3, may be thought as embeded in M,
x4 =3x (x‘j)

'Tn what follows we shall not make any distinction between ¢ and 7, we shall skip the ‘hat’ in the global functions.
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As an example! consider spheres of radious r in 3 dimensional Euclidean space R embeded as
O (F) = (F)2 + () + ()% = r* = const (2.10)
then ¥ = ¥(x7), with x = (6, @), is given by,

= rcosOsing
= rcos6fcos@

= rsing.

Assuming there is a metric g,;, defined on M, M; has a normal vector, n“ (as defined in 2.1.1.2),
(future pointing) given by?:
g (dt)p = g™ pt. (2.11)

Here we are assuming a regular foliation, global function 7 is such that dr # 0.

In the case the normal is timelike, (for a spacelike surface) we normalize such that n“n, =
gapn®n® = —1.

M, inherit an “induced euclidean metric” g, (the pull-back of g.;, ¢ := 1*g), which also can

be expressed in coordinates as,

dx4 9P
dap = g“bﬁﬁ' (2.12)
This coincides on each M; with the induced metric:
qab = 8ab + Nalp, (2.13)

characterized by, qabnb =0, and when S? is tangent to M, (S’nj, = 0) then qabSb = gabSb .
Indeed the tangent space T, M can be decomposed into subspaces tangent and normal to M,

T,M = T,M; ® Span{n“}. (2.14)

Vectors ef := % give a basis for T,M (they are orthogonal to n?, that is, e5n, = 0).
Although the induced metric g, on M; plays a fundamental role in canonical gravity. We
define it through the projection of a 4-tensor to M;, a,b =0,1,2,3 still are spacetime indices. But

we shall say a bit more about the projection in next subsection.

ISince for pedagogical reasons we are not foliating spacetime, just the Euclidean space into surfaces, we change
t— 0.
2Obtained by ‘rising the index of the one-form gradient (dr),.
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2.1.2.3 The projector

At this point we will assume that M is embedded in M. 7,M can be decomposed at each point p
in M into subspaces tangent and normal to M. Here we will refer to normal a vector m“, a vector
that is not tangent to M, only in the case when there is a metric defined on M we can chose m? to
be arbitrary! or to coincide with n® the normal vector to M as defined in subsection (2.1.1.2).

We may decompose any vector v* into its ‘spatial’ (tangent to M) and normal part.

V= Vpormam” + Vdeg‘ (2.15)
where m v =: —Vyorma 1S the projection of v* along m“, which implies
V= —(Vimg)m® +Ves (2.16)

Spaljl{n“‘} Span{m“}

T,M

Figure 2.3: T,M = T,M; & Span{n“} and the action of the projector P}.

With this at hand we can define the Projector, P : T,M — T,M, as the linear map defined by

P T,M — T,M
, i
oo By = v 2.17)

= Vv vPmym?
= (& +mmp)?

'For the 3+ 1 formalims we chose it as arbitrary (independent from n%) and it will be associated with temporal
evolution.
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Therefore the projector can be expressed as,
Y = O +mmy (2.18)

Note that in the case we have defined a metric on M, g, this is just g5 = g%gep, = g% (gcp +ncnp),
where ¢, is the induced metric on M, and n“ the unit normal to M. The vector v := qgvb and
convector wy, := gyw, are always tangent to M, i.e. Wy = waqgvb = w7 ‘selects’ only the
tangent part of v*.

In the case we have no metric, we ask the spacetime M to be topologically M x R and that there
exists a function ¢ (with nowhere vanishing gradient (dt),) such that each r = const surface M, is
diffeomorphic to M. Also there exists a flow vector field ¢ satisfying t%(dt), = 1, which allow
us to define “evolution”, although ¢ does not necessarily have the interpretation of time, we can
defined the projector as,

ty =Py = Oy +1°(dt). (2.19)

Note that m* = %, we ask 1 not to be tangent to M, and also we are using the definition of the
gradient 1-form dr that is normal to M in the sense that < dz,v >= 0. This projector will be used
explicitly in the next chapter (section 3.4.1).

In general for a tensor Tbaf.::'b‘:’ its tangent component to M can be found by

Tyt = P ~--Pf.‘n”P,fl‘ ---Plj’: Tyt (2.20)

€l

2.1.2.4 Time evolution and adapted coordinates

To define time derivatives we need to define a direction for time evolution. We shall introduce a
congruence of curves transversal to the foliation or equivalently a ‘time evolution’ vector field 74
(not necessarily orthogonal to M; nor time-like, we just ask ¢ not to be tangent to M;). Such that ¢
is the affine parameter 1V, t = 1.

With respect to this ‘time evolution’ vector field ¢, we define ‘time derivative’ of the tensor

T4192:an byby-b, aS

T2y by = £a T2 s (2.21)

with the Lie derivative of a tensor given by,
n n
£ TN gy =1V TN =Y T 5, Vet + Y TNy, Vi€, (222)

i=1 i=1

where V. is any covariant derivative, in particular we can take coordinate derivative d,.

With this additional structure we can define adapted coordinates (t,x*) for the manifold that

14



Figure 2.4: Time evolution vector field ¢.

satisfies: 1%V, x? = 0 and 1“V,t = 1 that is x* is constant along integral curves of . In this
coordinates adapted to the foliation the time derivative takes the form, d/dt.

Conversely, coordinates (z,x%) adapted to the foliation define evolution vector field,

_os

14 = W ’x“:const. (223)

We may decompose ¢t into tangential and normal parts [], for that we use the projector (2.18),

Pet" = (87 +nmp)t? = 1% + % (npt?), (2.24)
if we define the laps function,
N = —mpt”, (2.25)
and the shift function,
N := P’ (2.26)

With this definitions we can write,

1% = Nn® +N°| (2.27)

2.2 Tetrads and connections

As we already mention in the introduction, it is a very important issue the choice of our funda-
mental variables, specially when gauge symmetries are present. Also, since in this thesis we shall
restrict ourselves to the first order formulation, that is we choose as our fundamental variables

tetrads e;, and a connection @/ valued on a Lie Algebra of SO(3,1) in the four dimensional case
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or triads ey, and a connection @/ valued on a Lie Algebra of SO(2,1) in the three dimensional
one. We shall give a brief review of the geometrical meaning of the four dimensional variables,

the three dimensional case follows directly.

2.2.1 Tetrads

Consider a 4-dimensional manifold M, with a metric g, with 7,M and TP*J\/[ its tangent and

contangent spaces at a point p, respectively. The metric can be seen as a map,

gab - TpM — T;M
v gap (V) = vp, (2.28)

which is the well known fact that the metric (and its inverse) is used to “lower” (and “raise”

indices. Moreover it allow us to define an interior product,

vew = g w?, (2.29)

so we can express the norm of vector v as [v|> = v-v = g P,

Figure 2.5: Manifold M with its tangent space 7,M at a point p.

With this at hand we can define a space-time tetrad as a set of four vector fields ef labeled by
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an additional index I = 0, 1,2, 3 such that they provide an orthonormal basis at 7,M Vp & M,!
er-e; = gapefe =M. 231)
._ b [ . 1]
We can define e, := gqpe] and e, := 1n"’e,y, then,

efel = ein'®eu = efn’® gupek = (guvefel)n’™® = nikn’™ = §/ (2.32)

This implies that ¢ is invertible, seen as a 4 x 4 matrix, and its inverse is e{l, this we call it the

co-tetrad. Since (M")~! = (M~")T for any invertible matrix

elel =8¢ (2.33)
and from gabej’(ﬁ =Ny,
gapeiebelel = nyele) (2.34)
but
gapeielebel = g,,880 = nyjele) (2.35)
which implies
8ed = NIseLe): (2.36)

This is consistent with the interpretation that the co-tetrad defines an invertible isomorphism be-

tween 7, M and a Minkowski space M), glued at each point p:

J .
e, : TM—=M,

a

Vi vl =l (2.37)
and

nviw’ = nueévaeivb (2.38)

I
= (nuelel)v? (2.39)
= gV (2.40)

1You can think of them at T,M as

ey ef,e5,¢5. (2.30)

—~ ——

timelike spacelike
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and its inverse,

e+ M,—T,M

Vi = et/ (2.41)
Note that by reversing the steps,

b b b\. [ I
gapV'w’ = gabe?e]vj = (gapetey)v v = v vj, (2.42)

So we can associate a physical interpretation to this description: The cotetrad represents the in-
tertial reference frame attached to a free falling observer at p. That is, by contracting with e/,

1

observers measure the tangent vector v% as v = e/ v?. The free falling observer uses a Minkowski

p
metric to measure magnitudes and angles, according to the equivalence principle,

1 b 1 b b
vew =N (elv) (efw?) = (el el v w? := gapv'w (2.43)
thus defining a metric on each point of spacetime.
With this interpretation the internal indices are vector indices on Minkowski spacetime.

Indeed, any Lorentz transformation A’ ; on M » has no effect on the spacetime metric:

niA geX A Leé = AgnuA kel
= Nu egl(e%
= 8ab (2.44)

We just have new mappings é = Aoce: T,M — M, el = Al e,
The inverse ¢ ' =e 1o A™!: M, — T,M s

& = (Nel) ™ = ()AL ) T = A = Ay (245)

Indeed the new vectors e} also form an orthonormal set on 7, M:

gabé?élj = gupei A elL’A§ (2.46)
= gabe?(eZAI KA]L (2.47)
= A KNP =1 (2.48)
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The tetrad ¢, also defines a mapping

ef 1 T,M—Mx,

Wa —> Wy 1= efw,. (2.49)
With inverse,
el . My—TiM
Wi W, = eéwl. (2.50)

2.2.1.1 Time gauge

If we have a foliation of space-time, the mapping
ng — nyi=efng, (2.51)

or equivalently,

nt—snl = eln®, (2.52)

define a “normal” or time-like vector on Minkowski space at each point. Changing the tetrad:

é{l = Al Jeé, éf = e‘}AIJ , it changes or rotates the normal,

iy = &ng = Ay’ edng = A/ ny (2.53)

and
il =&ln® = Al jeln® = Al jn’. (2.54)

a

We can choose e as the ‘timelik’e while ef,i = 1,2,3 as ‘spacelike’. But of course this does not
necessarily mean ef are tangent to the leaf M and efj in the direction of n“. See fig []

The time gauge precisely consists on “aligning” e with n¢,
e =n’ (2.55)

And consequently “putting ef inside M™.

a

Fixing this normal in Minkowski, defined by n’ := eln“, so that ef’n’ = ebelnt = n’. This

implies that in the time gauge,

ed =n"=efn! = n' =88 =(1,0,0,0). (2.56)
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Also,

nged = gubnbea = gupe} ef’) =MNip=0 (2.57)

this implies that e{ are tangent to M, i.e. ef € T,M. From the previous equation we can also see
that n; = nge¢ = 0 is consisten with n; = nyyn’ = (—1,0,0,0).

The time gauge condition, e = n“, partially fixes the gauge as follows. We shall only allow
transformations A/ 7 that preserves the condition eg =nt = e?n’ , this are transformations that fix
n! =(1,0,0,0):

nl=An or A0 =0 (2.58)
where
10 0 O 10 0 O
0 0
A= . and A}’ = , ) (2.59)
0 RY; 0 R;/

o
)

J

Indeed, i = &n! = e4A;/n! = e%n’ = €& = n“ and also &% = eA¢’ = e4A) = ¢3. That is, trans-

formations that fix e and rotate e, so the gauge group is SO(3).

2.3 Connections on vector bundles

Intuitively speaking we can think of a vector bundle E over M in the following way. Given a
manifold M (usually space-time or a hypersurface) we can construct a new manifold by ‘gluing’

together copies of some vector space V such that locally (for a neighbourhood U C E),

E=[JV, and UsxMxV (2.60)
PEM

Examples are the tangent space TM, cotangent space 7*M and tensor bundles.

Another important concept is that of a section. Consider the bundle £ = TM, a vector field
v is a function v* : M — TM such that v*(p) € T,M at each p € M (v* is an abstract vector with
components in a certain basis).

Generalizing, sections of E are functions W/ : M — E such that W!(p) € Vp. In an internal
basis ey, W = W’e(,).

A connection D on E is a way to take ‘derivatives’ of sections W/ in the direction of the vector
field v. D is a mapping (v¢,W!) — D(v*, W') such that:

i) D(v,aW) = oD(v,W) with a constant.

iiy DW,W+W)=D®W,W)+D(v,W).
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iiiy D(v, fW) = (v'duf)W + fD(v,W), f is a functionon M, f: M — R.
iv) D(v+7,W)=D(v,W)+D(V,W).
v) D(fv,W)=fD(v,W).

This mapping defines a “covariant derivative” D,W' of a section W':
D,W!:=D(e,W). (2.61)

Properties iv) and v) implies that this is a one form on M taking values on E such that:
I) D,(aW!)=aD,W!.
m D,(W'+W')=D,W +D,W.
D) Dy(fW') = (9uf)W' + fDW'.

Note that this determines a covariant derivative on all tensor bundles constructed from tensor

products of V (covariant derivatives of 771/ Jy---J,) 1f we require:
a) General Leibniz rule: D,(TT) = (D,T)T +TD,T

b) Commutativity with contractions

Da (TIIKIn JIKJn) — DaTII..-K..-In JjKed,
Now a natural question arises, how does covariant derivative D, W' 1ook in local coordinates?
(this will be useful for actual calculations).

1. Choose local coordinates x* on M, this implies we have a local coordinate bases d,, on T,M,

then v =14d,.
2. Choose local basis e(7) on E, then W = Wle(l).

In particular, we can consider Dge ), so we can define a)é 7 by:

Dae(l) = C()éj@(l) . (2.62)
——

Linear combination
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That is, if we know these coefficients, @/ 7, then we know (locally) D W/ for all W/,

a

D,W = Da(WIe(I))
= (daW")ery+W'Due(y by II)
= (8aW’)e(,)+W’a)6{1e(J)
= (W' '+l W) ey (2.63)

So the component (I) of D,W is,
(D W) = W + ol ;W (2.64)

Usually physicist use the “sloppy” notation to define the covariant derivative,

DW!' =W + ol ;W (2.65)

More generally for associated tensor bundles,

IioI Il I ol K-l K ol
D,T" TTed, = d,T" L +Za)a xkT"! " Ty dy —Zwa JiT ! T Ky (2.66)
i i

Note that we have defined @/ ; by Daey = ! Je(n)> so they depend on coordinates x“ on M and
basis e(;) on fibers of E but they also define more geometrical (coordinate independent) objects.
From the formula,

VDW= v, W +v ¢ wl ;W (2.67)

We can see (oé Jjisa matrix-valued! one-form,

v —| ol | = vy, (2.68)

that 1s, at each point p € M “eats” a space-time vector and “spits out” a matrix in an f—linear way,
in this way is a one-form. But these matrices also define a linear transformation on each of the
fibers of E, the section W/,

w! = el | = Wh=v'al W, (2.69)

that is, at each space-time point p € M “eats” a vector W (p) € V), on the fiber over p and “spits

out” a new vector W/, Although ! ; depend on coordinates but these linear transformations are

Note that matrices are vectors so we can construct “matrix bundles” over M and think of a)é 7 as a (local) section
of these bundles.
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coordinate independent.
Locally a)é J determines the covariant derivative D, and therefore the connections D, usually

(we do it also in this thesis!) a)é 7 1s ‘loosely’ referred as the connection.!

Example: In Yang-Mills gauge theories @/ ; is called “vector potential” and is denoted by AL ;. You may have

I

seen Al instead of A, or A!

s that are matrix valued one-forms and since matrices are vector spaces, so we can choose
a “basis” of matrices 7; and expand,

i
Ay = Aa Ti.

In general, there are many different connections D, but if there is additional structure in the

bundle E there are also preferred connections. For instance:

e For tangent bundle 7T M there is the metric g,;, so we can choose as preferred connection the

Levi-Civita one, V, that is a unique “torsion free” connection such that,
Vighe =0 (2.70)

is determined by the metric. In this case a)é 7 when I,J = b, c are indices in TM they are the
Christoffel symbols I', b

e In the Minkowski bundle we constructed (suggested by the tetrad and co-tetrad e/)

E=JM, (2.71)
PEM

where each finer is a copy of Minkowski space M). There is the metric 177y = diag(—1,1,1,1).

So we can choose the preferred connections
Dynyy =0, (2.72)
which implies,
DNy = 0aMiy — @5 1My — O JMix = — @4 MKy — O yMix = 0. (2.73)

If we define w,;; := a)f 7M1k, the previous condition give us,

Wy1] = — Wy |- (2.74)

'@! ; is not a tensor in the internal indices, i.e. 1,J does not transform as tensor indices. Also @/ ; lives in a section
of linear transformations.
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The matrix w,;y is anti-symmetric, which implies that w,;; is valued on the Lie algebra of the
Lorentz group SO(3,1). That is why @, is called a Lorentz connection'. But our bundle
has more structure, there is the co-tetrad ¢, that has mixed indices a is space-time, while /
is internal. This suggest that we can extend the covariant derivative’ D, by using V,, (the

Levi-Civita connection) instead of d,,

DV =Vl +al . (2.84)
If we additionally require that,
Dl =0 (2.85)
or equivalently,
Dyel = Vel + ol el = 0. (2.86)

Solving for @? ; in terms of the tetrad and co-tetrad,

ol = eV, e (2.87)

Note that is not unique, there are many of these.
%In general we can consider d, as any connection that we can choose appropriately depending on the system at
hand, as we shall see in chapter 3, we can express @’ ; completely in term of the tetrads and co-tetrads as,

de! + o' jne! =0 (2.75)
we have
8,162 — aaei + wéjei — a),ﬁ Jell, =0 (2.76)
or equivalently
ol jel — @l je] = —28[aei]. 2.77)

Multiplying by e.; and permitting spaciotemporal indices

I I Jee [

; jepecr — Wy jey, o = 726‘C]a[aeb] (2.78)
I J I J !

COC J€,€hI — a)a Jecebl = 72eb1(9[cea] (279)
I J I Je I

), jeceq — 0, je, " = —26a18[bec] (2.80)

Then by summing (B.5) and (B.6), and subtracting (B.4),

ngegeb[ = eda[aef)] - eb,8[ce2] — eala[/,ei] (2.81)

multiplying by e% €%,
of k= e“KebLeda[aei - e‘ll(a[cei] - ebLa[beC]K (2.82)

C
. . . ~ abe b ~ abe - . .
In the 3—dimensional case, by using wf.” = —%EL KM wf x and n“h‘ sm(ef = Zeegue J] where n“b‘ is the 3—dimensional

tensor density with weight one.

1
a)é” =-3 (SL KMe”KebLeCI8[ue£] —€ KMe%a[ceg] —g KMebL8[;,eC]K) (2.83)
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This is what we called the spin connection. The spin Lorentz connection a connection that
satisfies both,

D,miy=0 and Dyl =0| (2.88)

The requirement of having a Lorentz connection is also related to the fact that there is addi-

tional structure. The Lorentz group “acts” on each finer,
VA Al eso3)). (2.89)
Also, local gauge transformations are,

vi(p) = Al j(p)V (p). (2.90)

Our Minkowski bundle is an example of a SO(3, 1)—bundle. We also want to relate vectors
obtained from Lorentz (gauge) transformations, and connections must transform accord-

ingly. If v/ — ' := Al jv/ then @!; must transform @?!; — @? ; such that,
D' =D, (A ) = Al ;D . (2.91)

By demanding the previous relation, we shall see how @/ ; transforms under Lorentz trans-

formations,
D' = 9+l
= 0d, (AIJVJ) + (I)éJ(AI]VJ)
= A’;&avj + (8aA’K + (Z)CIIJAJK) vK

= AIJ 8avj + ALJ (8aALK + (I)é JAJK> vK (2.92)

>

g

COL{](
where A; 7 = A~!, which implies that a)({ k transform as,
ol k = AL A K+ AL D SN K (2.93)

which can be written as,
0, = A '@ A+ A9, (2.94)

A Lorentz transformation on @ can be written as,

@, — @y = Aw,A~ '+ AN, (2.95)
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e In Yang-Mills theories we have a gauge Lie group G (some matrix group U(1), SU(2),
SU(2),... etc) acting on the fiber (gauge transformations),

¢ (x) = g(x)¢(x), (2.96)

so we have G—bundles. In this case we can choose as preferred connections the A’ ; that

take values on the Lie algebra of G and transforms as:
Aq = Aq=gAug™ +80ag"" (2.97)

so that,
D,(g¢9) = gDa9. (2.98)

2.4 Action principle

In this section we review the action principle that plays a fundamental role in the formulation of
physical theories. In order to do that we need to be precise about what it means to have a well
posed variational principle. In particular, there are two aspects to it. The first one is to define
the action by itself. This is done in the first part of this section. In the second part, we introduce
the variational principle that states that physical configurations will be those that make the action
stationary. In particular, we entertain the possibility that the spacetime region under consideration
has non-trivial boundaries and that the allowed field configurations are allowed to vary on these
boundaries. These new features require an extension of the standard, textbook, treatment. This
section is based on [27; 28]

2.4.1 The Action

In particle mechanics the dynamics is specified by some action, which is a function of the trajec-
tories of the particle. In turn, the action S is the time integral of the Lagriangian function L that
generically depends on the coordinates and velocities of the particles. In field theory the dynami-
cal variables, the fields, are geometrical objects defined on spacetime; now the Lagrangian has as
domain this function space. In both cases, this type of objects are known as functionals. In order to
properly define the action we will review what is a functional and some of its relevant properties.
A functional is a map from a normed space (a vector space with a non-negative real-valued

norm ') into its underlying field, which in physical applications is the field of the real numbers.

'We need the concept of the norm of a functional to have a notion of closedness and therefore continuity and
differentiability, for more details see e.g. chapter 23 of [41].
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This vector space is normally a functional space, which is why sometimes a functional is consid-
ered as a function of a function.
A special class of functionals are the definite integrals that define an action by an expression of

the form,
S[q)]:/Mil(gb“,Vq)“,...,V”q)“)d“V, (2.99)

where ¢%(x) are fields on spacetime, J\~/[, MC Misa spacetime region, ¢ is an abstract label for
spacetime and internal indices, V@ their first derivatives, and V"¢ their n' derivatives, and d*V
a volume element on spacetime. This integral S[¢] maps a field history ¢*(x) into a real number
if the Lagrangian density £ is real-valued.

Prior to checking the well posedness of this action, we will review what it means for an action to
be finite and differentiable. We say that an action is finite iff the integral that defines it is convergent

or has a finite value when evaluated in histories compatible with the boundary conditions.

2.4.2 Differentiability and the variational principle

As the minimum action principle states, the classical trajectories followed by the system are those
for which the action is a stationary point. This means that, to first order, the variations of the action
vanish. As is well known, the origin of this emphasis on extremal histories comes from the path
integral formalism where one can show that trajectories that extremise the action contribute the
most to the path integral. First, let us consider some definitions:

Let 3 be a normed space of function. A functional F : ¥ — R is called differentiable if we can

write the finite change of the action, under the variation ¢ — ¢ + d ¢, as
Flp+ 09| —F|[p] = SF +R, (2.100)

where 0¢ € F (we are assuming here that vectors ¢ belong to the space F, so it is a linear space).
The quantity §F[¢,5¢] depends linearly on 8¢, and R[¢,5¢] = O((8¢)?). The linear part of the
increment, 8F, is called the variation of the funcional F (along §¢). A stationary point ¢ of a
differentiable funcional F[¢] is a function ¢ such that SF[¢,5¢] = 0 for all §¢.

As is standard in theoretical physics, we begin with a basic assumption: The dynamics is
specified by an action. In most field theories the action depends only on the fundamental fields and
their first derivatives. Interestingly, this is not the case for the Einstein Hilbert action of general
relativity, but it is true for first order formulations of general relativity, which is the case that we
shall analyze in the present work.

In general, we can define an action on a spacetime region M depending on the fields, ¢* and
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their first derivatives, V “q)“. Thus, we have
S[9%] = /ML (9%, V%) d*V. (2.101)
Its variation &S is the linear part of
/M (£ (0" Vuo'™) = L (¢*,V,0%)]d'V, (2.102)

where ¢'% = 0%+ 8¢ . It follows that

w L L o oL o\
oS[¢ ]—/M [aw_v“a(vuqya)}‘w’ dV+/MVu (W&p )d vV,  (2.103)

where we have integrated by parts to obtain the second term. Let us denote the integrand of the
first term as: Ey 1= % - Vyu (%). Note that the second term on the right hand side is a

divergence so we can write it as a boundary term using Stokes’ theorem,

/BM%&D“ dsy ::/8M9(¢“,Vu¢“,5¢“)d3v, (2.104)
where we have introduced the quantity 6 that will be relevant in sections to follow. Note that
the quantity 8S[¢@*] can be interpeted as the directional derivative of the funtion(al) S along the
vector 0¢). Let us introduce the simbol d to denote the exterior derivative on the functional space
J. Then, we can write §S[¢] =d S(0¢) = 5¢(S), where the last equality employs the standard
convention of representing the vector field, ¢, acting on the function S.

As we mentioned before, if we want to derive in a consistent way the equations of motion for
the system, the action must be differentiable. In particular, this means that we need the boundary
term (2.104) to be zero. To simply demand that 8% |y, = O, as is usually done in introduc-
tory textbooks, becomes too restrictive if we want to allow all the variations 6 9% which preserve
appropiate boundary conditions and not just variations of compact support. Thus, requiring the
action to be stationary with respect to all compatible variations should yield precisely the classical
equations of motion, with the respective boundary term vanishing on any allowed variation.

Let us now consider the case in which the spacetime region M, where the action is defined,
has a boundary dM. We are interesting in globally hyperbolic asymptotically flat spacetimes (so
that M ~ R x M , where M is a space-like non-compact hypersurface) possibly with an internal
boundary, as would be the case when there is a black hole present. We can foliate the asymptotic
region by time-like hyperboloids H,, corresponding to p = const., and introduce a family of
spacetime regions {Mp }pescr, With a boundary oM, = M; UM, UJ, UA, where A is an inner
boundary (see Fig.2.7). This family satisfty M, C M, for p’ > p and M = UyM,. Then, the
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integral over M in (2.101) is defined as

S[q)“]:pli_rgo N L (%, V%) d'v. (2.105)
P

Sa

|

Figure 2.6: The region M,.

Now, given an action principle and boundary conditions on the fields, a natural question may
arise, on whether the action principle will be well posed. So far there is no general answer, but there
are examples where the introduction of a boundary term is needed to make the action principle well
defined, as we shall show in the examples below. Let us then keep the discussion open and consider
a generic action principle that we assume to be well defined in a region with boundaries, and with
possible contributions to the action by boundary terms. Therefore, the action of such a well posed

variational principle will look like,

S[(P“]:/ML((P“,VW“) d4V+/aM(0(¢a,Vu¢“)d3v, (2.106)

where we have considered the possibility that there is contribution to the action coming from the

boundary dM. Thus, the variation of this extended action becomes,
5S[0%) = / Eo 56° d“v+/a 0(9%, V0%, 50%) d3v+/a 50(0%, V0% dPv.  (2.107)
M M M

The action principle will be well posed if the first term is finite and ¢(¢%) is a boundary term that
makes the action well defined under appropriate boundary conditions. That is, when the action is
evaluated along histories that are compatible with the boundary conditions, the numerical value of
the integral should be finite, and in the variation (2.107), the contribution from the boundary terms

must vanish. Now, asking 6S[¢%*] = 0, for arbitrary variations 6¢ of the fields, implies that the
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fields must satisfy

the Euler-Lagrange equations of motion.

Note that in the “standard approach”, i.e. when one simply considers variations, say, of com-
pact support such that §¢% |55 = 0, we can always add a term of the form V, x* to the Lagrangian
density,

L—L+VyxH, (2.108)

with y arbitrary. The relevant fact here is that this term will not modify the equations of motion

since the variation of the action becomes,
65:5/ Ld4V+5/ Vux“d“V:S/ Ld4V+/ SxHdsy, (2.109)
M M M oM

thus, by the boundary conditions, 0@%*|5); = 0, the second term of the right-hand side vanishes,
that is, d x*|y»¢ = 0. Therefore, it does not matter which boundary term we add to the action; it
will not modify the equations of motion.

On the contrary, when one considers variational principles of the form (2.106), consistent with
arbitrary (compatible) variations in spacetime regions with boundaries, we cannot just add arbitrary
total divergences/boundary term to the action, but only those that preserve the action principle well-
posedness, in the sense mentioned before. Adding to the action any other term that does not satisfy
this condition will spoil the differentiability properties of the action and, therefore, one would not
obtain the equations of motion in a consistent manner.

This concludes our review of the action principle. Let us now recall how one can get a consis-

tent covariant Hamiltonian formulation, once the action principle at hand is well posed.

2.5 Covariant Hamiltonian Formalism and conserved charges

In this section we give a self-contained review of the covariant Hamiltonian formalism (CHF)
taking special care of the cases where boundaries are present. It contains three parts. In the first
one, we introduce the relevant structure in the definition of the covariant phase space, starting
from the action principle. In particular, we see that boundary terms that appear in the ‘variation’
of the action are of particular relevance to the construction of the symplectic structure. We shall
pay special attention to the presence of boundary terms in the original action and how that gets
reflected in the Hamiltonian formulation. We prove the first result of this thesis. In the second part,
we recall the issue of symmetries of the theory. That is, when there are certain symmetries of the
underlying spacetime, these get reflected in the Hamiltonian formalism. Of particular relevance

is the construction of the corresponding conserved quantities, that are both conserved and play an
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important role of being the generators of such symmetries. In particular we focus our attention on
the symmetries generated by certain vector fields, closely related to the issue of diffeomorphism
invariance. In the third part we compare and contrast these Hamiltonian conserved quantities with
the so-called Noether symmetries and charges. We show how they are related and comment on
the fact that, contrary to the Hamiltonian charges, the corresponding ‘Noetherian’ quantities do

depend on the existence of boundary terms in the original action.

2.5.1 Covariant Phase Space

In this part we shall introduce the relevant objects that define the covariant phase space. If the
theory under study has a well posed initial value formulation, then, given the initial data we have
a unique solution to the equations of motion. In this way we have an isomorphism / between the
space of solutions to the equations of motion, I', and the space of all valid initial data, the ‘canonical
phase space’ I". In this even dimensional space we can construct a nondegenerate, closed 2—form
Q, the symplectic form. Together, the phase space and the symplectic form constitute a symplectic
manifold (", Q).

We can bring the symplectic structure to the space of solutions, via the pullback I* of Q and
define a corresponding 2-form on I'. In this way the space of solutions is equipped with a natural
symplectic form, €, since the mapping is independent of the reference Cauchy surface one is using
to define 1. Together, the space of solutions and its symplectic structure (I', Q) are known as the
covariant phase space (CPS).

However, most of the field theories of interest present gauge symmetries. This fact is reflected
on the symplectic form Q, making it degenerate. When this is the case, € is only a pre-symplectic
form, to emphasize the degeneracy. It is only after one gets rid of this degeneracy, by means of an
appropriate quotient, that one recovers a physical non-degenerate symplectic structure. Let us now
see how one can arrive to such description from the action principle.

Before proceeding we shall make some remarks regarding notation. It has proved to be use-
ful to use differential forms to deal with certain diffeomorphism invariant theories, and we shall
do that here. However, when working with differential forms in field theories one has to distin-
guish between the exterior derivative d in the infinite dimensional covariant phase space, and the
‘standard’ exterior derivative on the spacetime manifold, denoted by d. In this context, differential
forms in the CPS act on vectors tangent to the space of solutions I". We use 6 or 0¢ to denote
these tangent vectors to , to be consistent with the standard notation used in the literature. We hope
that no confusion should arise by such a choice. Let us now recall some basic constructions on the

covariant phase space.
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Taking as starting point an action principle,
S[o"] =/ L, (2.110)
M

where the Lagrangian density, L, is a 4—form, that depends on fields ¢ and their derivatives. The
fields (])A are certain n—forms (with n < 4) in the 4—dimensional spacetime manifold, M, with
boundary, M, and A, B, ... are internal indices. Then, the variation of the action can be written

as!,

dS(5)zéS:/MEA/\S(PAJr/MdG(SQ)A), (2.111)

where E, are the Euler-Lagrange equations of motion forms and 8¢ is an arbitrary vector on
the CPS, that can be thought to point ‘in the direction that ¢4 changes’. The 1-form (in CPS) 6
depends on ¢4, §¢* and their derivatives, for simplicity we do not write it explicitly. Note that we
are using 8¢ and &, to denote the same object>. For simplicity in the notation, sometimes the ¢4
part is dropped out. Here we wrote both for clarity. The second term of the RHS is obtained after

integration by parts, and using Stokes’ theorem it can be written as,
®5A::/d65A:/ 0(5¢™). 2.112
(60") = [ d0(59") = [ 0(5¢") 112)

This term can be seen as a 1 —form in the covariant phase space, acting on vectors §¢* and return-
ing a real number. Also it can be seen as a potential for the symplectic structure, that we already
mentioned in the preamble of this section and shall define below. For such a reason, we will call
this term, @(8¢*) a symplectic potential associated to a boundary dM, and the integrand, 8(5¢*),
is the symplectic potential current’.

Note that from Eqgs. (2.111) and (2.112), in the space of solutions E4, = 0, dS = @(5¢*).

If we want to derive in a consistent way the equations of motion for the system, the action must
be differentiable. In particular, this means that we need the boundary term (2.112) to be zero. To
simply demand that §¢*|;5; = 0, becomes too restrictive if we want to allow all the variations

which preserve appropriate boundary conditions and not just variations of compact support. Thus,

I'This notation is a little bit unusual, so we shall clarify a little bit more. Here we are considering two spaces: the
space-time M and the infinite dimensional covariant phase space CPS, we can define exterior derivatives in both, d
and d, and wedge products A and A respectively. In equation (2.111), S is a functional, when we applied d, d S it
becomes a 1-form in CPS, then when evaluated on a vector field in CPS, 8, d S(0) is again a functional, also this is
equal to 8, the vector field acting on the functional, as it is standard: df (X) = X f, where f is a function, X a vector
field and d the exterior derivative. In the right-hand side of eq. (2.111), §¢ is a vector on CPS, but since ¢¢ are
certain n—forms (with n < 4) in the 4—dimensional space-time manifold, & (j)A is also a n—form in the space-time, and
the wedge product is that of the space-time.

2

3Usually, a symplectic potential is defined as an integral of 8 over a spatial slice M, see, for example, [? ]. Here,
we are extending this definition since, as we shall show, in order to construct a symplectic structure it is important to
consider the integral over the whole boundary dM.
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requiring the action to be stationary with respect to all compatible variations should yield precisely
the classical equations of motion, with the respective boundary term vanishing on any allowed
variation.

If the original action is not well defined, the introduction of a boundary term could be needed.

In that case the action becomes,
S[¢A]:/ L+/ do, 2.113)
M M

where the boundary term in general depends on fields, as well as of their derivatives, and is chosen
in such a way that the new action is differentiable and finite, for allowed field configurations, and

we have a well posed variational principle,

5S:/MEA/\5¢A+/Md[9(5¢A)+5<p]. 2.114)

When we have added a boundary term, the symplectic potential associated to this well posed action

changes as ® — O + [,;dS ¢, equivalently we can consider,

&(8) = /m[e(a)+5<p]. 2.115)

From this equation we can see that besides the boundary term added to the action, to make it well
defined, we can always add a term, dY, to the symplectic potential current that will not change ©.

Thus, the most general symplectic potential can be written as,

@(5):/(9M[9(6)+5(p+dY(6)] —. /me(a). (2.116)

Now, we take the exterior derivative of the symplectic potential, ®, acting on tangent vectors

01 and &, at a point ¥ of the phase space,
46(51.8) = 6:0(6:) - $6(5) =2 | 6,6(8y). (2.117)

From this expression we can define a spacetime 3—form, the symplectic current J(8;,5,), to be
the integrand of the RHS of (2.117),

J(81,8,) := 616(8,) — 8,6(81). (2.118)

In particular, when we have added a boundary term to the action, and taking into account the

ambiguities, the symplectic current becomes,

J(81,8) =J(81,8) +2(81 850+ 51dY (8)) - (2.119)
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where

J(61,8,) := 016(02) — 6,0(01), (2.120)

is the symplectic current associated to the action (2.110).

Now, the term 6; 65 ¢ vanishes by antisymmetry, because 8; and & commute when acting on
functions. Note that the last term of the RHS of (2.119) can be written as dy (61, 6,) = 26;dY (6y))
due to d and §; commuting. Since d and d act on different spaces, the spacetime and the space of

fields, respectively, they are independent. In this way J(8;, 5,) is determined as

J(81,8) =J(81,8) +dx(81,8). (2.121)

This ambiguity will appear explicitly in the examples that we shall consider below.

Therefore we conclude that, when we add a boundary term to the original action it will not
change the symplectic current, and this result holds independently of the specific boundary condi-
tions. This is the first result of this thesis.

Recall that in the space of solutions, d S(8) = O(8), therefore from egs. (2.117) and (2.118),

0= d2S(5,,8) — dO(8,, 6 2/ 5,d6 (5, /Mdf(61,62). 2.122)

Since we are integrating over any region M, we can conclude that J is closed, i.e. d.f = 0. Note
that df = d(J +dy) = dJ depends only on 6. Using Stokes’ theorem, and taking into account the
orientation of dM (see Fig. 2.7), we have

oz/Mdf((sl,az):/Mdj(sl,az):f{m (61,6 (—/Ml+/M2 / /) (2.123)

where M is bounded by dM = M; UM, UAUJ, M and M, are space-like slices, A is an inner

boundary and J an outer boundary.

S, M2 T

]

Figure 2.7: The region M.
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Now consider the following two possible scenarios: First, consider the case when there is no
internal boundary, only a boundary J at infinity. In some instances the asymptotic conditions ensure

that the integral fjJ vanishes, in which case from (2.123), one gets

ngJ(&ﬁz): <—/Ml+ Mz)J:O, (2.124)

which implies that [y, J is independent of the Cauchy surface. This allows us to define a conserved

pre-symplectic form over an arbitrary space-like surface M,
Q(81,8) = /M J(61,8). (2.125)

Note that in (2.123) at the end we only have a contribution from J, not from the complete J, and
for that reason the pre-symplectic form does not depend on ¢ (the contribution of the topological,
total derivative, terms in the action) nor y (the contribution of total derivative terms in J).

One should have special care in the case when the symplectic current is of the form J = Jy 4+ dc,
as we shall now demonstrate. Our previous arguments, see (2.121) and (2.123), show that the dor
term does not appear in the symplectic structure. It follows then that, when Jo = 0, the symplectic
structure is trivial Q = 0, by construction, so that in the definition (2.125), it is only the Jy part of J
that contributes to Q. It should be obvious that this conclusion is valid also in the case when there
is an internal boundary A. We shall further comment on this case below.

Let us now consider with more details the case when we have an internal boundary. Now, the
integral [,/ may no longer vanish under the boundary conditions, as is the case with the isolated
horizon boundary conditions (more about this below). The “next best thing” is that this integral is

“controllable”. Let us be more specific. If, after imposing boundary conditions, the integral takes

/AJ:/Adj:/aAj, (2.126)

we can still define a conserved pre-symplectic structure. From (2.123), and assuming the integral

the form,

over the outer boundary vanishes, we now have

R YA (A IS

where S1 and §; are the intersections of space-like surfaces M| and M, with the inner boundary A,

respectively. Therefore we can define the conserved pre-symplectic structure as,

Q:/MJJF/SJ'. (2.128)
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Note that by construction, the two form Q is closed, so it is justified to call it a (pre-)symplectic
structure.

Let us end this section by further commenting on the case when the symplectic current con-
tains a total derivative. In the literature, the symplectic structure is sometimes defined, from the
beginning, as an integral of J over a spatial hypersurface M, but we have shown that this is correct
only if J does not have a total derivative term, and the action does not have a boundary term. Let
us now describe the argument that one sometimes encounters in this context, in the simple case
where J = dot. In this case one could postulate the existence of a pre-symplectic structure Qy as

follows. Let us define

Ou(81,8) = [ da(81,6). (2.129)

we have, from (2.123) that Q; is independent on M only if Jsda and [, dee vanish. In this case
the object Qy does define a conserved two-form that satisfies the definition of a pre-symplectic
structure. It should be stressed though that such an object does not follow from the systematic
derivation we followed, starting from an action principle. It can instead be viewed and a possible
freedom that exists in the covariant Hamiltonian formalism. It is indeed interesting to explore the
possible physical consequences of introducing the object Q. As we shall show in forthcoming
sections, there is one instance in which one can postulate such a two-form, that satisfies the condi-
tions for being conserved, but as we shall show in detail, one does run into inconsistencies when
postulating such object for topological terms.

To summarize, in this part we have developed in detail the covariant Hamiltonian formalism in
the presence of boundaries. As we have seen, there might be a contribution to the (pre-)symplectic
structure coming from the boundaries. Finally, we have shown that the addition of boundary terms
to the action does not modify the conserved (pre-)symplectic structure of the theory, independently
of the boundary conditions imposed. This is the first result of this note. As a remark, we have also
noted that under certain circumstances, one could introduce a conserved symplectic structure that

results from the existence of a total derivative term in the symplectic current.

2.5.2 Symmetries and conserved charges

Let us now explore how the covariant Hamiltonian formulation can deal with the existence of
symmetries, and their associated conserved quantities. Before that, let us recall the standard notion
of a Hamiltonian vector field (HVF) in Hamiltonian dynamics. A Hamiltonian vector field Z is

defined as a symmetry of the symplectic structure, namely

£7Q0=0. (2.130)
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From this condition and the fact that d 2 = 0 we have,
£,Q0=72-dQ+d(Z-Q)=d(Z-Q)=0. (2.131)

where Z - Q = iz means the contraction of the 2-form Q with the vector field Z. Note that
(Z-Q)(0) = Q(Z,5) is a one-form on I" acting on an arbitrary vector §. We can denote it as
X(6) :=Q(Z,6). From the previous equation we can see that X = Z-Q is closed, dX = 0. It
follows from (2.131) and from the Poincaré lemma that locally (on the CPS), there exists a function
H such that X = dH. We call this function, H, the Hamiltonian, that generates the infinitesimal
canonical transformation defined by Z. Furthermore, and by its own definition, H is a conserved
quantity along the flow generated by Z.
Note that the directional derivative of the Hamiltonian H, along an arbitrary vector d can be
written in several ways,
X(6)=dH(6) = 6H, (2.132)

some of which will be used in-distinctively in what follows.

So far this vector field Z is an arbitrary Hamiltonian vector field on I'. Later on we will relate
it to certain space-time symmetries. For instance, for field theories that possess a symmetry group,
such as the Poincaré group for field theories on Minkowski spacetime, there will be corresponding
Hamiltonian vector fields associated to the generators of the symmetry group. In this thesis we are
interested in exploring gravity theories that are diffeomorphism invariant. That is, such that the
diffeomorphism group acts as a (kinematical) symmetry of the action. Of particular relevance
is then to understand the role that these symmetries have in the Hamiltonian formulation. In
particular, one expects that diffeomorphisms play the role of gauge symmetries of the theory.
However, the precise form in which diffeomorphisms can be regarded as gauge or not, depends on
the details of the theory, and is dictated by the properties of the corresponding Hamiltonian vector
fields. Another important issue is to separate those diffeomorphisms that are gauge from those
that represent truly physical canonical transformations that change the system. Those true motions
could then be associated to symmetries of the theory. For instance, in the case of asymptotically
flat spacetimes, some diffeomorphism are regarded as gauge, while others represent nontrivial
transformations at infinity and can be associated to the generators of the Poincaré group. In the
case when the vector field Z generates time evolution, one expects H to be related to the energy, the
ADM energy at infinity. Other conserved Hamiltonian charges can thus be found, and correspond
to the generators of the asymptotic symmetries of the theory. In what follows we shall explore the
aspects of the theory that allow us to separate the notion of gauge from standard symmetries of the
theory.
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2.5.2.1 Gauge and degeneracy of the symplectic structure

In the standard treatment of constrained systems, one starts out with the kinematical phase space
I'in. and there exists a constrained surface I" consisting of points that satisfy the constraints present
in the theory. One then notices that the pullback of Q, the symplectic structure to I is degenerate
(for first class constraints). These degenerate directions represent the gauge directions where two
points are physically indistinguishable. In the covariant Hamiltonian formulation we are consid-
ering here, the starting point is the space I of solutions to all the equations of motion, where a
(pre-)symplectic structure is naturally defined, as we saw before. We call this a pre-symplectic
structure since it might be degenerate. We say that Q is degenerate if there exist vectors Z; such
that Q(Z;,X) = 0 for all X. We call Z; a degenerate direction (or an element of the kernel of Q).
If Q is degenerate we have a gauge system, with a gauge submanifold generated by the degenerate
directions Z; (it is immediate to see that they satisfy the local integrability conditions to generate a
submanifold).

Note that since we are on the space of solutions to the field equations, tangent vectors X to I
must be solutions to the linearized equations of motion. Since the degenerate directions Z; generate
infinitesimal gauge transformations, configurations ¢’ and ¢ on I', related by such transformations,
are physically indistinguishable. That is, ¢’ ~ ¢ and, therefore, the quotient " = I’/ ~ constitutes
the physical phase space of the system. It is only in the reduced phase space I that one can define
a non-degenerate symplectic structure €.

In the next subsection we explain how vector fields are the infinitesimal generators of trans-
formations on the space-time in general. Then we will point out when these transformations are

diffeomorphisms and moreover, when these are also gauge symmetries of the system.

2.5.2.2 Diffeomorphisms and Gauge

Let us start by recalling the standard notion of a diffeomorphism on the manifold M. Later on, we
shall see how, for diffeomorphism invariant theories, the induced action on phase space of certain
diffeomorphisms becomes gauge transformations.

There is a one-to-one relation between vector fields on a manifold and families of transforma-
tions of the manifold onto itself. Let ¢ be a one-parameter group of transformations on M, the
map @; : M — M, defined by ¢;(x) = ¢(x, ), is a differentiable mapping. If & is the infinitesimal
generator of @ and f € C*(M), @; f = f o ¢ also belongs to C*(M); then the Lie derivative of
f along &, fef = E(f), represents the rate of change of the function f under the family of trans-
formations @;. That is, the vector field & is the generator of infinitesimal diffeomorphisms. Now,
given such a vector field, a natural question is whether there exists a vector field Zg on the CPS
that represents the induced action of the infinitesimal diffeos? As one can easily see, the answer is

in the affirmative.
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In order to see that, let us go back a bit to Section 2.4. The action is defined on the space
of histories (the space of all possible configurations) and, after taking the variation, the vectors
09 lie on the tangent space to the space of histories. It is only after we restrict ourselves to the
space of solutions I, that dS(8) = 85 = @(5¢”). Now these 5¢* represent any vector on Tyl
(tangent space to I" at the point ¢). As we already mentioned, these §¢* can be seen as “small
changes” in the fields. What happens if we want the infinitesimal change of fields to be generated
by a particular group of transformations (e.g. spatial translations, boosts, rotations, etc)? There is

indeed a preferred tangent vector for the kind of theories we are considering. Given &, consider
8: 9% = £ 0" (2.133)

From the geometric perspective, this is the natural candidate vector field to represent the induced
action of infinitesimal diffeomorphisms on I'. The first question is whether such objects are indeed
tangent vectors to I'. It is easy to see that, for kinematical diffeomorphism invariant theories, Lie
derivatives satisfy the linearized equations of motion." Of course, in the presence of boundaries
such vectors must preserve the boundary conditions of the theory in order to be admissible (more
about this below). For instance, in the case of asymptotically flat boundary conditions, the allowed
vector fields should preserve the asymptotic conditions.

Let us suppose that we have prescribed the phase space and pre-symplectic structure Q, and a
vector field 65 = £ ¢*. The question we would like to pose is: when is such vector a degenerate

direction of Q? The equation that such vector 0z must satisfy is then:
Q(8:,6)=0, V4. (2.134)

This equation will, as we shall see in detail below once we consider specific boundary conditions,
impose some conditions on the behaviour of & on the boundaries. An important signature of diffeo-
morphism invariant theories is that Eq.(2.134) only has contributions from the boundaries. Thus,
the vanishing of such terms will depend on the behaviour of £ there. In particular, if & = 0 on the
boundary, the corresponding vector field is guaranteed to be a degenerate direction and therefore
to generate gauge transformations. In some instances, non vanishing vectors at the boundary also
satisfy Eq. (2.134) and therefore define gauge directions.

Let us now consider the case when & is non vanishing on dM and Eq. (2.134) is not zero. In

that case, we should have

0(8,8:) = dHz (8) = SH, (2.135)

for some function He. This function will be the generator of the symplectic transformation gener-

I See, for instance [65]. When the theory is not diffeomorphism invariant, such Lie derivatives are admissible
vectors only when the defining vector field & is a symmetry of the background spacetime.
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ated by 8. In other words, He is the Hamiltonian conserved charge associated to the symmetry
generated by &.
Remark: One should make sure that Eq. (2.135) is indeed well defined, given the degeneracy of Q.
In order to see that, note that one can add to ¢ an arbitrary ‘gauge vector’ Z and the result in the
same: Q(0g +Z,6) = Q(, 6). Therefore, if such function H exists (and we know that, locally,
it does), it is insensitive to the existence of the gauge directions so it must be constant along those
directions and, therefore, projectable to I Thus, one can conclude that even when Hg 1s defined
through a degenerate pre-symplectic structure, it is indeed a physical observable defined on the
reduced phase space.

This concludes our review of the covariant phase space methods and the definition of gauge
and Hamiltonian conserved charges for diffeomorphism invariant theories. In the next part we
shall revisit another aspect of symmetries on covariant theories, namely the existence of Noether

conserved quantities, which are also associated to symmetries of field theories.

2.5.3 Diffeomorphism invariance: Noether charge

Let us briefly review some results about the Noether current 3-form Jy and its relation to the
symplectic current J. For that, we shall rely on [36]. We know that to any Lagrangian theory
invariant under diffeomorphisms we can associate a corresponding Noether current 3-form. Con-
sider infinitesimal diffeomorphism generated by a vector field £. These diffeomorphisms induce
the infinitesimal change of fields, given by & ¢4 = £e ¢4. From (2.111) it follows that the corre-

sponding change in the lagrangian four-form is given by
£:L=Eg A0 +d0 (9%, £ 0 2.1
eL=EAN£:9" +dO(97,££97). (2.136)
On the other hand, using Cartan’s formula, we obtain
£§L:§-dL+d(§-L):d(§-L), (2.137)
since dLL = 0, in a four-dimensional spacetime. Now, we can define a Noether current 3-form as
JN(55):9(35)—§-L, (2.138)

where we are using the simplified notation 6 (8¢ ) := 6(¢4, £ ¢*). From the equations (2.136) and
(2.137) it follows that on the space of solutions, dJN(5§) =0, so at least locally one can define a

corresponding Noether charge density 2-form Q¢ relative to & as

In(8e) =dQ; . (2.139)
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Following [? ], the integral of Q¢ over some compact surface S is the Noether charge of S relative
to £. As we saw in the previous chapter there are ambiguities in the definition of 6 (2.116) , that
produce ambiguities in Q¢. As we saw in the section 2.4.1, 6 is defined up to an exact form:
0 — 0 +dY(0). Also, the change in Lagrangian L. — L 4 d¢ produces the change 6 — 0 + 3 ¢.

These transformations affect the symplectic current in the following way

J(81,8,) = J(81,8,) +d(8Y (81) — 81Y () - (2.140)

The contribution of ¢ vanishes, as before, and as we have shown in section 2.4.1. The above
transformation leaves invariant the symplectic structure. It is easy to see that the two changes,

generated by Y and ¢ contribute to the following change of Noether current 3-form
IN(O¢) — In(8¢) +dY (6¢) + S0 — & - do, (2.141)
and the corresponding Noether charge 2-form changes as
Q¢ — Qe +Y(0)+& -9 +dZ. (2.142)

The last term in the previous expression is due to the ambiguity present in (2.139). This arbi-
trariness in Q¢ was used in [? ] to show that the Noether charge form of a general theory of
gravity arising from a diffeomorphism invariant Lagrangian, in the second order formalism, can be
decomposed in a particular way.

Since dJy(0¢) = 0 it follows, as in (2.123), that

Oz/MdJN(Bg):%?MJN(&g): (_/1141+/1\42_/A+/J) In(s), (2.143)

and we see that if [, Jy(8g) = [3Jn(8g) = O then the previous expression implies the existence of

the conserved quantity (independent on the choice of M),

/MJN<5§) = aMQg- (2.144)

Note that the above results are valid only on shell.

In the covariant phase space, and for & arbitrary and fixed, we have [? ]
0JN(0g) =60(8¢) —&- 6L =06(5)—&-dO(5). (2.145)

Since, § -d0 = £:0 —d(& -0) and 66(J¢ ) — £:0(5) = J(J, O¢ ) by the definition of the symplectic
current J (2.118), it follows that the relation between the symplectic current J and the Noether
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current 3-form Jy is given by
J(8,6¢) = 6Jn(8g) —d(E-0(6)). (2.146)

We shall use this relation in the following sections, for the various actions that describe first order
general relativity, to clarify the relation between the Hamiltonian and Noether charges. We shall
see that, in general, a Noether charge does not correspond to a Hamiltonian charge generating

symmetries of the phase space.
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Chapter 3

Palatini action in a 3D asymptotically flat

space time

“The most beautiful experience we can have is the mysterious. It is the
Sfundamental emotion which stands at the cradle of true art and true sci-
ence.”

—Albert Einstein.

Idealized and reduced models have been useful in analyzing and studying, in a simplified arena,
some aspects of the (3+1) classical and quantum geneal relativity. To be more precise, we can
consider solutions to the Einstein equations that are invariant under certain symmetries. An out-
standing example is the (2+1)-dimensional case which, apart from being a lot more simpler than
the (3+1) one, has been solved in many different contexts and by different approaches, so we can
compare our results throughout these different paths and gain some insight.

In the context of Loop Quantum Gravity, the first order formulation of General Relativity allow
us to write the theory as a SU(2) connection theory (both the real or complex formulations, depend-
ing if the Barbero-Immirzi parameter is a real or complex parameter), becoming the starting point
of the canonical quantization. Also it is mandatory the use of the first order formulation of General
Relativity if we want to couple fermionic matter. Thus it becomes relevant to fully understand the
classical aspects of this formulation. Moreover, if we want stability conditions to be satisfied in the
quantum theory, we must check whether the classical hamiltonian is bounded from below. In the
second order metric formulation this boundeness has been proved [11; 47], we want to check and
compare it with the first order general relativity results obtained in the present work. This subject
also shed some light on the discussion about the energy of Minkowski space-time.

We point out the main results of this chapter, that will be reported on [26]:

e We derive the asymptotically flat conditions for the first order variables.
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e We prove that the 3-dimensional Palatini action with boundary term', which give us the
same equations of motion that the 3-dimensional Einstein-Hilbert action, has a well posed
action principle, is finite and differentiable under the asymptotically flat boundary condi-
tions. Moreover if we introduce an additional boundary term to the action to make it explic-
itly Lorentz invariant we find that the resulting action is equivalent to the Einstein-Hilbert

action with Gibbons-Hawking term.

e We prove that the energy is bounded from below and above, through the covariant hamilto-
nian formalism (CHF) of first order gravity in an asymptotically 3-dimensional flat space-
time. Agreeing with previous results in the metric variables via Regge-Teitelboim methods
[11]. Although CHF provides an elegant and short derivation for the energy (and other rele-
vant symmetries as discussed in [27]), this quantity is determined up to a constant, that shifts

the region in which the energy is bounded.

e We also prove that the energy is bounded bounded from below and above with the Canonical
formalism (following two different 2+ 1 decompositions), but in contrast with the CHF, here
there is no ambiguity in the election of the constant, the energy is given directly from the

hamiltonian. Our results agree with those of [47].

e We propose a Chern-Simons action with boundary term valued on the Lie algebra of ISO(2, 1)
that lead us to the well posed manifestly Lorentz invariant Palatini action previously intro-
duced. And at each stage we prove that we obtain all the same relevant quantities, in par-
ticular the energy. This action may served to further study some topological aspects of the

theory. But we shall leave it to forthcoming works.

3.1 Asymptotic structure: subtleties in 3 dimensions

Intuitively speaking, in (3 + 1) dimensions we can think of an asymptotically flat spacetime as
an spacetime with matter content in a bounded region outside of which the metric approaches
the Minkowski metric. In the formal definition we say a smooth space-time metric g on R is
weakly asymptotically flat at spatial infinity if there exist a Minkowski metric 1 such that, outside a

spatially compact world tube, (g — 1) admits an asymptotic expansion? to order 1 and lim,»_e.(g —
n)=0.

'In analogy to the four dimensional case [7] and as previously introduced in the literature ...
2The explicit form of the expansion depends on the coordinates. In 3-dimensions and cylindrical coordinates, as
we use through the present work, an asymptotic expansion to order m of a function f has the form,

Fr0)=Y ”frff)) Fo(r ™), 3.1)

n=0
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In a (241) spacetime the situation is a bit different, if we consider a mass distribution, say a
point particle at the origin, r = 0, outside this region, r > 0, the metric does not approach a flat
metric, it is flat. So, how can we define an asymptotically flat space-time?

In order to define an (2+1) asymptotically flat spacetime consider the ’closest thing’ to the

(3+1) picture. Consider the solution of a point particle of mass M at the origin,
ds? = —dt> +r 3M(dr? +12d6?%) forr>0 (3.3)

where ¢, r, 0 are the cylindrical coordinates, € (—oo,+o0), r € [0,00), and 6 € [0,27). This metric is
flat everywhere except at the origin. To see that, we can define p = %, 0 = a6 with o« = 1 —4GM.
So the metric takes the form,

ds* = —di* +dp* +p2d6?, (3.4)

from which the flatness of the metric is apparent. This is due to the fact that in a three-dimensional
manifold satisfying Einstein’s equations, whenever T,;, = 0 the Riemann tensor is zero, i.e. the
spacetime is flat on those points!.

One can see that 6 € [0,27a) with (0 < @ < 1) so there is a deficit angle which, despite the
local flatness for r > 0, makes this spacetime not globally equivalent to Minkowski space (due to
the conic singulalrity).

We are looking for a metric that at spatial infinity approaches that of a point particle at the
origin (3.3). So we can define a 2+1 space-time to be asymptotically flat if the line element admits

an expansion of the form? [47],
2 1 2, B 1 2, .2 1 2
ds = — (140 | |dt"+r 1+0 =) |drr+r(14+0—-) |dO
r r r
+O(r P2\ drae, (3.5)

Note that in the asymptotic region (when r — o0) the previous line element approaches to the

background metric (in cartesian coordinates),

where r and 0 are the coordinates on cylinders with = const and the remainder o(r~™") has the property that

limr o(r ") =0. 3.2)

r—yoo

I'We know that the Riemann tensor can be split into its trace and trace-free part, the Ricci tensor and scalar, and
the Weyl tensor respectively. In 3-dimensions the Weyl tensor is identically zero, and by Einstein’s equations 7,;, = 0
implies that the Ricci tensor and scalar are also zero. Therefore the Riemann tensor is zero, so locally the space-time is
flat. Note also that here we are dealing with asymptotically flat space-time, in contrast to the conformally flat picture
where the vanishing of the Cotton tensor is equivalent the metric being conformally flat.

2A word on notation, O(r~") means that those terms include a term proportional to »—™ and terms that decay
faster, in contrast with o(r~™) that only includes terms that decay faster than r~"".
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-1 0 0
=10 rB 0]. (3.6)
0o 0 rbB

We are approaching spatial infinity by some one-parameter family of boundaries of regions
M, C M (cylinders throughout the present work, since they are more suited for hamiltonian meth-
ods, as we plan to use in the following sections, and also the use of hyperboloids in the 2 4 1
context is less natural than in the 4D case [7; 25; 27], due to the lack of asympototic Lorentz in-
variance, since, unless M = 0, the asymptotically flat spacetime previously defined is no globally
isometric to the three dimensional Minkowski space). {M,|p > 0} are an increasing family, i.e.
M, C M, whenever p < p’ and such that they cover M (U p Mp = M). This procedure of taking
a finite region M, represent a cut-off for space-time and then we remove it by the limiting process
p — oo. We take p = r+ O(#°). This is called a ‘cylindrical cut-off” in [46].

3.2 The action and the boundary conditions of the first order

variables

We can consider the Palatini action in three dimensions, whose equations of motion are equivalent
to those given by the three dimensional Einstein-Hilbert action. Now the dynamical variables
instead of the metric are a triad e and a Lorentz connection @, both valued on the Lie algebra of
SO(2,1). Additionally we add to the Palatini action a boundary term in order to have a well posed
action principle, that is, we want the action to be finite when evaluated on histories compatible
with the boundary conditions and also differentiable.!

As we have emphasized, we want to begin with a well posed action principle, we can begin
with the three dimensional analog of the four dimensional Palatini well posed action [7], that is,
the Standard Palatini action with boundary term (SPB),

17 1,
Sspple, ] = —E/Me ANFy _E/ame A . (3.7

Now the natural question arises, is the boundary term Lorentz invariant? We can answer this in two
ways. The first is by noting that we can perform a Lorentz transformation on the internal indices
in (3.14), (3.15) and we still have an asymptotically flat configuration. So, in a sense, the internal
directions are ‘arbitrary’, therefore without a loss of generality we can fix on the boundary one of
the internal directions d,n’ = 0 as in the 4-dimensional case [7; 18], and the boundary term will

be invariant under the residual gauge transformations. On the other hand we can add the following

IFor further explanation about what does it mean an action to be differentiable check out [27].
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term to the action,

1
o / —eKLo, A ngdny (3.8)
oMNn-n

with this addition, when o = 1, the boundary term in (3.7) becomes!,

1 1
/ el Aoy + — &Ko) Angdng = / —&Kle AngDny . (3.10)
oM omn-n omn-n

So instead of the action (3.7) we can begin with the manifestly Lorentz invariant well posed action
(LIP)?,

1 1 1
Sup[e, (1)] = ——/ el/\F] - — —SIKLel AngDny. (3.11)

Note that the general Palatini action contains both the SPB and LIP cases, when « =0 and ox = 1

respectively, we shall use it to compare both actions,

1 1
Sgple, ] = ——/ e NF —/ el/\a)l—a/ —eKlo; A ngdny (3.12)
K JM oM oMn-n

Moreover we can show that (3.8) is a constant when evaluated on asymptotically flat boundary
conditions (see Appendix 3.7 for the details on the derivation), so it does not spoil the finiteness
nor differentiability of the action. Therefore (3.11) is still a well posed action. Further, the term
(3.10) is related the Gibbons-Hawking term needed for the Einstein-Hilbert action to be well posed
and the action (3.11) is the same as the Einstein-Hilbert action with Gibbons-Hawking term [47].

As in the four dimensional case this is a first order action, we only have first derivatives on our
configuration variables, that is why we also refer to these variables as first order variables.

Some comments are in order. We are writing the action in a way that is independent of the Lie
group G on which is defined [60], which does not need the existence of a metric to be defined. In
the case of an arbitrary G, e,; can no longer be think of as the cotriad. The action (3.7) is then a
functional of an £;—valued connection one-form a)i and an £;—valued covector field e,;. Where
£G— stands out for the Lie algebra of G and £f;— its dual. When we chose G = SO(2,1) we re-
cover three-dimensional general relativity and we can think of e,y as a cotriad. This coincidence is

exclusive of the three-dimensional case.

1 1
/ eKLos AngDny;  — / — 'K ey Ang (dn + X yyoMn®)

1 1
/ 7£]KL€1 Angdny, + / 78"(L61 A\ I’ZKSLMNCOMHN (3.9
omn-n oMn-n

ZNote the global minus sign, this is introduced since the Einstein Hilbert action with Gibbons Hawking term is
equivalent to this action with minus sign (see appendix 3.8 for more details), so we can compare our results here with
those obtained in the second order formulation [11; 47].
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3.2.1 Fall-off conditions

To check that, in fact, the previous action is well posed we need to specify the boundary conditions
on the first order variables e and , in this case asymptotically flat boundary conditions.

From the line element (3.5),

e O )y U0 R O

+O(r "B/ arae, (3.13)

we can find the fall-off conditions of g,; as in [11; 47], with a,b,c = 0, 1,2 spacetime indices, and
therefore remembering that g, = 1s¢}e] where 1;; = diag(—1, 1, 1) is the Minkowski metric, the
fall-off conditions of the first order variables.

We can assume the co-triads and the triads admit an asymptotic expansion of the form!

151 151
el =80 (f’e‘{)+ %(0) +o(r—1)) +r P2 ("e‘g+ “el(6) +0(r_1)) 52, (3.14)

r r
and 150 1 5a
0 _le(e
ed =8¢ (Oe-?+ "’r( ) +o(r—1)) + P2 (Oe'?%—#%—o(r_l)) Saa. (3.15)
We define,

151
Opl .= 05050 4 ,=P/205l 5@ and el .= éagw—ﬁ/z%a; (3.16)

such that 7., = 115 %€/, %] given by (3.6), where 1;; = diag(—1,1,1) is the Minkowski metric.

As for the triads, we assume that the connection a)!Z admit an expansion of the form,

1—19 2—19
wcllzod)clz+ wa( ) wa( )

_|_0(r_2), (317)

Even though this expansion seems different from that of the triad, we can check that this expansion
is derived from that of the triad and co-triad by means of the condition, De = 0, to first order.
Now we have to remember that any connection D can be written as D = ) + @ , where )
is any other connection. When there is a ‘preferred’ connection available, we can write all the
other connections as that one plus a vector potential ®. Since there is no canonical choice of this

standard flat connection, D, within this particular problem it will be convenient to choose that

LA tensor field 7%, ; will be said to admit an asymptotic expansion to order m if all its component in the
Cartesian chart x* do so. Note that appart from the r~# factor in the spatial part of (3.5) the components in cartesian
coordinates admit an expansion of order 1 in analogy with the standard definition of an asymptotically flat spacetime
forﬁ ;l dimensional spacetimes [7; 25; 27], and also we assume that the first order variables, appart from a factor of
rB/2 do so.
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D Oeb = 0. Using local coordinates and a local trivialization of E = Uy X SO(2,1), where Uy is
an open set on M, the components of the connection for the condition of the compatibility of the

triad with the connection, De = 0 will look like,
Dael = Dyel + VK wyyepx = 0. (3.18)

From (3.18) is a standar calculation to see that the spin connection can be written in terms of

the triad as',

a)M = ——= <8LKM ?(ebLedD[ eb] KMeaKﬁ[ces} — ELKMebLﬁ[bec]K> . (3-19)

The leading term of the spin connection can be found from the previous equation considering

the leading terms of the triad and cotriad,

; 1 o o
Leadmgwé\/l =—5 <£LKM06?(OebLOeCI@[a062] _ g KMOa @[60 L] SLKMOebLD[b O€4K> . (320)

where ib Oe‘fl = 0. Note that from (3.14),

D0l = Dy (02 80) + Dy (rP/206L89) = Dy (rP/2) V8L = (9rP/2)08Ls7  (3.21)

a
but dprPB/2 = —%Br‘l_ﬁ/zabr. Therefore,

Dyl = (—%ﬁr‘l“‘/zam Ve8] = (—%Br‘lam(’eééf (3.22)

Taking into account the previous equation and the fall-off conditions (3.14) and (3.15), equation
(3.20) becomes (using that dyr = 0),

Leadinga)él/l — ggLKMOe—;I;Oéégf (323)

then by considering the expansion (4.37) we can see that,

1-m_B

@ a rep KM 00 0L 5C. (3.24)

Which implies that o is the leading term of @Y and also @ = 0 as well as a)(’)"’ =0.

I'See Appendix B for the derivation.
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3.2.2 Well posedness of the action

As we already mentioned, beginning with a well posed action principle under asymptotically flat
boundary conditions, we want to find an expression for the energy under various approaches. We
want to analyse whether this results coincide with those in the second order formalism [11; 47]
and also the relation and differences among the different paths we take: the covariant hamiltonian
formalism (CHF), and the canonical one, but taking two different 2 + 1—decompositions.

But first we have to check that the action principle we are working with is well posed, i.e. finite
and differentiable under asymptotically flat boundary conditions. With the fall-off conditions of

the first order variables found in section 3.2.1 we are ready to undertake this task.

3.2.2.1 Finiteness

Since the term (3.8) is a finite constant when evaluated on the boundary', it does not spoil finite-
ness, then is only necessary to cheek that the action (3.7) is finite, so the manifestly gauge invariant

action (3.11) is finite. The action (3.7) can be rewritten as,

1 1
Sle,0] = ——/ dNF ——/ e N ay
KJm K Jom
1 1 1
= ——/ dndop+ g’ d hogrnaox )| —— | dAay (3.25)
K JM 2 2K Jom
since F; = dw; + %SIJKU,)] A Wk and,
de! Nay) =de! Ny — e Ndap = & Aday = de! Aoy —d(e! A ay). (3.26)
Therefore,
1 1 1
S[e,a)] = ——/ (del/\a)[—l——SIJKeI/\a)J/\a)K—d(eI/\wI)) ——/ el/\a)l
K JM 2 K Jom
1 1
= ——/ (def/\a),+—s,f’<e’Aco,AwK). (3.27)
K Jm 2
The leading term of the previous equation is,
0 1 0,1 51 1 Jko 1,1 1
S[e,w]:—E d'e’ A a)1+§.91 en o\ g, (3.28)
M

but we already used the compatibility condition with the triad to first order to obtain the fall-off

I'See appendix 3.7 for the details.
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conditions on ®, (3.18), which also can be written as,

d%' — el jx 'k A%/ =0 (3.29)
therefore, we can rewrite (3.28) as,
1
OSle, 0] = ——/ (doe’/\ o — & er7K 0% A Loy A a)K)
01 1 oo L r1o;
:——/de/\a)1 —d%' Aty = ——/ —d%' A L. (3.30)
2 M2

Now, using (3.22) and (3.24) the leading term is,

1 H 0,11 be 13
R/Mﬂa el 1K gt gy — 0, (3.31)
since! la)é( =0, 50 =0and Da eo = 0. On the other hand note that we could have chosen to

write (3.27), also using De = 0 to first order, as,

1 1
0 I 01 ,1.J 51 K I 0 Il K zabc ;3
Sle,w| = —— E N O N @O =—— E (1) (1) E%dx. 3.32
[e, ] lK'/Jv[ JK € | M JK b We X ( )

In the previous equation, using (3.16) and (3.24), the only nonvanishing term is

1 ‘ol 1ok
OSle0] =~ [ €'~ rdrdodr = | (") (333)
M

4K Jm ror

Our region of integration M is bounded by dM = M; UM, UJ with its corresponding orienta-
tion. In order to check finiteness it is enough to check that the integral over a spatial hypersurface
is finite. This is true since we are integrating over a finite time interval where the Cauchy surfaces
M, and M, are asymptotically time-translated with respect to each other. Such spacetimes M are
referred to as cylindrical slabs [7] or as cylindrical temporal cut-off [? ]

Note that on a Cauchy slice the only dependency on r of the previous equation is due to ' @X =
O(r~1), so the integral over r goes as [ O(r~!)dr that may logarithmically diverge in the limit
r — oo, but we already proved on (3.31) that this term is zero. Then the next to leading terms decay

faster on r so in the limit r — oo they go to zero. Therefore the integral is finite even off shell.

11 0,/

(o = 0 is zero from the fall off conditions on , iDa eo = 0 because "¢, = eo and DO e- = 0 because we
ask the condltlon of the compatibility of the triad with the connection to be satisfied to first order to find the fall-off
conditions on ®,

D() e —@() e, —|—81JK1(1)()]0€bK=0.

since !X = 0 then D% = 0.
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3.2.2.2 Differentiability

In order an action to be differentiable the variation of the action needs to take the form,
5Sle, ®] = / [E.ASe+EgpASo] +/ 0(, 0", 8¢, 8a"), (3.34)
M oM

and in order E, and E, to be the Euler-Lagrange equations of motion, the boundary term needs
to be zero when evaluated on solutions compatible with the boundary conditions . Since the term
(3.8) is constant when evaluated on those solutions, its variation is zero so it does not spoil differ-
entiability. Therefore we only need to check if the action (3.7) is differentiable.

The variation of the 3-dimensional Palatini action with boundary term (3.7) is,

1 1
8S[e, ] :——/ (' NFy+e' NSF] ——/ (8" Noyp+e' NSay], (3.35)
K JMm K JoM
but | .
O0F =dow + EEIJKS(DJ N\ Ok + 58]”(60] ANOwg = déwy + SIJK5(1)J N Og (3.36)

then, the variation becomes,
1 I 1 J | SJIK 1 I
6S[e,a)]:——/ e AF,——/ (de’ +&"™e;nag) N B ——/ SNy (3.37)
K JM K JM K JoMm

If the boundary term is zero under the boundary conditions, the action is said to be differentiable

and the equations of motion are,
Fr=0 and De’ =de’ +¢&’®e; Awg =0. (3.38)

Then the boundary term is,

1 1
—-— Sl Ny = —— (-/ + +/> O (3.39)
K Jom K M Im, JI

where we are considering that our integration region M is bounded by dM = M; UM, UJ with its
corresponding orientation. We are taking, as usual, 8¢/ = @y = 0 on the space-like surfaces M
and M;,. We are left only with the integral on the time-like boundary J. Remember that we are
approaching spatial infinity by a family of cylinders, C, with r = const, in the limit when r — co.

To check differentiability we have to prove that

lim [ 8¢ Ay =0, (3.40)

r—ee JC,

when evaluated on histories compatible with the asymptotically flat boundary conditions. It is
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enough to check the behaviour of the leading term (the next to leading terms decay ‘faster’ as r

goes to infinity). The leading term of (3.40) in components is,

lim [ 8% ’ e?rdfdr = lim | (8%}  awp — 8% ' wy) €%d6dr = 0. (3.41)
r—ee Jc, r r—ee JC,
We have used that 1(1)6 =0 and 8% I = ( (since Oe(l) = Oe and © 1s our fixed flat frame at the
asymptotic region). The next to leadmg terms decay faster, since ! ’ =0O(r Hand '0X =001,

they are proportional to

lim G + O(rz)) dodr = 0. (3.42)

r—ee JC,

Therefore the action is also differentiable under asymptotically flat boundary conditions.

3.3 Covariant analysis

In this section we shall follow covariant hamiltonian formalism developed in section 2.5 [27].

From the variation of the action (3.37), we can identify the symplectic potential,
O, 0!, 8¢, 5o ::/ 0(e, 0, 8¢, / Se' Ay, (3.43)
oM
and its associated symplectic current,

~ 1
J(51,52) = 25[19(52}) = _E (5261/\ oy — 516’1 A 520)1) . (3.44)

Since J is closed over any region M,

0= [ W& = 168 {—/Ml+ Mﬁﬁ 1(51.8) (3.45)

here we are considering the region M is bounded by dy¢ = M| UM, UJ, M| and M, are space-like
slices and J an outer boundary, in particular we shall consider configurations that are asymptotically
flat. We are assuming no internal boundary.

In order to have a conserved symplectic current and therefore a conserved pre-symplectic form,
independent of the Cauchy surface, we have to check that fJJ = (0, that is there is no current
leakage’ at infinity.

Taking into account the asymptotically flat boundary conditions previously derived, we can see

that the leading terms of fjJ are,

[09631.8) = tim [ (8% 18 '@~ 8 78 w). (3.46)
] K re ),
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Following the same arguments as in (3.41), that is using coo 0 and 6 Oeo = 0, and noticing

that the previous equation becomes,

/j01(61,62) = —% lim . (82081 ' war — &€l 51 ' wnr — 81 °¢h 8 ' war + 81 %€l ey £,
(3.47)
we can see that
/901(51,52) =0. (3.48)

But on the other hand note that

/jOJ(él,éz) = Liim (820 ’51 80 1/\32 ) e rd@dr (3.49)

K r—e JC,

is independent of r. Therefore the next to leading terms goes as,

1
/J(61762) =——1lim [ O( 1e®dodr = 0. (3.50)

9 K r—e Jc,
Then the symplectic current is conserved.

Now we can define a conserved pre-symplectic form over an arbitrary space-like surface M,
1
(8,8, /J 81,6 :_E/ 82! N S10y — S1el A S0y (3.51)
M

Once we have Q(6;,8,), we can analyse the symmetries of the theory and their associated
conserved charges. In particular we are interested in the conserved charge associated with the
asymptotic time translations, i.e. the ADM energy.

Since one of our goals is to compare the resulting expression for the energy through the co-
variant and canonical formalism, we need to be sure that the conventions in both schemes are in

agreement. We discuss this point in the next section.

3.3.0.3 Link between covariant and canonical approaches

The symplectic structure is essential in order to have a hamiltonian description. In a coordinate
basis asscociated with the configuration variables, the fields ¢, the symplectic form can also may
be difined by

Q = dIIy Ado?, (3.52)

where IT, is the momenta canonically conjugated to ¢. This Q is consistent with all our deriva-
tions in the covariant phase space. But up to now we haven’t said ‘who are’ our ¢ and ITj.

It is well known that in the first order formulation of General Relativity one of our configuration
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variables is the canonically conjugated to the other. For instance, in the connection approach, @
is chosen to be the configuration variable and it turns out that e will be its canonical momenta. Or
the other way around if we chose the geometrodynamics picture.

To compare with the results obtained by the canonical formalism, first we have to chose if we
want to work in the connection or geometrodynamics approach. We chose the first one, that is
¢4 = o' and 14 = ¢;. From (3.51),

0(8,,8) = /62 N8 181! N Sor = (3.53)

A ¢A
In order to compare our expressions for the energy, through all the approaches we have to use
Q=-Q.

3.3.1 The hamiltonian and the energy

Consider infinitesimal diffeomorphisms generated by a vector field &, these diffeomorphisms in-
duce an infinitesimal change in the fields given by & := (£ze,£: ).
We said & is a hamiltonian vector field iff Q(0, 55) is closed, d Q = 0, and the Hamiltonian H¢
is defined by,
Q($6, 0¢) = 0Hgz =dH. (3.54)

Where d is the exterior derivative on the covariant phase space', which is different from the
exterior derivative on spacetime d.

So Hg is a conserved quantity along the flow generated by &. And when we consider the case
when & generates asymptotic time translations of the space-time, which induces time evolution on

the covariant phase space generated by the vector field 0g := (£ge, £z @). He is the energy.

3.3.1.1 The energy

From eq. (3.51),
Q(8,8:) = —0(8,8;) = / 8ze N Say — 8el A\ S; @ (3.55)
= E/Mfée /\3(0[—68 /\£§a)1 (3.56)
by using £5¢A E-doA +d(&E-¢M)

Q(S,Sg):lK/M[(5-del)/\6a)1+d(§-el)/\6w1—6el/\(§-dwl)—3e1/\d(§-w1)}. (3.57)

Isee [27] for further details and definitions.
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Now we have to use that at infinity & should approach a time-translation Killing vector field of the
asymptotic flat spacetime. In particular this means that in the asymptotic region £¢ is orthogonal
to the spacelike surface. Therefore & -e! = e{), & - 7 = wy; but for the leading term we have seen
Y@y = 0, also Da eb only has spatial components so & -d%! = 0. With this at hand we can see
that!,

0(8,8;) = /d NASay (3.58)
= - / d[(E )] - (-el)dSey (3.59)
M

Note that the second term of the previous equation in components becomes,

~ | ebDig0q e rarae (3.60)
but
D80 = 8B |r205rdar + ' 35 dar]| 1™ & el ™, (3.61)
SO
056@{5‘5w|5]18b5 = 5[3 [r‘28[,;|r8a—r-|— r‘1¢9[l—,‘8gr] 8LK1 €d Oeh Oe(l) T[ad bc (3.62)
R Obc
€€ do €

here ¢ = \/—n =1 where 1, is the Minkowski metric associated with the fixed frame &7 at the
asymptotic region, also €|ldo €0bc = —25@] Thus by antisymmetry in the space-time indices this
term vanishes.

From (3.58) and the previous argument the presymplectic form is,

i} 1
Q(5,5;) = —/ )doy] = K/aM(g-ef)Sw,
= lim [l / Oefaﬁéou / O(rl)dG] (3.63)
roeo | K Jom O oM ’ '
with
LM 1
5( < )z—Sﬁ&ﬁELKMOefOeLn“d (3.64)
r 2r

Then, by (3.54), the variation of the hamiltonian, and therefore of its corresponding associated

I'This is the only non-vanishing term to first order.
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conserved quantity, the energy, is
- 1
SHy =0(5,8:) = -—lim [ ) (5/3rfladrsLK,0eK0 Lnad)

— —/ —5[3 (SLKIOe{)OefOeL) dd_&ar & (3.65)

0¢
g
20

here we are using the identity suqoe{) Oeg Ok = ¢€,;7 where & = \/—n = 1 with 1] the determinant

of Nyp, the Minkowski metric associated with the fixed frame ¢éf at the asymptotic region. Also
9% =: r? can be seen as the normal to the cylinders r = const. On the other hand n%9;rg% =

rdgoe , S0 we can use &,,.r“ = &,,. With all this we can see that the previous equation (3.65) is,

SH: :L/ Lepez. .8 L/a —Sﬁesocsocrde——Sﬁ/ 49 (3.66)

2K Jom 2k Jom r

Also note that M = C;, M a space like slice at “time” ¢, and C; a circle with radius r at time ¢. We

can write the energy,
B

OHg = e

d9 (3.67)

taking kK = 871G,
op 6p
H - = —.
§72(87G) " T 8G

(3.68)

Since the previous expression only gives the variation, the energy will always be determined up to

a constant,

B
E == — .
16G + const (3.69)

Following [11; 47], B € [0,2), we can choose this constant to be zero for the energy of Minkowski

space-time to be zero,

E e {O 4G} (3.70)

which coincides with the result obtained in [11] throughout Regge-Teitelboim method. Al-
though CHF is elegant only provide us with the variation of the energy, so we have and indeter-
minacy in the election of the constant that may shift the region in which the energy is bounded.
Thats why we shall also analyse this action through the canonical analysis, where the hamiltonian

is completely determined by the Legendre transformation.
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3.4 Canonical analysis

In the case of theories that can be formulated without the need of a metric, we have two choices for
a2+ 1 decompoisition. The first one, we shall refere to it as the Witten approach1 , it does not need
the existence of a metric, we only ask the spacetime M to be topologically ¥ x R and that there
exists a function ¢ (with nowhere vanishing gradient (dt),) such that each r = const surface M, is
diffeomorphic to X. Also there exists a flow vector field 1 satisfying ¢*(dt), = 1, which allow us
to define “evolution”, although ¢ does not necessarily have the interpretation of time?.

The second one, we shall refere to it as Ashtekar-Barbero-Varadarajan approach®. In this
approach, following closely the 3 4 1 decomposition of the first order variables, besides the ingre-
dients of the Witten approach we are assuming the existence of a metric g, and therefore a unit
normal to the Cauchy surfaces. This introduce additional information to that in Witten’s decompo-
sition. In particular, we can decompose any tensor into its normal and tangential part, in particular
t* can be decomposed as 1 = Nn“ 4+ N“, where N and N¢ are the laps and shift functions. Now we
have additional information, the freedom of choosing any foliation and any vector field ¢¢, that is
coded in the laps and shift functions.

A comment in notation, in what follows we use £ as the Levi-Civita tensor density of weight
+1 instead of ﬁ“bc, more commonly used in the 3— dimensional case, this to avoid confusion with
the flat metric 1), (3.6), or with the Minkowki metric (either with internal or spacetime indices).

Also we refer to a Cauchy slice as M following the notation in [27].

3.4.1 Witten’s approach

In order to make the canonical analysis (a la Witten) of the 3-dimensional Palatini action, we write

action (3.11) it in components

1 - 1 o 1 e
SPB[e,(D] = ——/ SabceaIFbIC——/ eal(l)bgab—— —SIKLeaan'DanSab(3.71)
2K I K Jom oM n- n

1 1
= —— | g% Fl — —/ ! e Do 8P (372
T /M CarFpe = aMea] b + Ay \/— LeaDyny (3.72)

For this decomposition we shall follow the analysis in [60], taking enough care of the boundary

term, the ones coming from the Palatini action and the boundary terms in (3.71). Using that

Following [15] refering to Witten’s paper [67], for more details on the analysis in the case where there is no
boundary see [60].

2Since the 2 4 1 Palatini action based on an arbitrary Lie group G (3.7) is a theory independent of a spacetime
metric, we can still define evolution from one ¢ = const surface to the next using the Lie derivative along #“.

3In [15] the authors discuss the differences in the canonical analysis, particularly in the constraints, following
Witten’s vs Ashtekar’s approaches. Thats whay we call it Ashtekar-Barbero-Varadarajan approach.
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gabe — 3¢laghel gy and g0 = 2¢laghl gy

I I
Spale,0] = o / di / (1987 4+ 15 4 18Py L — / di / (18" — P8 e
K M K G
o ~ - 1 2
-l-;/dl‘/c(l‘a&‘b—tbSa)WSILea[Dan (3.73)
t

1 1
S / dt / ~ (t%qr) FLEY 418 e F.
K M| 2 -

(t-e)!

1
- / di / (tar) OLE" — (1Pl e (3.74)
K C | N—~— N ,
[ (re)f (ro)
a 1 e 2 -
+E/dt/ct \/WSIL [(l‘aeal)DanSb— (thbl’lL)eaI&‘a] (3.75)

Taking into account the following standard relations,

Ff, = 20,0+ [0y, 0] = 00 — 00 + [p, 0]’ (3.76)
Dyl = Opol+ [0y, o) (3.77)
tFl. = £0l —D.(t-0) (3.78)

the second term of the bulk part can be written as,

écaeajl‘beIC = (£;a)cl)§“’ea[ — @C(O) . l)Iécaeal (3.79)

(£:0N)Eeq —Def(0-1) 8|+ (0 1) D (E%4y). (3.80)
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Then the action takes the form,

1 1 - ~ ~
Spple,0] = _E/dt/M E(r“eal)F’ g+ (£)EC e — Del(@ 1) 8] + (0 - 1) De(8%4)
L (re)
1
—— / dr / (t%qr) L8 — (1P 0d)) 0187 (3.81)
K C |~~~ ——
| (te); (t-w)!

o 1 e 2 -
+E/dl g WEIL |:(l‘a€a[>®bl’lL8b — (lb'Dan)eaISa (3.82)

S / di / (“ea) L + (0!8 e+ (0-1)"De(E7eur)
o

1
+—/dt/ DC[(w-t &%) — /dt/ (t%ar) a)bs —(t wb)eale (3.83)
K M ——

)1 (t-0)!
(04
had dt IL
* K/ aVn e

[(r“ea,)i),,nLéb - (tbi_)an)ealéa . (3.84)
Strictly speaking we begin with an action valid for any Lie group (e is not related to the met-

ric unless we identify the group with SO(2,1) so this action can be defined without the need of
a metric), more over in Witten’s decomposition we are not assuming the existence of a metric.
Therefore we can not use the Stokes theorem that needs the normal to the surface. So we left the
term [;; D [(®-1)'8%e,] indicated.

In order to proceed to the Legendre transformation we need to calculate the momenta,

00 1
IS = g« 3.85
1 6(£;’(DCI) K' €al, ( )

60



then the canonical Hamiltonian is',

Hle,0] — / (&) — £]

_ .t / (t“ear)F )FLEY 1 (@ 1Y/ D(8eq)
ol

1
- / De[(@-1) 8] + — / (t%ear) OIE — (P 0f) ar®
C |~ ~——
(t~e)1 (t~(1))1

1 ° °
g €'t [(teu) Dyms” — ( Dyn)ewr?]. (386

KJc v/n-n

We can see that the following contraints

FL&E" ~0 and D.(8%,)~0, (3.87)

are first class, and also they are the pull-back to M with %® of the equations of motion (3.38).

On the constraint surface,

1
Hle,0] = —— / De[(@-1) 5] + — / (t%ear) OLE" — (I @) ear®
C |~ ——
(t-e)r (t-w)!
o IL | (ay Ny L _gb (b n ~a
- D D . .
p Ct8 {(t ear) b\/ﬂ ( b\/—n) €a18} (3.88)

that is, the boundary terms are the only non-vanishing terms.

Now if we take into account the asymptotically flat boundary conditions, the leading term of
(w-t)! is zero and also ¢” @b(r O¢.) = 0. In the timelike boundary as well as in the boundary of
M (circles for each time #, C;) the normal to the surface is %, then ny//n-n = re.. So the only

non-vanishing leading term comes from,

1 -
Hle,0] = / (t-e);0)&° ——/ (t%ar) Db(r ec) & (3.89)
G \ﬁ,_/
reDyec e Dyre
As in the covariant case, if we want this hamiltonian to generate asympotic time translations

and therefore its conserved quantity to be the energy, t* has to approach a time-translation Killing

vector field of the asymptotic flat spacetime, which also translates in ¢ being orthogonal to M.

INote that the bulk part of this hamiltonian coincides with that given in [60].
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Using this and the fall-off conditions (3.14) and (3.24), the hamiltonian is given byl,

1ol
1 w;: ;- o °
Hle,0] = r11_>n30 ; EonITbéb_E/C et 0, <OeCLDbrC> &b —i—O(r*B/z) (3.91)
t t
H;

S

H
For the first term of the right hand side of previous equation, since the volume element associated
to C; goes as rd0, the leading term of the previous equation does not depend on r, and the next to
leading terms go as O(r~!) so in the limit they vanish leaving us just with the leading term,

LY 0 15’1‘549 LT 0o, 1 KI105a 05Lzb

Hy = —lim eoj—2&”" = — lim eor—BdareL” "o epE (3.92)

K r—e Jc, r 2K r—= Jc, r
Note that appart from 63 <+ 8 this expression is the same as (3.65). Using the same steps we can
see that (taking k¥ = 87G),

H:ﬁ/dez L 3.93
' 2k e, 2(87G) 8G (3:93)
The term (that comes from eq. (3.89)),
Leading lim—g/ EIL(t“e I)rc’.nge 80 = lim -_E SILOe()IrC(—Er_ﬁ/zabroe':LSE)éOb+O(r_1)
roe K JG ¢ ¢ roe | KJG 2r e
1 =
= lim % et 060106_5L 7r*B/2r‘8;,r€‘0" + O(ril)
r—e | 2K Jg, r
L ez
1 )
— tim | 2P [ L8 ,ree rdo+0(r ")
r—e | 2K Jo, 1 ——
L 82
— B2 1)de+ o)
r—eo | 2k Jg

— tim | %B 812 -1
= lim " 2w+ O(r )}

r—oo

— lim 'O(fﬁ/2)+o(f1)} —0 iff B>0

r—oo |

(3.90)
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For the second term of the right hand side,

o 2\ L
H, = lim [——/ SILOe()[(OeCL@br‘> sb]
1

r—oo K .JC
o . 2 ~
= ——Ilim SIL 060]0€CL @brc SOC
K r—o J ¢, N~ —
Zgob opre
o . ~0b =
= —=1lim [ §%&%(9,r°)rd6
K r—o Jo, S~
o
a .. o
= ——lim [ (d.r°)rd6 = ——/ 2d0 (3.94)
K r—e JC, N—~—~ 2K G
1/r

Using (3.92) and (3.94), we can see that the hamiltonian (3.91) is given by,

B o 1
H=H +H,=— | d0—— | 2d0 = —— 20— p)deo. 3.95
1+ 2K Jg, 2K Jg, 2K c,( a—p) ( )

When o = 1 we recover the results of [47],

H= 1/(2—;3)019 (3.96)
G

2k

Following [11; 47], B € [0,2), we can see that energy is bounded from below and above by,

1
Eec [_E’O] . (3.97)

Otherwise when o = 0 we recover that of [11], that is the same as the covariant case considered
in this work when considering the indetermination constant as zero.

In both cases, our analysis here and that given in [47] the starting point is a well posed action,
the Palatini action with boundary term and the Einstein-Hilbert action with Gibbons-Hawking
term. Also note that the addition of the boundary term (3.8) is essential in order to first order
action, in this case LIP, to be equivalent to the Einstein-Hilbert action with Gibbons-Hawking term
and therefore lead to the same expression for the energy.

Even though both actions, SPB and LIP, lead to the same classical equations of motion, the
Einstein’s equations of motion, they do not completely agree at the hamiltonian level, they differ
up to a constant.

We should emphasize the difference between this result where the hamiltonian and therefore
the energy is completely determined by the Legendre transform, in contrast with the covariant
formalism where we only get the variation of the hamiltonian, so the energy it is always determined

up to a constant (3.166).
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3.4.2 Barbero-Varadarajan’s approach

As in the Witten’s decomposition, we begin with the well posed manifestly Lorentz invariant Pala-

tini action,

Spiple, 0] = ——

- 1 - a 1 e
SabcealFbIC——/ eala),ﬁe"b——/ —8IKL€a1nKDan8ab (3.98)
2K Jm K Jom KJomn-n

L b C
Using &gy ek = Zeegae ]], which implies e eL&M eie’,’( g%ceM  The well posed Palatini

action can be written,

1 1 o 1 2
Spiple, ®| = ——/ eELKI be F, / e Ia)’?-:”b—— —EIKLe ]?l](@ nLéab 3.99
[ ) ] 2k Kt'bel — K Jone al Wy, K Jonin-n a b ( )

As we already mention, to make a standard 2 + 1 decomposition, we assume the existence of a
metric and thus we can introduce a projector g2 = 8 +n,n” which projects down all the fields in
their spacelike and normal components respectively. In particular we can decompose t* = n“N +
N4

To begin with, we have to use ¢” to project all the dinamical variables appearing in the action.

First we shall decompose the integrand of the bulk term of the previous equation,

LKI b

eE eLe%de :egLKI a . LKI a d

e4ed. 8085 Fyer = ee™ el el (g0 — nan®) (g — nan®) Foer (3.100)

with g, the induced metric and n the normal to the 2—dimensional Cauchy slices. Now using
nt = (t*—N%) /N, also &! = qub and ffgb qaquI are the projections of e and F to the Cauchy
slice, and ng := n“eqk, then the integrand of the bulk term becomes,

2 2
eELKI beKF bel = eSLKI [828%?&1 — Ng?'nKtCde + NE?HKNCS'Z,C]] . (3.101)
which implies that the decomposed bulk term is,

1 2 2
— —/ eSLKI beKFbcI Meé‘LKI [82 ?{ffbcl_ NS%nKtCFbCI_I_ NaanNcgjbd} .

2K 2K
(3.102)
Now we shall decompose the boundary term,
o 1 2
— —/ eala)be“b - — —SIKLea[I’LKDanEab. (3.103)
omn-n
We begin with the integrand of the standard boundary term, e,; w,g?:“b,

e 08 = 8878 e 10! = (¢ — nan®) (gt — npn?) el E® (3.104)
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but 8 = 2Nnl9gb)dt, then

zab

d I/ axb
eq W) = N [QZQbeclwd(nae

—nP&) — gSnyne 0l (nE" — nbe?)

—qznancecla)é(naéb — nbé") + nancnbndecla)(ll(n“éb — nbé") dt. (3.105)

Note that most of the terms vanishes due to gin® = 0 or by antisymmetry of the indices, the non

vanishing terms are,

eala)be"b —N qanbndnbs —qbnancnaeb] eda)édt. (3.106)

Since n? is the normal to the spacelike surfaces M (and the splitting in the boundary is compatible
with the spacetime one), n,n® = —1. Also we use n® = (t* — N%) /N, &L = gbe! and W! = gb o],
the integrand of the boundary term becomes,

1 1
eala),géab = —N [SMN(td—Nd)(nbnb)a)éé“—N(t —Nc)a)decl(nan) ]dt
= —(mpn?) [tdwgaa,éa—Ndwg,aa,éurcec,wds —Ncec,wgéd} dr (3.107)

which implies that the decomposed standard boundary term is,

1 1
- / - / 1@ — N @f€0s? + 1 WhE! ~ Neeo WHE! |t (3.108)
K JoMm K JoMm
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Now we decompose the integrand of the additional boundary term (3.8), -1-e/KLe ngDyn £,

1
—E
n-n

IKL

eaanﬁanéab

1 2 ~
—EIKL€CI5;nng®dnL8ab
n-n

1 IKL

ﬂ&‘ ecII’lK@d”lL (qq —nan®) (f]g —npn

1
Vn-n

d)éab

elLed@dnL(qZ —ngn°) (g — npn®) (&> — n®&*)dt

N 2 : ~ -
\/ﬂleec[anL g (npn®) n8 + g (ngn®) n°e’ | de

-1 -1

e'le Dyny (qgndé‘“ + qgncéb> dt
d_ nd
2 t“ — N4\ .
e'te.;Daniq (T) g’

o € — N¢
SILecﬂ)dnng ( N > gbar

N
Vn-n

N
Jnn
N
Jnn
1
=
1
e
1

B vVin-n
+ (tced@an —Nc(gdian> éb] dt (3.109)

_|_

81L8a122)dnL (l‘d —Nd) &4

EILedﬁan (l‘c — NC) ébdt

EIL [<8a1tdidnL — SaINdidnL> g4

for the previous equatlon we used n¢ ( 1< — NC) n“ is normal to a spacelike surface so n,n“ =

-1, Dd is spatial so qud = Dd, and 81 qaeb Thus the decomposed boundary term ((3.8)) is,

(04

1
—€

KJomn-n

IKL

o 1 o o
eamKDaneab = — —{:’IL [(((:a]thdnL — SalNdanL> &t

K JoMm ‘n

+ (tcec,ff)an —Ncedfvan) éb] dt (3.110)

Using (3.102), (3.108), (3.110) and ¢ = \/—g = N+/|q| = NE with g the determinant of the

induced metric g,;, on M and € the determinant of £, we can rewrite the action (3.71) as,
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Spple, 0] —i/dt/ NEeK! [82 %S’bcl—]%EIZnKtCFbC1+%EﬁnKNCff"bcl]
——/dt/aM t 0l Eqre —Ndwf,8a18“+tcedwgsd—Ncedwgsd]
+2 / dt /a Mﬁs“ [(ea,rdim— 8a,NdidnL) g

+ (rcec,f)an —N“adf),,nL) é”} 3.111)

As in the Witten decomposition, we use (3.78) to rewrite the second term of the bulk part of

the action,

2
NSSLKI(NE?nchFch) = &elkDebngtf — £eI2Ebnk Dy (1 - )"

28Kl [8L”K£*wb +Dp <8L”K> (t- w)l]

~D, [Ssmzeﬁn,((t : a))’} (3.112)

Then the action can be written,

_ L / di / [Neetklehes T, +26et! (ehnctroh +D, (ehnk) (1 0)f
+8,’inKNfsrbd)] +%{ / dt / [eeLKlzeLnK(z co)]

1 / dt /a t Tl are —Ndwd8a13“+tceclwf,sd—NCeC,WQsd}
+%/dt/aM$81L [(Smtd@dm — EaINdide e

+ <tcecﬂg)an —Ncgclian) g‘b}

Spa [e7 (D] =

(3.113)

To find the hamiltonian we need to calculate the momenta to perform the Legendre transfor-

mation,
0L

1
I’ = — —gglKkigh 3.114
17 5 (&) LK (.14
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Then,

Hew = [ (gD -]

_ +%{/M [N&ngb 5tbc1+288LK1 [@b <8Ln1<> (t,a))l_i_EIZI’IKNCSEbc[}]

—L @ [SSLKIZS (t-a))’]

—/ 14 wd €4 — N4 a)déia,e +t eCIW gl —NcedW ]

1
- aMﬂ [(8 1td®dnL — EuN Dd”L)

+ (lcedian —Ncgclian) éb]

(3.115)

Note that within this decomposition we have ‘more structure’, now we have three constraints

8LK1828;(37;901 ~ 0, ELKI'Db (8?1’1[{) ~ 0 and Sinl{ﬂfbd ~ 0,
instead of the two found by the Witten approach (3.87).
On the constraint surface we are left only with the boundary term,

H = —L D [8£LK128Ln (t- a))]

+— / t a)d a€l — Eals +t edes —Ncedwged

——/ —SIL [(&;ﬂdidm — 8aINd5dnL> g
KJomMmn-n

—+ (tcedian —Ncgclian> éb]

(3.116)

(3.117)

Now cons1der1ng the asymptoucally flat boundary conditions, the leading term of (z- ®)’ =0

and also since @d is spatial ¢ @dnL = 0. So we are left with

1 - ~ - ~ -
H = 1im{—E / [Ndlwfl-oaa,s“—tcoec,lwged+NC°85,lwfl-ed]
oM

o 1

- — — ¢l [—Oga]NdidnLéa + (lc Oedian —Ncogclian) éb}

KJomMmn-n

+0(r 1}

(3.118)

In addition to the fall-off conditions on ¢ and @, now we have to take into account the the behaviour

of the laps N and shift N functions on the asymptotic region for time-translations (following
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[11547D),

N = 1+0(7h (3.119)
N = OBy, (3.120)

Note that in the asymptotic region the projections &/, = qzei and W/ = ¢° a)g coincide with e}
and a)é. With conditions (3.119),(3.120) and considering the order of leading terms of e and ®:
ol =0(r1) = "W, ez = 0(rP/2) = ¢4, and that & = O(r). Note that to first order the
first and third terms in (3.118) decay as,

: 1 d1,.10 a _ 1 1 -1-8 -1 —B/2
rlggﬂ/aMN 0l 0eze" = }ﬂﬂ/mo(r OO P0(r)  (3.121)

1
— lim— [ OF 1382 —9 3.122
rl—>rl;102;(/aM (r ) ( )

and

. c0e Anolod _ oy L ~1-B —B/2\ 1
lim o= [ N0gs "Whe! r11_>r£102K/aMO(r YO B0 o) (3.123)

1
- lim — —1-38/2y — 124
A o O =0 R

respectively. And the fourth and sixth terms decay as,

}H?o% aMﬁglL [OEaINdf)dnLéa} _ }Ln;%(/mo(,ﬁ/z)o(r1B)O(r1ﬁ/z)o(r)
_ 3552% [ o) ~0 (3.125)
and
im & [ Len [Ncoec,f)anéb ~ lim O " BYo(r B2 o B2 0 ()
r—eo K JoMyn-n r—e 2K Jom
= }ggo%(/(yMO(r—l—zﬁ)zo. (3.126)

Therefore, H can be written as,

) 1 . i1 o 1 : e _

H = lim {——/ [—t‘ OeleQ—Sd} — —/ — ¢t [t‘ OeCIDansb} +0(r 1)}
r—r0 K JoMm KJomMmn-n

As in the previous sections, if we want this hamiltonian to generate asympotic time translations

and therefore its conserved quantity to be the energy, 1 has to approach a time-translation Killing

vector field of the asymptotic flat spacetime, which also translates in ¢ being orthogonal to M. In
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that case the previous expression coincides with (3.89) from

Therefore, H can be written as,

1 ! 1 o
#o=lim {__/81\4 [_tc Yect lwil_sd] - g/ —¢l* [TC 0€c1®an5‘b] +(‘)(r_1)}

r—yoo K KJomMmn-n
151
C (1 al - o | e N\
— lim{ — / 0o —ded — & SILOeOI(OeCL@brc> g\ (3.127)
r—o | K Jom r K Jc /n-n

Which is exactly the same term as (3.91), the one found by the Witten’s decomposition. Therefore

the hamiltonian is the same as (?7?),

H= i/ (200— B)d6 (3.128)
G

2K
Following [11; 47], B € [0,2), we can see, when o = 1, that energy is bounded from below and
above by,

1
E € [—E,O} . (3.129)

Note that at the end of the day, the result for the energy is the same in both decompositions as
expected, this is due to the fact that at the asymptotic region the direction of “ coincides with n?,
and also the laps y shift functions decay in such a way. This may not be true for other conserved

quantities as the angular momentum, but we shall leave the discussion to forthcoming works.

3.5 Chern-Simons

Now we shall analyse the Chern-Simons theory based on the Poincaré group ISO(2, 1) which, as
pointed out in [60], at the action level is equivalent up to a boundary term to the 2 4 1 Palatini
theory based on SO(2,1). A natural question would be whether this boundary term coincides
with the one we add to the Palatini action to make it well posed, or what would be needed to
recover, from Chern-Simons action, the Lorentz invariant well posed Palatini action we previously
introduced.

As we show below, beginning from standard Chern-Simons action, by taking Al := (e.;, ®]),
we obtain Palatini action plus a boundary term that is proportional to that in (3.7), although it does
not have the correct relative factors, so we do not have a well posed Palatini action. A posible
solution is to see whether we can add some additional boundary term to the Chern-Simons action.

We explore that possibility in what follows.
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3.5.1 The action

On one hand we can remember that for any Lie Group G, the Palatini action based on G, (3.71), is
defined in terms of a)i and e,; which are £5— and £5;— valued 1-forms. Therefore we can construct
the inhomogeneous Lie algebra £;; associated with G and define a £;G—valued connection 1-form
AZ by,

Al = (ea, o) = (eq, @,)". (3.130)

With this connection A/, we can formulate the standard Chern-Simons theory plus the addition of

a boundary term,

1 ~abc l ; 1 l 7 (jC l I~
IGSCSB[A] = _ﬁ/ﬂvtg hckij (AaabAé—i_gAa [AbaAC]J> +?1/8MkijAaf[;8ab (3.131)
le;[A] ’GS\;[A]
= 195c5[A] 4+ 195B]A] (3.132)

where f,{ is a spacetime 1-form and an arbitrary internal function/vector valued in £;¢, in particular
we can choose flf = (epy, %ananej KL) with &, and @, are constants to be determined.

Using that k;;(ot,v)'(B,w)/ = oyw! + B!, where k;; is the Killing Cartan metric on the Lie
algebra, and the Lie bracket on £ is given by [(ct,v), (B,w)]" := (—={v, B} + {w, &}, [v,w]") which

implies,
[Ap,Acl = [(ep, @), (ec, @) = (—{@p, ectr+ {0, ep}1, [@p, @]) . (3.133)

Then the Chern-Simons action can be written,

1G5.5]A] = —% /M gabe {ea,abm{. + 0l dpecs + % (ear[op, &) + 0f (—{@p,ec i+ {@c,ep}r)) } .
(3.134)

Now using that,
vow)! ==l jpv'wk and {v,B}; :=C% ;' Bk, (3.135)

are the Lie bracket and coadjoint bracket associated with £; and C! jk are the structure constants,

ol (—{op, e} +{0c,ep}) = —@lCX joleck + olCK 10l epk

= —[op, 0] eck + [0, 0a]Xer (3.136)
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1 ~ 1
1GScs]A] = ~ 5 /M gabe {eaz8bw£ + ol dpecr + 3 (ear[@p, @) — [0, 005)% eck + [0, @) ep)
(3.137)
renaming indices and integrating by parts the second term of the RHS,
1 -
IGSCS [A] = _ﬁ /M g [eal(zabwcl*) + eal[wbu mc][ + ab(wéecl)}
1 ~abe
— —ﬂ/Me b lear FL + dp(@lecr)] - (3.138)

Note that even though we recover Palatini action with a boundary term, this action is not well

posed as (3.71), so we can see what is the effect of the boundary term introduced in (3.131),
G _ o gab
SplA / k,JAafb . (3.139)

Considering A! := (ey, ®!) and fbj = (epy, %ananSJKL), kij(a,v) (B,w)) = aqw! + B!, we
can see that,

1GgplA] = / kijAL 8 (3.140)
_ o ¢ 2%} donr el 1 ol ab
= a] ngdpnp € +@,epr | €. (3.141)
oM ‘n

Now we can determine the constants &; and Oy, from

1G 1G I1G
ScsplA] = "“Scs|A]+ "7 Sp[A]
= —L/ gabe [e IFI +8b(a)’e 1)} —1-@/ e IﬂananSIKL—l—(Dleb[ gab
2K M alt pe a‘c oM a a
1 b 1 1 b
= —— é“ceF—— £ ( a)e / a)e gab
2K/M all'pe 2k b cI bl
o 0%)
+— €a1—anan€IKL
oM ‘n
1 b b b
= —— | &%eyF, / a)e g4+ — / a)e &4
2K/M aI bc bl bl
o o
—+— ea]—ananS
oM

‘n
- o100 1
abcemFb —|— —|— o Ct)clleblgab + eal—l’le],I’lLSIKL
¢ K Jom n-n

_ 1/
2K

In order to recover the well posed Lorentz invariant Palatini action, Sz;p (3.71), the constants

0 and O must satisfy, %4— & = 1 which implies 0 = % on the other hand &; 0, = —«a thus

72



0 = —20o, where as in previous sections « is a switch, when o¢ = 1 we recover Sy;p, for & =0

we recover the usual Sgpg.

3.5.2 Fall-off conditions and finiteness

For the asymptotic conditions of A, note that when we define the Chern-Simons theory in terms of
connections valued on the inhomogeneous Lie algebra of SO(2,1), and then split the connection
into £5 ® £7;, the splitting is only on the internal indices and since the asymptotic conditions are
defined over the spacetime (they are defined up to a transformation in the internal space) we can
choose that Al = (ey, ®!) decay according to (3.14) and (4.37).

Now we have to see whether with this asymptotic conditions we have a well posed action
principle, that is finite and differentiable.

Since we know the Palatini SO(2,1) action is finite under these asymptotic conditions, by
reversing steps in the previous section on the relation between /9Scg and ©Sp, we can see that
the finiteness of the former is equivalent to the finitenes of the later. And we already proved
in (3.2.2.1) that the Palatini action with boundary term, the same as (3.138), is finite under the
boundary conditions.

It is left to check if /%S¢y is differentiable under these asymptotically flat boundary conditions.

3.5.3 Differentiability

Taking the variation of the Chern-Simons action valued on the Lie algebra of ISO(2,1),

8'95cslA] = & F / Bk (AizabAg"i_lAiz [Ab;Ac]j)]
2 Inm 3

1 aabc i j i j 1 i i
= E/Me kij | (0A,)dpAl+ A, 0p0A] +§6(Aa[Ab,AC]J) (3.142)

(AL SAD)—8ALDpAIL

but, using that [Ay,Ac) := C/ , APAL, kijC! yup = Cign and Cimp = Cligyy»

S . , 0 i
§(?f"”kijA;[A,,,Ac]f) - E(éabCk,-jA;CfmnAZ’ ’2.)

éabc ki C j mn . . .
= T (BALAT AL+ ALSATAL + AATSAY)
= EUCC, SALATAT = Pk SAL A, AL (3.143)
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Then,

1 . . . , ;
816ScslA] = 3 /M g%l | SAL (2abAg+[Ab,Ac]f> 40, (AL 5AY) (3.144)
—r}

To obtain the Euler-Lagrange equations of motion, we need the action principle to be stationary
under the appropiate boundary conditions, in this case asymptotically flat boundary condiions. But

the fall-off conditions on e and ® are different, so we have to split the connection A’ := (e,;, ) =

(€4, ®,)". Rembering that A is valued on the Lie algebra of ISO(2,1), the Lie Algebra is a vector

space and because 6 and d act linearly we can take,
WAL = (dpecr, dp@!) and SA. = (Se.,d0)). (3.145)

For the integrand in the bulk we use Fbjc = 28[1,Aé + [Ap, A}/ and (3.133),

FlL=23y (e, 03)" + (—{op,ec} + {00, ep}, [0, @]) (3.146)
which implies,

éabckijsA;Fbjc = éabckij [2 (abecv abwc)j (666‘7 6wc>i + (_{wb7 eC} + {va eb}’ [wba (")C])j (66’0, 60)6)1}
(3.147)
using k;j(a,v) (B,w)! = ayw! + B/,

éabckij(SAéFbjc — gabe (2(8},%[50)5 + 8ba)65ea1) + 2{(DC, eb}15CO£ + 6601[(01,, (DC]I)
= &P [2(pect +{ @, ep}r) S+ (20,00 + [@p, @]') Sewr]  (3.148)

but é“bc{wc, €b}1 = éabch _][(DgEb[( = _éabccl ][(wcl.{ebj = éabCC‘, IK(X)fecj, and Dype.r+ SIJK(Dg{eCJ,
and €’ jx = €’ jx since they are the structure constants of SO(2,1). Then,

gk SALF] = 8 [2Dpe 1Sl + FlL.8ear] (3.149)

which are the Einstein equations of motion when the action principle is stationary under the bound-
ary conditions.

Now we shall analyze the variations on the boundary from the Chern-Simons action (3.144)
and from the additional boundary term ‘9Sg[A] in (3.131),
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1 . .
8195csplA = —— / 8¢k 0y (AL A/
CSB[ ] Boundary 2K Jom 1 b( a C)

o | cigab | O | § ) pab
+?/6Mkij5Alafb8a +?/8MkijAla6fb£a
1

- E/m Ek;; [A;6A£+2031 (AZSf;, + 84, fbﬂ

1 - : ; e i i
= o /{m £k 4L (84]+ 2018 £]) +2a184L 5] (3.150)
To see whether this boundary term vanishes under asymptotically flat boundary conditions, leading
to a differentiable action, we have to decompose Al := (e,, ®!) and fb (epy, ﬂananEJ KLy,

Thus since the variation acts linearly 0 fg = (Seb 7,0 [%anan&‘J KL] > Hence

1

516ScgplA :—/ g%k, 5 24, 8¢ep,8 5—d JKL
CSB[ ]Bmmdary 2% Jane j (6a1, ) epy 200 06py, (Ub+ - ngdpnp€

N—

- (07
+ 20, (5€a1, 5(1)611) (ebj, ﬁananngL)

1 - _ 200 &
— R/aM gab {(eal—Zoqea]) 6w£+ S ( nlnzeaandangJKL)
+ 015 (epr +2001ep)] - (3.151)
Taking into account the value of the constants &} = %, o =-2a,
1
SIGSCSB[A] = —/ gt |6 (_eaandanejKL> +2 0)556171
Boundary 2K Jom n N——
~~ - _l
S(const.)=0 pO¢ar
1
= | g% wlSeqr (3.152)

Note that the first term of the right hand side of the previous equation is the variation of the
additional boundary term (3.8) add it to the Palatini action to make manifestly Lorentz invariant.
But in appendix 3.7 we prove that this term is constant when evaluated on solutions compatible
with the boundary conditions, then its variation vanishes on the boundary.

Summarizing,

Then the variation of the Chern-Simons action with the decomposition in A% := (e, @!) =
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(eq, a)a)i leads, as expected, to a differentiable action with the Palatini equations of motion as LIP,

8198cs5[A] = % /M g%l | SAL <28bA£+[Ab,AC]j> +0), (AL SAY) (3.153)

3.5.4 Covariant analysis

The symplectic potential can be read from the boundary contribution of the variation of Chern-

Simons action with boundary term /6Scgp[A] (3.150)

- — L ~ab . i ] — ] _ i ]
® = 21(/83\/[8 ki | AL (8A) +2018£] ) +2a1 84,1} (3.154)
1 . - o
= o [ &k A +5 (2aal)) (3.155)
B / 6 (3.156)
oM

Thus we can define the symplectic structure as,

J(81,8) = §6(8)-86(5)
Ek;; e N o o o
= ZKJ[51‘4262‘4{7_52A;51Aé+5152(142f5)—5152(A2f;f)
EPhijre i Do
- = [51Aa52Ag—52Aa51A;)]
zaby, . . . ]
= € Kkll 61A;62Aé (3157)

Note that, as expected from [27], the contribution to the symplectic current is only due to the
Chern-Simons action, it is insensitive to the addition of an additional boundary term. In order to
define a conserved pre-symplectic structure Q we have to check that [;J(8;,8,) = 0. But before

that, note that if we decompose the symplectic current (3.157) into A’ := (eq, @!),

éabkij ; j
J(61,8) = . §1ALSA] (3.158)

éabkl_j ; ;

= — (6164, 010,)" (B2p, 52 00) (3.159)
éab

= ?[61ea152w,§+51w§52e,,,} (3.160)
éab

= —— [Bead 0 — Srewdra;] (3.161)
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Note that this exactly the same expression as (3.44). But we already prove on section 3.3, that
J5J (01, 02) =0 when evaluated on boundary conditions, so we can define a conserved pre-symplectic

current Q

zab
g4 kij
K

0(8,,8,) = /M §1ALS,A] (3.162)

As discussed in subsection 3.3.0.3 if we want to compare results between the covariant and
canonical schemes, we have to be sure we are working either with geometrodynamical o connec-
tion variables (in the first case the triad is the field variable and w its canonical conjugate momenta
and in the connection approach the other way around). Since in the canonical approach we chose
the connection variables, and by the definition of the symplectic form Q = dIT4 A d¢?, we can see
that the presymplectic form we are interested in is Q = —Q.

Once we define the symplectic structure we can find the hamiltonian and the energy. As seen

in section 3.3.1, the energy He can be found through the expression,
Q(8,8;) =: 6H; (3.163)

where &g 1= 5§Aé = £5AZ = (£eeq, £e ®,)" and & generates asymptotic time translations of the
space-time, which induces time evolution on the covariant phase space. Thus the variation of the
energy He is,

SH: = Q(8,8;) = —Q(5,5)
EKij < vi g4
= _/A4T5A“£5Ab

B _/ éabki/(g 8w, (£zep, ££ )
- v K €a, a éeba EWp

sab
— _/Mg? [6ea1£§w,ﬁ+5w££§€b1}

zab
_— /M = [8@)tceu — Searte o} (3.164)

Note that this is the same expression as (3.55), therefore when evaluated on the asymptotically flat

boundary conditions (3.14) and (4.37) the energy will be the same as in section 3.3.1.1, that is,

_ S8 , 8B
He =366 = 3G

(3.165)

Since the previous expression only gives the variation, the energy will always be determined up to

a constant,

E= % + const (3.166)
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Following [11;47], B € [0,2), so we can choose this constant to be zero for the energy of Minkowski

space-time to be zero,

1
Ee [o, E} . (3.167)

3.5.5 Infinitesimal transformations

What happens to Chern-Simons action without boundary term, when we perform an infinitesimal
transformation of the form A = A + §A?

We begin with the Chern-Simons action without boundary term,

1 - U ,
Sesla] = 55 [ 8K (Aol + 30 4n A ). 5168

After an infinitesimal transformation, A = A + 8A, it becomes,

~ 1 ‘ . . 1, . .
1G55]A] = —5e /M é“”Ck,-j{(A;JréA;)ab (Ag+6Ag)+§(A;+5A;) [(Ab—l—SAb),(AC—I—SAC)]J}

= - / Bk, L AL QpAT + ALy SAT + SAL dpAT + SAT 9SS
M

1 1 .
+346[(Ap +84) (Ac+ 8] + 384, [(Ap + 84,) , (Ac + 5Ac)]J} : (3.169)

but
[(Ap+ 8Ap) , (Ac+ 8AL)) = [Ap,Ac)! + [Ap, 8AL) + [8Ay,Ac)! + [8Ay, 8A.] . (3.170)

Then

3 1. o . o . .
OscslA) = —5= /M Bk LAl 9pAT + AL D, SAT + SALI,Al + 5ALD,5A]

1. : . . .
34, ([Ab,AC]/ + [Ap, A + [Ap, Al + [5A, 6Ac]f>

+%6Ai, <[Ab,Ac]j + [Ap, 8A) + [8Ap, Al + [8As, 5Ac]j> } . G171

To first order in 0A, the quadratic terms in §A and higher powers will vanish since we are consid-
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ering infinitesimal transformations, so the Chern-Simons action can be written,

) 1 R . —
OSesld] = 5 /M {éabckij (AéabAi-Jr JAa[ApAc ) +| 9 <S“b‘kijA;5A{.>

e (_ OpAL SAT + SALI,AT + %Ag ([Ab, SA) + [5Ab>Ac]j>>

1 . ;
+§5A‘a [Ab,AC]f}

1 y N , » —
™ /M {S“bckij (AZ,&bAHgA; [Ab,Ac]f) +( 0 (eabCk,- jAgéAg>

8Dk SAT (abAg + [Ab,Ac]j> }

1

1 o
= Oscsla] |5 /M 9 (8L 541 ) |- 5

/M gk SALEL (3.172)

Note that the Chern-Simons action would be invariant under infinitesimal transformations (modulo
equations of motion) if either the space-time does not have boundaries or that somehow we find a
way to cancel the boundary term in the previous equation. The answer to this questions is work in

progress.

3.6 Discussion and remarks

In this chapter we have proposed a three dimensional manifestly Lorentz invariant Palatini action
that is well posed under asymptotically flat boundary conditions. Note that the analog of the well
posed Palatini action [7], that we called Sspp, is not manifestly Lorentz invariant although it has
a well posed action principle under the asymptotically flat boundary conditions. One can make a
partial gauge fixing in the boundary to make it invariant under the residual gauge transformations.
Although, introducing an extra appropriate boundary term 3.8, we can make the action manifestly
Lorentz invariant and more over this action coincide with the three dimensional Einstein-Hilbert
action with Gibbons Hawking term. We derive the asymptotically flat boundary conditions for
the first order variables, and with these conditions we show that in fact the proposed action has a
well posed action principle, i.e. finite and differentiable. Then using the covariant and canonical
approaches we obtain an expression for the energy. In the first case, when we use the covariant
formalism, our results coincide with those in [11] where they use Regge-Teitelboim method for the
second order metric variables. In the second case using canonical formalism, our results coincide
with those in [47] where they begin with the Einstein-Hilbert action with Gibbons-Hawking term,
that is well posed under asymptotically flat boundary conditions. So the addition on the term 3.8, is

crucial to recover the energy found by means of the metric variables, otherwise our results coincide
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up to a constant. We also propose a ISO(2, 1) valued Chern-Simons action with boundary term

that reproduces exactly the manifestly Lorentz invariant Palatini action.

3.7 Appendix: On the new boundary term

As we commented on previous sections, particularly in section 3.2, the addition of the term (3.8),

1
/ —eKle, A ngdny (3.173)
oMn-n

has many advantages: its necessary for the action to be manifestly Lorentz invariant, it has a con-
stant value when evaluated on solutions compatible with the asymptotically flat boundary condi-
tions, so it does not spoil finiteness nor differentiability, the resulting well posed manifestly Lorentz
invariant action is equivalent to the Einstein Hilbert action so we can fully recover previous results
obtained by means of the metric formulation.

Here ng is a spacetime scalar that is an internal vector. We can define it by ng /+/n-n:= R,k
where R“ is the spacetime unit normal to the boundary', that can either be n® for the unit normal
to the spacelike surfaces or r* for the unit normal to the timeline boundary, we have introduced a
normalization factor % to allow freedom in rescaling ng, so we can use any multiple of ng and
the results will remain the same. Since ng is a spacetime scalar dny is a one form as well as e; then
the previous boundary term is the integral of a two form over a two dimensional boundary.

For the more general case, when the boundary might become null we need to use densitized
internal normals as discussed in [18], such that the expressions do not diverge. In the case treated

here it is enough and more intuitive to use just the ng.

3.7.1 New boundary term evaluated on Asymptotically flat boundary con-
ditions

In this subsection we shall prove that the term (3.8) is constant when evaluated on the boundary

conditions. On the boundary and in components, the term (3.8) can be written as,

1 1 o
/ —EIKLej VAN annL = / —EIKLealn[(anLéab (3.174)
amn-n oMmn-n

1 o
— {_ /M +] o+ /j ] ﬂg’“ea,n@bmé“b (3.175)
1 2

INote that we have expanded the usual definition of ng = n“e,k for the Cauchy surfaces in the first order formalism
to ng /\/n-n:= Rk that allows, in principle, ng to be rescaled, and now is extended also to include the timelike
boundary.
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Where we are considering the region M as bounded by dy; = M| UM, UJ, M| and M are space-
like slices and J an outer boundary. Remember we choose the torsion free flat connection D, such
that D = D + @ and D, %!, = 0 and also that n; /\/n-n := R%,x where R® is the spacetime unit
normal to the boundary, that can either be n“ for the unit normal to the spacelike surfaces or »* for

the unit normal to the timeline boundary. For the timelike part,

1 ke / IKL 'K 2 nr o\ zab
—€ Ad = et —— D g4 3.176
wn€ mkerAdny j( m)eal b N ( )
—_——
_elL raeak
_ / elle, (rcﬂg)becL—l—ecLﬂg)brc) gab (3.177)
g
- / e'le D yeos — / e'le e, Dyree® . (3.178)
g g
B B,

From the previous equation we have two terms, B; and B;. We shall analyze first By, when

evaluated on the boundary the term becomes,

By = lim [—9 / SILOeaIrC(—%r‘ﬁ/zabroéde)é“b—{—O(r_l)} (3.179)

r—roo K JJ

: o _0- 1 _gmaq o _

= lim —ﬁ el%% %% —r ﬁ/er&br&‘ab-l-O(r ])
r—eo | 2K JIN———F

L Eg‘a[‘

1 _
T ~r P20y r 8,8 rd0dr + O(r~ ")
r—oo | 2K Jgr ~——

S

L (3

_ tim | 2P r_ﬁ/2(+1)d9dt+0(r_1)}
2K Jg

r—oo

= lim ‘;—fjrﬁﬂszr O(rl)l

r—yoo

— lim 'O(r*3/2)+0(r*1)] =0 iff B>0

r—oo [

(3.180)
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and B, becomes,

(04 o
B, — lim {—— / e’LOeOI(OecLQDbrC) éb} (3.181)
r—yoo K Jg
o o
= ——Ilim SILOE()]OeCL@brCéOC
K r—0 JJ e~ —— "~
GE e
(04
= ——1lim [ g%&%(9,r)rd0dr
K r—oo JgN=~—"
5
o . o
— _%%im [0y rdodr = - & / 24041 (3.182)
K r—eo g — 2K Jg
1/r

Therefore the value of the boundary term (3.8) when evaluated in the timelike boundary and

on the boundary conditions becomes,

1
/—8IKLnKeI/\dnL = Bi+B» (3.183)
Tn-n
o ~B/2 -] %
_ r]gg[@(r )+ O(r )} 2K/32d9 (3.184)
o
= —~ [24d6d:. 3.185
21</g (3.183)

Since we are integrating over a finite time interval with M; and M, asymptotically time-translated
with respect to each other, the previous integral take a finite constant value.

Analogously, we can follow the same steps but for R = n“ and check that the boundary term
corresponding to the spacelike surfaces is also constant. Thus, the whole boundary term is constant

when evaluated on the boundary conditions.

3.8 Appendix: On the equivalence between Einstein-Hilbert
action with Gibbons Hawking term and the Palatini action

with boundary term.

It has been shown for the three dimensional Einstein-Hilbert action that the Gibbons-Hawking
term is the only term needed to make the variational principle well posed [47]. Taking k¥ = 87G,

the Einstein-Hilbert action with Gibbons-Hawking term is,

1
Sen—crlg] = —K/M \/—_gR—i—Z/aM vV —hK (3.186)

82



with R the Ricci scalar, g the determinant of the spacetime metric g,p, h the determinant of the
induced metric on the boundary d M and K the extrinsic curvature of the boudary.
We shall prove, on the other hand, that the Lorentz invariant well posed Palatini action with

boundary term,

1 1 1
Spiple, ®] = —E/Mel/\F] —— amﬂelKLel AngDny. (3.187)

is in fact equivalent to the Einstein-Hilbert action with Gibbons-Hawking term.
We study first the Einstein-Hilbert term, ﬁ Jatv/—8R, considering that g =n¥ e?el}, V—g=
e, Zeegalebc] = ﬁ“CfF:UKe][f, FaIz{ = eC’edJRac;,d and FanK = FaLbeKJL. The bulk term,

1 1
- _ R — _ _ ab R
[ ver = oo Ve ke

¢ nlelel Racpag™

1 [
bl ] dJ
= —/ ee;'e” Rycpaey e

2K
1
= R/M > 266?'6‘]} eV R yepa

el g ek f

ol ]
= 5 / —8acf 81JK€ e Rychd
%,_/

1J
Fac

_ acfg FJ

FL SI(J

= 21(/ —SafSIJKS LefF
—26L

1
= = / £9T ¢! Foey (3.188)

_ __/ I AF (3.189)

Note the change in sign when we write down the Palatini action defined over an arbitrary Lie group
(see e.g. [60]).
Now we shall see the relation between the Lorentz invariant boundary term (3.10) introduced

in section 3.2 and the Gibbons Hawking term. We begin with the Lorentz invariant boundary term,

1 1
/ —elKLe; AngDny = {—/ + +/] —— &% e; AngDny (3.190)
amn-n M, M jjn-n

where our integration region M is bounded by dy = M} UM, UJ, M| and M, are space-like slices

and J a family of timelike cylinders we used to approach spatial infinity.
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For the timelike boundary consider ny/\/n-n := re,, r* the normal to the cylinder, D r¢ =

V.r® where V is the Levy Civita connection, e = /Y where Y, is the induced metric on the timelike

boundary and that e/Kt

1 ke IKL, nr b
—e&"™ e AngDnp = /8 D gve
/3”'” PO J “\vnn

Dc(r“eaL)ébc

epreakear, = €€pqq. The term on the timelike boundary is,

bc

oM

r* Deey +euDor?
——
—0 by EOM

e ep(r edK)eaLDcr ghe

IKL

/J
= /8 epreqKeall V r
J

abc

e(dea )V r“ gbe
J SN

- —/j\/—_}/Vara. (3.191)

Now we can rememeber that we define the extrinsic curvature, X, of a surface (in this case the
timelike cylinder) as the trace of X2 = V,* where 1 is the normal to the surface, then K =
YKy = K& = V,r*. With this at hand we can see that, in fact,

/1 &KL oy A gDy = — /\/_)/Vr _ /\/_yﬂc (3.192)
Tn-n

where X is the extrinsic curvature of the timelike boundary. Following an analogous derivation for

the spacelike surfaces M and M;, we can easily see that,

1 KL / /
AngDn; = \Y = k, 3.193
/Mlzn & e AngDny = VqVan® N ( )

again, with g the determinant of the induced metric on M| », n and k its normal vector and extrinsic

curvature respectively. With this at hand we can see that,

/aMﬁleLe[/\annL:— {—/Ml—F/Mj \/Zlk_/ﬂ\/__yx:_/aM\/__hK' (3.194)
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From (3.10) in the section 3.2, we can see that,

1 1 1
E M V —hK = —— aMﬂglKLEI/\VLK@I’LL

1
= ——/ N\ @y ——/ SIKLe[/\I’leI’lL
omn-n

(3.195)

(3.196)

This result coincides, appart from the second term of the right hand side of the last equation,

with that given in [49] when the cosmological constant is zero. In [49] are used the Gaussian

(normal) coordinates and also there are considered particular internal directions for the spin con-

nection, this "fixing" of the internal directions is reflected in the fact that the second term of the

RHS in (3.195) is not present in their action.

3.9 Appendix: Some consequences of the fall-off conditions

80k, = & (ehoy +r P26l 50) = 8(rP12)0¢k o

but
5 () - a(r:/z) 5r+a(;£/2>5ﬁ
= —gr_ﬁ/Z_ISr—r—zﬂlog(r)SB.
Also,

(o

5% = ( Br ' 0are KM 04,0 eLSC)
= <E6B r_laar-l-EﬁS(r_laar)) KMO—a 0—L6c

In the timeline boundary 8r = 0 so,

B2
By _ T
5 (r ) S log(r)3B

§%) = (%5;3 r_laar> e, M0 Vel 5¢
r_ﬁ/z

8%, = —~——log(r)3p 23]

(3.197)

(3.198)

(3.199)

(3.200)

(3.201)

(3.202)
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Chapter 4

Covariant analysis of the Generalized Holst

action with topological in 4D terms

“The joy of discovery is certainly the liveliest that the mind of man can
ever feel.”
—Claude Bernard (1813-78) French physiologist.

This chapter is based on [27; 28]

4.1 The action for gravity in the first order formalism

As already mentioned in the introduction, we shall consider the most general action for four-
dimensional gravity in the first order formalism. The choice of basic variables is the following: A
pair of co-tetrads e/, and a Lorentz SO(3,1) connection @,;; on the spacetime M, possibly with a
boundary. In order for the action to be physically relevant, it should reproduce the equations of
motion for general relativity and be: 1) differentiable, 2) finite on the configurations with a given
asymptotic behaviour and 3) invariant under diffeomorphisms and local internal Lorentz transfor-
mations. The most general action that gives the desired equations of motion and is compatible with
the symmetries of the theory is given by the combination of Palatini action, Sp, Holst term, Sy, and
three topological terms, Pontryagin, Sp,, Euler, Sg, and Nieh-Yan, SNy, invariants. As we shall
see, the Palatini term contains the information of the ordinary Einstein-Hilbert 2nd order action, so
it represents the backbone of the formalism. Since we are considering a spacetime region M with
boundaries, one should pay special attention to boundary conditions. For instance, it turns out that
the Palatini action, as well as Holst and Nieh-Yan terms are not differentiable for asymptotically
flat spacetimes, and appropriate boundary terms should be provided. This section has four parts.

In those subsections we are going to analyze, one by one, all of the terms of the action. We shall
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take the corresponding variation of the terms and identify both their contributions to the equations
of motion and to the symplectic current. Since we are not considering yet any particular boundary

conditions, the results of this section are generic.

4.1.1 Palatini action

Let us start by considering the Palatini action with boundary term is given by [7],
1 1 1 1J
SPBZ——/ X /\F[j—f-—/ XY ANy, “4.1)
2K Jm 2K Jom

where k = 87G, £V =x(e! Ne') := 1€V jxe! NeK, Fiy = dwyy + ok A @ is a curvature two-form
of the connection @ and, as before, dM = M; UM, UAUJ. The boundary term is not manifestly
gauge invariant, but, as pointed out in [7], it is effectively gauge invariant on the spacelike surfaces
M, and M, and also in the asymptotic region J. This is due to the fact that the only allowed gauge
transformations that preserve the asymptotic conditions are such that the boundary terms remain
invariant. Let us consider first the behaviour of this boundary term on M; (or M;). First we ask
that the compatibility condition between the co-tetrad and connection should be satisfied on the
boundary. Then, we partially fix the gauge on M, by fixing the internal time-like tetrad n!, such
that d,n' = 0 and we restrict field configurations such that n = e?n’ is the unit normal to M; and
M,. Under these conditions it has been shown in [7] that on M, £ A oy = 2Kd3V, where K is the
trace of the extrinsic curvature of M. Note that this is the Gibbons-Hawking surface term that is
needed in the Einstein-Hilbert action, with the constant boundary term equals to zero. On the other
hand, at spatial infinity, J, we fix the co-tetrads and only permit gauge transformations that reduce
to identity at infinity. Under these conditions the boundary term is gauge invariant at M, M, and
J. We shall show later that it is also invariant under the residual local Lorentz transformations at a
weakly isolated horizon, when such a boundary exists.

It turns out that at spatial infinity this boundary term does not reduce to Gibbons-Hawking
surface term, the later one is divergent for asymptotically flat spacetimes, as shown in [7]. Let
us mention that there have been other proposals for boundary terms for Palatini action, as for
example in [54] and [18], that are equivalent to Gibbons-Hawking action and are obtained without
imposing the time gauge condition. They are manifestly gauge invariant and well defined for finite
boundaries, but they are not well defined for asymptotically flat spacetimes. In time gauge they
reduce to (4.1).

The variation of (4.1) is,

1
O0Spg = _ﬁ /jv[ [8” KLSeK Ael A Fij— DX N sl — d((SZU A (I)[])] , “4.2)
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where
DZ[J:dZ[j—w]K/\ZKJ+w]KA2K]. 4.3)

We shall show later that the contribution of boundary term ST Ay ; vanishes at J and A, so that
from (4.2) we obtain the following equations of motion

EHKLEJ/\FKL = 0, 4.4)
EUKLeK/\DeL = 0, 4.5)

where TL := Del = de! + ok A €X is a torsion two-form. From (4.5) it follows that TX = 0, and

this is the condition of the compatibility of w;; and ¢/, that implies
@u1y = efj9uepy) + Topecir€ly (4.6)

where I, are the Christoffel symbols of the metric g, = nueéei. Now, the equations (4.4) are
equivalent to Einstein’s equations G5, = 0.

From equations (2.115) and (4.2), the symplectic potential for Spg is given by

1
©Opp(8) = . XY N ayy . (4.7)

Therefore from (2.119) and (4.92) the corresponding symplectic current is,

1
o(81,82) = - (1= A&y — &I A Sy - (4.8)

Note that the symplectic current is insensitive to the boundary term, as we discussed in Sec. 2.5.
As we shall discuss in the following sections, the Palatini action, in the asymptotically flat
case, 1s not well defined, but it can be made differentiable and finite after the addition of the
corresponding boundary term already discussed [7]. Furthermore, we shall also show that in the
case when the spacetime has as internal boundary an isolated horizon, the contribution at the
horizon to the variation of the Palatini action, either with a boundary term [24] or without it [8],

vanishes.

4.1.2 Holst term

The first additional term to the gravitational action that we shall consider is the so called Holst term
[35], first introduced with the aim of having a variational principle whose 3 4+ 1 decomposition
yielded general relativity in the Ashtekar-Barbero (real) variables [13]. It turns out that the Holst
term, when added to the Palatini action, does not change the equations of motion (although it is not
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a topological term), so that in the Hamiltonian formalism its addition corresponds to a canonical
transformation. This transformation leads to the Ashtekar-Barbero variables that are the basic
ingredients in the loop quantum gravity approach. As we shall show in the next chapter, the Holst
term is finite but not differentiable for asymptotically flat spacetimes, so an appropriate boundary
term should be added in order to make it well defined. The result is [25],

1 1
Sup = ——— | IV AxF —/ A xo, 4.9
HB 21('}’/3\/[ * 1J+2K_y e *Qyj (4.9)

where 7 is the Barbero-Immirzi parameter. The variation of the Holst term, with its boundary term,

is given by
1
0SB = _M/MZFU Ne' e’ +DEY Ax(8wpy) — d(SEY Axayy), (4.10)

and it leads to the following equations of motion in the bulk: DX = 0 and e/ A F;; = 0. The second
one is just the Bianchi identity, and we see that the Holst term does not modify the equations of
motion of the Palatini action. The contribution of the boundary term (that appears in the variation)
should vanish at J and A, in order to have a well posed variational principle. In the following
section we shall see that this is indeed the case.

On the other hand we should also examine the gauge invariance of the boundary term in (4.9).

Under the same assumptions as in the case of the Palatini boundary term we obtain that [25]

Y A xep =2 /M eel d.eqydx = / el Ndey, 4.11)
1

M, M,

and this term is not gauge invariant at M; or M>. As we shall see in the following section, at
the asymptotic region it is gauge invariant, and also at A. In the analysis of differentiability of
the action and the construction of the symplectic structure and conserved quantities there is no
contribution from the spacial surfaces M| and M, and we can argue that the non-invariance of the
boundary term in (4.9) is not important, but it would be desirable to have a boundary term that
is compatible with all the symmetries of the theory. As we shall see later, the combination of the
Holst and Neih-Yan terms is differentiable and gauge invariant.
It is easy to see that the symplectic potential for Syg is given by [25]

1
Ong(d) SV Axayy = K—y/m Sel Ndey, (4.12)

2Ky Jan

where in the second line we used the equation of motion De! = 0. The symplectic current is given
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by
1
Jup(81,8) = K—yd(Slel/\Szel). (4.13)

As we have seen in the subsection 2.5.1, when the symplectic current is a total derivative, the
covariant Hamiltonian formalism indicates that the corresponding (pre)-symplectic structure van-
ishes. As we also remarked one could postulate a conserved two form € if JsJa=0and [,Ju=0,
in which case this term defines a conserved symplectic structure. We shall, for completeness, con-
sider this possibility in Sec. 4.3, after the appropiate boundary conditions have been introduced.
There we shall also show that the Holst term modifies the Noether charge associated to diffeomor-

phisms.

4.1.3 Topological terms

In four dimensions there are three topological invariants constructed from el F 7 and Deé!, consis-
tent with diffeomorphism and local Lorentz invariance. They are exact forms and do not contribute
to the equations of motion, but in order to be well defined they should be finite, and their variation
on the boundary of the spacetime region M should vanish. The first two terms, the Pontryagin and
Euler terms are constructed from the curvature Fj; and its dual (in the internal space) xFy;, while
the third one, the Neih-Yan invariant, is related to torsion De’.

These topological invariants can be thought of as 4-dimensional density lagrangians defined on
a manifold M, that additionally are exact forms, but they can also be seen as terms living on dM.
In that case it is obvious that they do not contribute to the equations of motion in the bulk. But
a natural question may arise. If we take the lagrangian density in the bulk and take the variation,
what are the corresponding equations of motion in the bulk? One can check that, for Pontryagin
and Euler, the resulting equations of motion are trivial in the sense that one only gets the Bianchi
identities, while for the Nieh-Yan term they vanish identically. Let us now see how each of this

terms contribute to the variation of the action.

4.1.3.1 Pontryagin and Euler terms

The action corresponding to the Pontryagin term is given by,

2
SPo:/ FIJ/\FIJIZ/ (CO]J/\d(DIJ—I——CO]J/\COIK/\(DKJ) . 4.14)
M M 3

The boundary term is the Chern-Simons Lagrangian density, Lcs. We can either view the Pon-
tryagin term as a bulk term or as a boundary term and the derivation of the symplectic structure in

either case should render equivalent descriptions. The variation of Sp,, calculated from the LHS
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expression in (4.14), is
8Spy = —2/ DFIJ/\60)1]+2/ FYASayy, (4.15)
M oM

so it does not contribute to the equations of motion in the bulk, due to the Bianchi identity DF I —,
and additionally the surface integral in (4.144) should vanish for the variational principle to be
well defined. We will show later that this is indeed the case for boundary conditions of interest
to us, namely asymptotically flat spacetimes possibly with an isolated horizon. In this case, the

corresponding symplectic current is
I (81,8) = 2(8:F NS0y — &FY NS o). (4.16)

On the other hand, if we calculate the variation of the Pontryagin term directly from the RHS
of (4.14), we obtain

0Spo = 2/ OLcs. 4.17)
oM

The two expressions for dSp, are, of course, identical since F YA Sy = SLcs +d(a)” ANSwyy).
The first one (4.144) is more convenient for the analysis of the differentiability of the Pontryagin
term, but the second one (4.103) is more suitable for the definition of the symplectic current, which

vanishes identically for any boundary contribution to the action, since
Tpo"(81,87) = 48,8y Les = 0. (4.18)

So, at first sight it would seem that there is an ambiguity in the definition of the symplectic current

that could lead to different symplectic structures. Since the relation between them is given by
T (81,8,) = I3 (81,82) +4d(8,0" A S1eary), (4.19)

it follows that Jgglk(& ,&) is a total derivative, that does not contribute in (2.123), and from the
systematic derivation of the symplectic structure described in 2.5.1, we have to conclude that it
does not contribute to the symplectic structure. This is consistent with the fact that J‘I;gund and
Jgglk correspond to the same action. As we have remarked in Sec. 2.5, a total derivative term in J,
under some circumstances, could be seen as generating a non-trivial symplectic structure & on the
boundary of M. But the important thing to note here is that one would run into an inconsistency if
one choose to introduce that non-trivial Q. Thus, consistency of the formalism requires that Q = 0.

Let us now consider the action for the Euler term, which is given by,

2
SE:/ FU/\*FUZQ/ (*O)IJAdCOU—I——*(O[]/\(I)IK/\(DKJ) , 4.20)
M oM 3
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with variation, calculated from the expression in the bulk, given by
5SE:—2/ *DF”/\6coH+2/ *FH/\5(!)[]. 4.21)
M aM

Again, the action will only be well defined if the boundary contribution to the variation (4.21)
vanishes. In the following section we shall see that it indeed vanishes for our boundary conditions.
Let us denote by Lcsg the boundary term on the RHS of (4.20), then we can calculate the variation

of Sg from this term directly as
OSg = 2/ OLcsk - (4.22)
IM

Finally, as before, the corresponding contribution to the symplectic current vanishes.

4.1.3.2 Nieh-Yan term

The Nieh-Yan topological invariant is of a different nature from the two previous terms. It is related

to torsion and its contribution to the action is [51; 52],

Sny = / (De' ADe; — Y NxFyy) = / Dé' ney. (4.23)
M oM
Note that the Nieh-Yan term can be written as
SNy = 2KYSH + / De! ADey, (4.24)
M
where Sy is the Holst term (4.9) without boundary term. The variation of the term Syy is given by
SSNY = /a 2Dej NSel —e' ne! NSy . (4.25)
M

Contrary to what happens to the Euler and Pontryagin terms, the Nieh-Yan term has a different
asymptotic behavior. In the next chapter we will show that the Nieh-Yan term is finite, but not
differentiable, for asymptotically flat spacetimes. Thus, even when it is by itself a boundary term,
it has to be supplemented with an appropriate boundary term to make the variational principle well
defined. We shall see that this boundary term coincides precisely with the boundary term in (4.9)

(up to a multiplicative constant), and the resulting well defined Neih-Yan action is given by

SNYB = SNy + /a ¥ A *Qyy - (4.26)
M

It is straightforward to see that the symplectic potential and symplectic current for this action are
the same as for (4.9) (up to a factor 2x7).

This relation between Sy and SNy points to another proposal for a boundary term for the Holst
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action, different from that in (4.9), that has the advantage of being manifestly gauge invariant.
Namely, for asymptotically flat spacetimes, we can see that the surface term in the variation of
Neih-Yan term cancels the surface term in the variation of the Holst term, and the action Syny :=

SH— ﬁSNy, given by

1 1 1
Suny = ——— [ IV AxF ——/ Dé! A :——/D’/\D 4.27
HNY ZKY/M *Fpy 257 o e Nej 27 I e er, (4.27)

is well defined. This combination was proposed in [18], but since they were interested in fi-
nite boundaries the boundary conditions that they considered are different from the ones we use,
namely they impose 8k, = 8(elepr) = 0 (hyy is the metric induced on the boundary) and leave
S wyy arbitrary, which is not compatible with our condition De! = 0 on the boundary (and is not
compatible with isolated horizons boundary conditions either).

To end this part, let us also comment that in the presence of fermions one has to generalize the
Holst action to spacetimes with torsion, that naturaly leads to Neih-Yan topological term, instead
of the Holst term, as shown in [48]. But, as we saw the Neih-Yan term is not well defined for our

boundary conditions and should be modified as in (4.26).

4.1.4 The complete action

So far in this section we have introduced all the ingredients for the “most general” first order
diffeomorphism invariant action that classically describes general relativity.

As we have already mentioned and we shall prove in the following section, both Pontryagin and
Euler terms, Sp, and Sg respectively, are well defined in the case of asymptotically flat spacetimes
with a weakly isolated horizon. This means that we can add them to the Palatini action with its
boundary term, Spg, and the resulting action will be again well defined. As we foresaw in the
previous section, the addition of the Nieh-Yan term, SNy, could lead to different possibilities for

the construction of a well defined action. Therefore the complete action can be written as,
Sle, w] = Sp + Su + 01 Spo + Q. SE + 03SNY + 4SBH - (4.28)

Here «y,...,04 are coupling constants. The coupling constants o and oy, are not fixed by our
boundary conditions, while different choices for the Holst-Nieh-Yan sector of the theory, discussed
in the previous part, imply particular combinations of oz and ¢. To see that, consider Sy that
represents the boundary term that we need to add to Holst term in order to make it well defined.
As we have seen in the previous analysis, if o3 = —ﬁ then the combination of the Holst and
Nieh-Yan terms is well defined and no additional boundary term is needed, so o4 = 0 in that case.

For every other value of o3 we need to add a boundary term, and in that case oy = ﬁ + a3. Other
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than these cases, there is no important relation between the different coupling constants.

This has to be contrasted with other asymptotic conditions studied in the literature (that we
shall, however, not consider here). It turns out that the Palatini action with the negative cosmolog-
ical constant term is not well defined for asymptotically anti-de Sitter (AAdS) spacetimes, but it
can be made differentiable after the addition of an appropriate boundary term. In [9] it is shown
that it can be the same boundary term as in the asymptotically flat case, with an appropriately
modified coupling constant. On the other hand, as shown in [3] and [2], one can choose the Euler
topological term as a boundary term and that choice fixes the value of ¢. In that case o ~ L,
and the asymptotically flat case cannot be obtained in the limit A — 0. The differentiability of
Nieh-Yan term has been analyzed in [63]. The result is that this term is well defined, for AAdS
space-times, only after the addition of the Pontryagin term, with an appropriate coupling constant.
Let us also comment that the details of the asymptotic behaviour in [9] are different than in the

other mentioned papers.

4.2 Boundary conditions

We have considered the most general action for general relativity in the first order formalism,
including boundaries, in order to have a well defined action principle and covariant Hamiltonian
formalism. We have left, until now, the boundary conditions unspecified, other that assuming
that there is an outer and a possible inner boundary to the region M under consideration. In
this section we shall consider specific boundary conditions that are physically motivated. For the
outer boundary we will specify asymptotically flat boundary conditions that capture the notion of
1solated systems. For the inner boundary we will consider isolated horizons boundary conditions.
In this way, we allow for the possibility of spacetimes that contain a black hole. This section
has two parts. In the first one, we consider the outer boundary conditions and in the second
part, the inner horizon boundary condition. In each case, we study the finiteness of the action,
its variation and its differentiability. Since this manuscript is to be self-contained, we include a
detailed discussion of the boundary conditions before analysing the different contributions to the

action.

4.2.1 Asymptotically flat spacetimes

We are interested in spacetimes that at infinity look like a flat spacetime, in other words, whose
metric approaches a Minkowski metric at infinity (in some appropriately chosen coordinates). Here
we will follow the standard definition of asymptotically flat spacetimes in the first order formalism
(see e.g. [7], [25] and for a nice and pedagogical introduction in the metric formulation [6] and

[65]). Here we give a brief introduction into asymptotically flat spacetimes, following closely [7].
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In order to describe the behaviour of the metric at spatial infinity, we will focus on the region R,
that is the region outside the light cone of some point p. We define a 4—dimensional radial coordi-
nate p given by p? = n,,x“x”, where x“ are the Cartesian coordinates of the Minkowski metric 1)
on R* with origin at p. We will foliate the asymptotic region by timelike hyperboloids, J, given by
p = const, that lie in R. Spatial infinity J corresponds to a limiting hyperboloid when p — c. The
standard angular coordinates on a hyperboloid are denoted by ® = (x, 8, ¢), and the relation be-
tween Cartesian and hyperbolic coordinates is given by: x(p, x,60,¢) =pcosh ysinBcos¢, y(p,x,0,9)=
pcoshysinOsing, z(p,x,0,0) =pcoshycosb, t(p,x,0,0) = psinhy.
We shall consider functions f that admit an asymptotic expansion to order m of the form,

flp,®) =Y, o +o(p™™), (4.29)
n=0

where the remainder o(p ") has the property that

lim po(p™™) =0. 4.30
Jim po(p™™) (4.30)
A tensor field T7¢% , will be said to admit an asymptotic expansion to order m if all its
component in the Cartesian chart x* do so. Its derivatives d.7%% ) ;, admit an expansion of

order m+ 1.

Figure 4.1: 2D visualization of slices at constant ¥ and ¢ respectively.

With these ingredients at hand we can now define an asymptotically flat spacetime in terms
of its metric: a smooth spacetime metric g on R is weakly asymptotically flat at spatial infinity if
there exist a Minkowski metric 1 such that outside a spatially compact world tube (g — 1) admits

an asymptotic expansion to order 1 and limp_,..(g — 1) = 0.
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In such a space-time the metric in the region R takes the form,
aq.b 20 2 i ) 'hij i 1) -1
gapdx“dx” = 1+F dp“+2p dedq) +p ]’lij+7 do d(I)]—I—O(p ) (4.31)

where o, o; and 'h; j only depend on the angles @' and h; j is the metric on the unit time-like

hyperboloid in Minkowski spacetime:
h;;d®'dd’ = —dy?* 4 cosh? (8% 4 sin® 8d¢?). (4.32)

Note that also we could have expanded the metric in a chart (r,®), associated with a timelike
cylinder, or any other chart. But we chose the chart (p,®) because it is well adapted to the geom-
etry of the problem and will lead to several simplifications. In the case of a 3 + 1—decomposition
a cylindrical chart could be a better choice.

For this kind of space-times, one can always find another Minkowski metric such that its off-
diagonal terms o; vanish in leading order. In [7] it is shown with details that the asymptotically

flat metric can be written as
2 20 2 2 20 i 1] ~1
ds“=|(1+ 7 dp“+p hij 1— 7 dP'dd’/ + 0(p ), (4.33)

with o(—x,m—0,¢ +7) = o(x,0,9). We also see that '#;; = —20h;;. These two conditions
restrict the asymptotic behaviour of the metric, but are necessary in order to reduce the asymptotic
symmetries to a Poincaré group, as demonstrated in [7].

From the previous discussion and the form of the metric one can obtain the fall-off conditions
for tetrads. As shown in [7] in order to have a well defined Lorentz angular momentum one needs
to admit an expansion of order 2, therefore we assume that in Cartesian coordinates we have the
following behaviour
lel (@) | 2el(@)

2
p p

where %€/ is a fixed co-frame such that ggb = N1y %€, oeé is flat and 9, ° eé =0.

+o(p~?2), (4.34)

The sub-leading term 'e/, can be obtained from (4.33) and is given by [7],
lel = 6(®)(2pap! — %€h) (4.35)

where

Pa=0sp and pl=‘ep,. (4.36)

The asymptotic expansion for connection can be obtained from the requirement that the con-

nection be compatible with tetrad on J, to appropriate leading order. This leads to the asymptotic
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expansion of order 3 for the connection,

2 3

1,17 1J 1J
IJ: 0 IJ_|_ wa wa wa

0 + +o -3 . (4.37)
> FERR ()

0,

a

We require that De’ vanishes, to an appropriate order, more precisely, we ask that the term of
order 0 in De! vanishes
d% +°w'x N%eK =0, (4.38)

and since d%e’ = 0 it follows that °@'X = 0. The term of order 1 should also vanish leading to

LK = (0. We also ask that the term of order 2 in De! vanishes, and we obtain

1,1 2ol
0]
d(—=) = ——K noek, (4.39)
P P
and we shall demand compatibility between e and @ only based on this condition. As a result, we
obtain
20l (@) = 2p23Y(p el (4.40)
= 2p(2pVpadlc — 2l dls — p~1oel plle). (4.41)

Note that although p appears explicitly in the previous expression, it is independent of p.
Therefore, in the asymptotic region we have De! = O(p~3). This condition has its repercus-

sions on the behaviour of the Holst and Neih-Yan terms, as we will show in what follows.

4.2.1.1 Palatini action with boundary term

Now we have all necessary elements in order to prove the finiteness of the Palatini action with

boundary term, given by (4.1). This expression can be re-written as,

1
See(e, ®) = — / (a= Aoy == Ny ® A k) (4.42)
2K Jm
or in components
1
Sei (e, 0) = /M (0uZH w1y — T 0 K w4 s) £ (4.43)
where £%“? is the metric compatible 4-form on M. This volume element is related by £%¢¢ =

\/§8“de d*x, to the Levi-Civita tensor density of weight +1, €°¢. We will prove that taking into
account the boundary conditions (4.34) and (4.37), the integrand falls off as p_4, while the volume

element on any Cauchy slice in asymptotic region goes as p2, so the action is manifestly finite
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always (even off-shell), if the two Cauchy surfaces are asymptotically time-translated with respect
to each other.

From (4.32) and (4.33), we see that the volume element in the asymptotic region takes the form
p3cosh? ysin@dp dy d6d¢. In order to prove finiteness we will consider the region bounded by
Cauchy slices ¢ = const instead of )y = const, since in the second case for p — o the volumen of
the region does not need to converge (see Fig. 4.1). Since ¢(p,x,0,¢) = psinhy at the surface
with constant  we have pdy = —tanh ydp. Substituting this into the metric we can see that the
volume element is p%cosh x sin@dp dOd¢. As p — oo, the angle ¥ — 0 so cosh y — 1. It follows
that in the limit p — oo the volume of the region M behaves as p>.

Now, we need to deduce the asymptotic behavior of dX A wyy = eyxrdeX A el A . Since
d(?e’) = 0 it follows that

deX = Il)d[l K@) +0(p7?). (4.44)

The partial derivative, with respect to cartesian coordinates, of any function f(®) is proportional
to p_l,
o of 1 . of
=— ——=—A(P)—
oS ()= 5 g1 =~ p AP 5

(4.45)

where the explicit expression for A’ (®) can be obtained from the relation between Cartesian and
hyperbolic coordinates. As a consequence deX = O(p~2), and since w;; = O(p2) it follows that
dX! A oy falls off as p_4, and the Palatini action with boundary term is finite.

Now let us prove the differentiability of the action (4.1). As we have commented after (4.2), this

action is differentiable if the boundary term that appears in the variation vanishes. This boundary

1 52”/\(01]_ (/ /+/ /)52”/\(»,], (4.46)
2K Jom M, M,

where we decomposed the boundary as 0M = M; UM, UJUA, as in Fig.2.7. On the Cauchy slices,
M and M>, we assume Se!, = 0 so the integrals vanish, and in the following section we will prove

term 1is

that over A this integral also vanishes. Here we will focus on the contribution of the asymptotic
region J.
On a time-like hyperboloid H, p = const, so that its volume element is p> cosh? y sin 6 dy d6 d¢

p3d3® and the boundary term can be written as,

o / STV Ny = — ;}5'30 5 Sl @ e pidi®, (4.47)
Now we can use that,
8Zaprs = P~ 'eukL ek (@) (2ppp" — “ef) +O(p ). (4.48)
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Since p is constant on a hyperboloid, it follows that p, is orthogonal to it and p,?*¢ = 0. Then,

we obtain
2
Ly, 0o e™ = 00 ek e eh o (p ' o + pla)e™ +0(p). (4.49)

In this expression the term with a derivative of o is proportional to dyc = 0, so that the variation
(4.47) reduces to

1 3
— [ ANy = —6 / 283 4.50
2,{/3 oy =5.8(] o'd®), (4.50)

where 3| is the unit hyperboloid. So we see that the Palatini action with the boundary term is dif-
ferentiable when we restrict to configurations that satisfy asymptotically flat boundary conditions,
such that Cg := fj{l 02d3® has the same (arbitrary) value for all of them. In that case, the above
expression (4.50) vanishes. This last condition is not an additional restriction to the permissible
configurations, because every one of them (compatible with our boundary conditions) corresponds
to some fixed value of Cg.

Here we want to emphasize the importance of the boundary term added to the action given that,
without it, the action fails to be differentiable. The contribution from the asymptotic region to the

variation of the Palatini action 1is,

o _ L 1 abe 3 13
5(/jz ASwU—RplgI:o/j{ZawaCue P, @.51)
Our boundary conditions imply that X §@.;; = O(p~2), so that the integral behaves as [; p d*>®,

and in the limit p — oo is explicitly divergent.

4.2.1.2 Holst term

As we have seen earlier, in the asymptotic region we have De! = O(p~3). Furthermore, as
D(De') = F'K A ek, we have that F'K Aex = O(p~*). We can see that explicitly by calculating the

term of order 3 in this expression

2 I
F'® Neg =d( 2)2’{) ANoK+o(p). (4.52)

. . . . . 2ok o, ,K 20k A 0 K
The first term in the previous expression vanishes since d(T) A%eK = d(T A%eX) =0, due
to (4.39). So, we see that the Holst term

1 J
- F 4.
SH /Me Ne A 17, ( 53)
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is finite under these asymptotic conditions, since ¢/ A e/ A Fy; goes as p~#, while the volume ele-
ment on every Cauchy surface goes as p2dp d*Q.
The variation of the Holst term is well defined if the boundary term, obtained as a result of

variation, vanishes. We will analyze the contribution of this term

1

] J
— Ne! A Say . 4.54
T /a A nsay (4.54)

Let us examine the term of order 2 of the integrand, it is

3(*ow) — [ A 5(161)}

NP 5
p p

, (4.55)
due to (4.39) and d?¢! = §%! = 0, and this term does not contribute to (4.54). So, the leading
term in e/ A e’/ A Sy is of order 3, and it does not vanish, since it depends also on @y (®), which
is not fixed by our boundary conditions. Since the volume element on a hyperboloid J{ goes as
p3d3CI>, it follows that the boundary term (4.54) does not vanish at J (though it is finite).

As our analysis shows we should provide a boundary term for the Holst term, in order to make
it differentiable. It turns out that this term should be [25]

1
Spy = —— / ene’ nayy. (4.56)
2Ky Jom

Let us show first that this term is finite and for that we should prove that its term of order 2 vanishes.

This term 1is

I s, oy ;e
%" N /\—:d(oe /\—), 4.57)
p? p

due to the same arguments as in (4.55), and we see that it does not contribute to the boundary term
(4.56). So, the leading term of the integrand is of order 3, and since the volume element at J{ goes
as p3d3®, it follows that (4.56) is finite.

The Holst term with its boundary term (4.9) can be written as

1 1

SHBZ——/ elAeJ/\E]+—/ 61/\€JA(1)[], (4.58)
2Ky Jm 2Ky Jom

and also as an integral over M

1
Sup = _—/ 2de' Ne! Ny — el Ne' Aoy Ao . (4.59)
2KY M

As we have seen in (4.10), the variation of the Holst term with its boundary term is well defined
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provided that the following boundary contribution

1 1
[ s Ay = —— (_/ +/ +/-/> S Ay | (4.60)
2Ky Jom 2Ky M My, J3 A

vanishes. We first note that ®!’ and x@!’ have the expansion of the same order, the leading term
is O(p~2). Using (4.48), the fact that p, is orthogonal to J and 7,,£%° = 0, one can see that the
leading term in the integrand vanishes in the asymptotic region, so that X A xwy; = O(p~*) and
the integral over J vanishes. In the next section we will prove that the integral over A vanishes, so

that Holst action with boundary term is well defined.

4.2.1.3 Pontryagin and Euler terms

Since we are interested in a generalization of the first order action of general relativity, that includes
topological terms, we need to study their asymptotic behaviour. We begin with Pontryagin and
Euler terms, that turn out to be well defined.
It is straightforward to see that the Pontryagin term (4.14) is finite for asymptotically flat bound-
ary conditions. Since
Spole, ®] = /M I N T (4.61)

the finiteness of this expression depends on the asymptotic behavior of F7;. Taking into account
(4.37), we can see that the leading term of F;;; falls off as p_3. Since the volume of any Cauchy
slice is p?sin@dpdOd¢, in the limit when p — oo the integral goes to zero. As a result, the
Pontryagin term is finite even off-shell. The same result holds for the Euler term (4.20), since the
leading term in the asymptotic form of xFj; is of the same order as of Fj;.

Now we want to prove that both terms are differentiable. As we have showed in (4.144), the

variation of the Pontryagin term is,

55P022/ F”A6cou=2(—/ + +/—/)FU/\3(0U. (4.62)
oM M My, J1 A

In the following subsection we prove that on A the integral vanishes. For J, we need to prove that
the integral
/ FUNSwpy =21im | FYSaw e p’d®®, (4.63)
g p—yeo Jy¢ ¢

vanishes. Taking into account (4.37) we can see that the leading term of F;;®." goes as p’s.
Therefore the integral falls off as p~2 which in the limit p — oo goes to zero. The same holds for

the Euler term.

101



4.2.1.4 Nieh-Yan term

The Neih-Yan topological term is given by
SNy = / De' Ney. (4.64)
aM

and it is finite since the integrand is of order 3, and the volume element on I is p3d3CI>, so the

contribution at J is finite. The variation of SNy is
SSny = / 2De; ANSe!l —el ne! NSayy, (4.65)
oM

and we see that the first term vanishes, but the second one is exactly as in (4.54) and we have seen
that it does not vanish, so we need to add a boundary term to the Nieh-Yan action in order to make
it differentiable.

As we have seen in (4.1.3.2) the difference between the Nieh-Yan and Holst terms is given by

an expression quadratic in torsion St,
St= / De' ADey, (4.66)
M

and we will analyze this term here. As we have seen before, our asymptotic boundary conditions
imply that De! = O(p~3) and since the volume element on every Cauchy surface goes as p2, it
follows that St is finite off-shell.

The variation of St is given by

5ST:2/ S NFix NeX + 8’k NeX¥ ADej+2 | De! ASé, (4.67)
M oM

and it is easy to see that it is well defined. Namely, the surface term vanishes since we demand
De! = 0 on an isolated horizon A, while at the spatial infinity the integrand behaves as O(p —>) and
the volume element goes as p>d>®, and in the limit p — oo the contribution of this term vanishes.

From (4.24) we see that the Neih-Yan term is not well defined due to the behaviour of the Holst
term, so one need to provide a corresponding boundary term in order to make it well defined. The

resulting action is given in (4.26), or equivalently

SNYB = 2KYSuB + St- (4.68)

4.2.2 Internal boundary: Isolated horizons

We shall consider the contribution to the variation of the action at the internal boundary, in this

case a weakly isolated horizon. A weakly isolated horizon is a non-expanding null 3-dimensional
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hypersurface, with an additional condition that implies that surface gravity is constant on a horizon.
Let us specify with some details its definition and basic properties [8].

Let A be a 3-dimensional null surface of (M, g,), equipped with future directed null normal
. Let gup= 8gb be the (degenerate) induced metric on A (we denote by = an equality which holds
only on A and the arrow under a covariant index denotes the pullback of a corresponding form
to A). A tensor ¢g®° that satisfies ¢°qucqpa = geas is called an inverse of g,,. The expansion of a
null normal / is defined by 6;) = q“®V 1, where V,, is a covariant derivative compatible with the
metric gqp.

The null hypersurface A is called a non-expanding horizon if it satisfies the following condi-
tions: (i) A is topologically S? x R, (ii) 8(;) = 0 for any null normal / and (ii1) all equations of
motion hold at A and —T,,/? is future directed and causal for any /, where T, is matter stress-
energy tensor at A. The second condition implies that the area of the horizon is constant ’in time’,
so that the horizon is isolated.

We need one additional condition in order to satisfy the zeroth law of black hole dynamics.
In order to introduce it let us first specify some details of the geometry of the isolated horizon.
It is convenient to use null-tetrads (I,n,m,m), where a real, future directed null vector field n is
transverse to A and a complex vector field m is tangential to A, such that/-n = —1, m-m =1 and
all the other scalar products vanish.

Since / is a null normal to A it is geodesic and its twist vanishes. We define surface gravity x{;
as the acceleration of [¢

1Vl = xk)1" . (4.69)

We note that K{;) is associated to a specific null normal /, if we replace / by " = f1 the acceleration
changes &) = fx) +£1f.

The Raychaudhuri and Einstein’s equations together with the condition on the stress-energy
tensor imply that every / is also shear free and since its expansion and twist vanish there exists a
one-form @, such that [23]

Val'Zaul". (4.70)

Under the rescaling of the null normal [ — I’ = fI, @ transforms like a connection ® — @' =
o +d(Inf) (we see that  is invariant under constant rescaling). It is also easy to see that the
horizon is ‘time’ invariant, in the sense that £;q,, =0. Furthermore, the area two-form on the
cross-sections of A, %€ := im A is also preserved in ‘time’, £12£ =0.
Since [ can be rescaled by an arbitrary positive function, in general k(;) is not constant on A.
If we want to establish the zeroth law of black hole dynamics dk{;) =0 we need one additional
condition, the ‘time’ invariance of ®,
£10=0. 4.71)
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Now, if we restrict to constant rescaling of [, [ — I’ = ¢l that leaves @ invariant, then the zeroth law
of black hole dynamics follows, for every null normal / related to each other by constant rescaling.

All null normals related to each other by a constant rescaling form an equivalence class [/].
Now, we can define a weakly isolated horizon (WIH) (A, [I]) as a non-expanding horizon equipped
with an equivalence class [/], such that £, =0, for all [ € [I].

In order to analyze the contribution to the variation of the action over the internal boundary,
which is a WIH A, we equip A with a fixed class of null normals [/] and fix an internal null
tetrads (ll ol m! ! ) on A, such that their derivative with respect to flat derivative operator d,
vanishes.The permissible histories at A should satisfy two conditions: (i) the vector field [ := e?l’
should belong to the fixed equivalence class [/] (this is a condition on tetrads) and (ii) the tedrads
and connection should be such that (A, [{]) constitute a WIH.

The expression for tetrads on A is given by [24]

el 2 —ng,+m'my +mling, (4.72)

so that
211321[171]]28_}_21'”/\(ml[lmj]_ml[lmj])_ 4.73)

The expression for the connection on A is given by [24]
= — 2(1)1[171]] +2U l[[n_”l]} +2U l[ImJ] +2V n’l[[n_’l]] , 4.74)

where we have introduced two new one-forms, a complex one U and purely imaginary one V. In
[24] the expression for these one forms is given in terms of Newman-Penrose (NP) spin coefficients

and null tetrads. First we have

0, = —(€+E)ng+ (a+ P)mg+ (a+ B)mg, 4.75)

where o, B and € are NP spin coefficients. In what follows we do not need their explicit form,
we will just write down the expression for € since this coefficient will be of special importance,
€ = 3 (m1"Vym, —n1°Vl,). Since k() = 1y, it follows that k(;) = € + .
Also, it can be shown that [8]
do=G, (4.76)

where G = 2Im[¥,] =, with Wy = Cypeql®mPimn?, and C,peq are the components of the Weyl
tensor. Now, it is easy to see that the condition £;0 =0 leads to d(Re &) =0.

On the other hand we have

Uy 2 — fng + fimg + Aty , 4.77)
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and
Vo2 —(e—8&)ng+ (B — @)ty + (ot — B)my, (4.78)

where 7, 1 and A are additional NP spin coefficients. It has been also shown that
dv =97, (4.79)
where J is a function of the Riemann curvature and Weyl tensor. Then, we can calculate £,V
£V =1-dV+d(/-V)=2d(Ime). (4.80)

We shall also need the expression for the pull-back of the curvature two-form on the weakly iso-

lated non-rotating horizon (the details are given in [44])
FV 2= 2iR%eml !l + 2F Ly 1Y (m"Vmg + m’ling ) (4.81)

where R is the scalar curvature of the cross-section of A.

Now we have all necessary elements in order to calculate the contribution of the variation of
the Palatini action, the Holst term and topological terms at isolated horizon. Before that, let us first
examine the gauge invariance of the boundary terms of Palatini action and Holst term, given in
(4.1) and (4.9), on a weakly isolated horizon A. The residual Lorentz transformations, compatible
with the definition of A can be divided in two groups: ones that preserve the direction of a vector [

and rotate m

1 .
I=cl, n—-n, m—éem, (4.82)
c
and ones that leave [ invariant, but change n and m
=1, n—n—um—am+tuil, m—m—il. (4.83)

Note that ¢ = const, since [ € [I]. We shall also partially fixed 6 by the condition [V,0 = —2 (Ime).
We will see below that this condition implies that Ime = 0 and then from (4.80) it follows that
£,V = 0. There are no restrictions on u.

The Palatini boundary term on the horizon reduces to

1 1
— [z /\a)”:—/zs/\a). 4.84
TR -/, (4.84)
It was shown in [17] that @ is invariant under both classes of transformations. Two-form %€ =
im A m is invariant under (4.82), and also under (4.83) since this transformation implies m, — my,
due to [, =0.
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Similarly, the Holst boundary term on the horizon is

/ZU/\*CO ——/ ENV. (4.85)

It turns out that V is invariant under (4.83), and under (4.82) it transforms as V — V —id@. Due to
the restriction on 8, we have that V,0 =wm, + wm,, where w is arbitrary, so that Ze NdOZ0. As

a consequence € AV is also invariant under gauge transformations on A.

4.2.2.1 Palatini action and isolated horizons

In this part we will analyze the variation of the Palatini action with boundary term (4.1), on an
isolated horizon A

1 1
O0SpB|a = ﬂ/ASUKL(DU/\eK/\seL:R/Aw/\Szﬁ'. (4.86)

Since A is a non-expanding horizon, £,%€=0. Any other permissible configuration of tetrads,
(¢4)', should also satisfy £,%’ =0, where I’ € [I] and %€’ = % + & %¢. For the null normals in the
equivalence class [1], £,%€" = c£,%¢' 20, and it follows that £; § %€ = 0. In the variational principle
all fields are fixed on initial and final Cauchy surfaces, M and M5, in particular & Ze = 0 on two-
spheres at the intersection of the initial and final Cauchy surface with the WIH, S, := M|, NA
(see Fig. 1). Furthermore, 8% does not change along any null normal /, so that §%€ =0 on the
entire horizon (comprised between the two Cauchy surfaces) and the integral (4.86) vanishes. We
should remark that, in the following parts, we will use the same argument whenever we have some
field configuration whose Lie derivative along [ vanishes on the horizon, to prove that its variation
is zero on the horizon.

We note that the variation of the Palatini action, without boundary term, at A is
1 IJ » KA L 1 2
OSpla=—=— [ ek’ Ne* Ne"=—— | SoN“e. (4.87)
2K Ja 2K Ja

In this case, one can argue that the term on the RHS vanishes, because from £;0 =0 it follows
that 0@ =0 (a similar, but slightly different, argument was used in [8]). We see that the variational
principle for the Palatini action is well defined even without boundary terms on the horizon. Nev-
ertheless, for the reasons already mentioned in the previous chapter we shall keep the boundary

terms in (4.1) on the whole boundary, including the internal one.
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4.2.2.2 Holst term and isolated horizon

Let us now consider the contributions coming from the Holst term in the presence of an isolated
horizon. The variation of the Holst term, with its boundary term, on an isolated horizon is given
by
1 i
8S :—/w”/\e A Se :—/V/\52£ 4.88
HB|A %7 Ja ihoer=a2 1 : (4.88)

and for the same reasons that we used before, after the equation (4.86), since £; Ze 2.(), it follows
that 8 %€ =0 and the variation (4.88) vanishes.
On the other hand, the variation of the Holst term, without a boundary term, is also well defined

on a horizon, since
1 i
55 :——/5 A er A =——/6V/\2. 4.89
HlA 27 s o NeyNey %7 Ja € (4.89)

Now we can not use the same argument as in the case of Palatini action since the Lie derivative of
V does not vanish on A, as shown in (4.80), £,V =2d (Imeg). As we commented earlier, we have a
freedom to perform local Lorentz transformations in order to make € a real function. Namely, the
rotation in the (m,m) plane, given by m — ¢!®m, where 6 is an arbitrary function, generates the
following transformation of the NP spin coefficient € [23]: € — €+ %I“Vae. So, € can be made
real after the appropriate rotation that satisfies the condition V0 = —2 (Img). Due to this gauge
freedom we can always choose a real €, and as a result £;V = 0. When we change the configuration
of fields this condition could be violated, but then again one can perform a gauge transformation
to obtain £,V’/ = 0. Then, using the same arguments as before we can conclude that §V =0, in
the variational principle and (4.89) also vanishes. Note that this argument is simpler and departs

significantly from that in [24].

4.2.2.3 Topological terms and isolated horizon

Let us now consider the possible contributions coming from the topological terms. That is, we
shall see whether the above conditions are sufficient to make the variation of the topological terms

well defined at A. The variation of the Pontryagin term on the horizon is
6Sp0|A:2/F”/\6a)”:4i/Rze AV, (4.90)
A A

where we have used the expresions for the curvature at the horizon (4.81) and for the connection
(4.74). The argument just presented in the previous part implies that §V =0, so that the variation
0Sp, vanishes at the horizon.

The variation of the Euler term on the horizon is
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6SE|A:2/*F”/\60)U=4/IRZE NS, 4.91)
A A

and it vanishes since 6 @ =0.

Note that the variational principle for the Neih-Yan term is also well defined, since it reduces
to the variation of the Holst term plus an additional term, given in (4.67), that vanishes at A since
part of the boundary conditions defining an isolated horizon require that the equation of motion
De; = 0, should also hold on A.

We can then conclude that the inclusion of the topological terms to the action is compatible with

a well defined action principle, without the need of adding new boundary terms at the horizon.

4.3 Conserved charges

In this section we shall consider some of the information that comes from the covariant Hamil-
tonian formulation. In particular, we shall see how one can define conserved quantities. As we
have discussed in Secs. 2.5.2 and 2.5.3 there are two classes of quantities, namely those that are
generators of Hamiltonian symmetries and the so called Noether charges. We shall then analyze
the relation between Hamiltonian and Noether charges for the most general first order gravitational
action, focusing on the role that the boundary terms play. As one might anticipate, the fact that the
boundary terms do not modify the symplectic structure implies that the Hamiltonian charges are
insensitive to the existence of extra boundary terms. However, as we shall see in detail, the Noethe-
rian quantities do depend on the boundary terms. Specifically, we are interested in the relation of

the Noether charge with the energy at the asymptotic region and the energy of the horizon.

4.3.1 Hamiltonian charges

From equations (2.115) and (4.1), the symplectic potential for the well posed Palatini action Spg is

given by
1

- STV Ay . 4.92
7% Jone 1) (4.92)

Opp(9)
Therefore from (2.119) and (4.92) the corresponding symplectic current is,

1

JP<51762) = 2K

(87 A& — &IV A S1ayy) . (4.93)

Note that the symplectic current is insensitive to the boundary term, as we discussed in Sec. 2.5.1.
From the equation (2.123) one can obtain a conserved pre-symplectic structure, as an integral
of Jp over a spatial surface, if the integral of the symplectic current over the asymptotic region

vanishes and if the integral over an isolated horizon behaves appropriately. As shown in [7], for
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asymptotically flat spacetimes, [;Jp =0, and on a WIH we have Jp=dj, [8]. As a result, the
conserved pre-symplectic structure for the Palatini action, for asymptotically flat spacetimes with

weakly isolated horizon, takes the form [8]

1
2K Jm

_ 1
Qp(01,6) = (51Z[J/\32wu—522”A51w11)—E/S S1v & (%) — &y (%), (4.94)

where Sy 1s a 2-sphere at the intersection of a Cauchy surface M with a horizon and vy is a potential
defined as
fiy=xy), Yy=0 on S, (4.95)

with S;o = M NA. We see that the existence of an isolated horizon modifies the symplectic
structure of the theory.
Let us now see what is the contribution of the well posed Holst term, Syg. In this case the

symplectic potential is given by [25]

1

Oup () = 357 Jome

1

52 A xayy = — / Sel Adey | (4.96)
KY JoMm

where in the second line we used the equation of motion De! = 0. The symplectic current in this

case is a total derivative and is given by
1
Ju(81,8) = K—yd(él el A Sep). (4.97)

As we have seen in the Sec. 2.4, when the symplectic current is a total derivative, the covariant
Hamiltonian formalism indicates that the corresponding (pre)-symplectic structure vanishes.

As we also remarked in Sec. 2.4, one could postulate a conserved two form Qif fj Jg =0 and
JaJu = 0, in which case this term defines a conserved symplectic structure. Let us, for complete-
ness, consider this possibility. In [25] it has been shown that the integral at J vanishes, so here we

shall focus on the integral over A

/JHZL/ Slefmsze,:i/ §1m A Syt -+ Sy A Sy (4.98)
A KY JoA KY JoA

We can perform an appropriate Lorentz transformation at the horizon in order to get a foliation of
A spanned by m and m, that is Lie dragged along [ [8], that implies £;m*=0. At the other hand,
dA = Sp1 USp», so it is sufficient to show that the integrand in (4.98) is Lie dragged along [. The
variations in (4.98) are tangential to Sx, hence we have £;6,m = 8,£;m = 0, so that the integrals

over Sp; and Sy, are equal and [, Jug = 0. So we can define a conserved pre-symplectic structure
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corresponding to the Holst term
~ 1
Cu(81,8) = — [ 8¢ N, (4.99)
KY Jom

where the integration is performed over dM = S US. As shown in [25], the integral over Se
vanishes, due to asymptotic conditions, and the only contribution comes from Sx. Finally, we see

that the quantity
~ 1
Qu(8,,8)= K—y/s 81l A Sey. (4.100)
A

defines a conserved two-form. Note that this is precisely the symplectic structure for the Holst
term defined in [45], though there the authors did not explicitly show that it is independent of M
(this result depends on the details of the boundary conditions).

As we have seen in (2.119) the boundary terms in the action (that is, the topological terms) do
not contribute to the symplectic current J, so that the only contributions in our case come from the
Palatini action and possibly, as we have just seen, from the Holst term!. In order to illustrate how
some possible inconsistencies arise when one postulates the existence of a symplectic structure for
the topological terms, let us see, with some detail, what happens in the case of the Pontryagin term
(as suggested, for instance, in [50]. Similar results follow for the other topological terms.) Recall
that this term can be written as a total derivative, which means that we can either view it as a bulk
term or as a boundary term. Considering the derivation of the symplectic structure in either case
should render equivalent descriptions. Let us consider the variation of Sp,, calculated from the
LHS (bulk expression) in (4.14), is

8Spy = —2/ DF”/\Sa)U—i—Z/ FYASayy, (4.101)
M oM

so it does not contribute to the equations of motion in the bulk, due to the Bianchi identity DF/ = 0.

In this case, the corresponding symplectic current is
JR(81,8,) = 2(81F A Sray; — 5FV A Syaayy). (4.102)

On the other hand, if we calculate the variation of the Pontryagin term directly from the RHS

(boundary expression) of (4.14), we obtain
5Spe = 2 / SLes. (4.103)
oM

The two expressions for 8Sp, are, of course, identical since F// A Swyy = SLcs +d(0™ A Sayy).

Note that there have been some statements in the literature claiming that the topological terms do contribute to
the symplectic structure when there are boundaries present [43; 50; 59].
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The corresponding symplectic current in this case is
Jpo(81,87) = 48,8yLes =0, (4.104)

as we have obtained in the Sec. 2.4. So, at first sight it would seem that there is an ambiguity in
the definition of the symplectic current that could lead to different symplectic structures. Since the

relation between them is given by
Tk (81, 8y) = P (), 8,) +4d (80" A S wr), (4.105)

it follows that J‘gglk(& ,0) is a total derivative, that does not contribute in (2.123), and from the
systematic derivation of the symplectic structure described in Sec. 2.4, we have to conclude that
it does not contribute to the symplectic structure. This is consistent with the fact that Jggund and
J'lgglk correspond to the same action. As we have remarked in Sec. 2.4, a total derivative term in J,
under some circumstances, could be seen as generating a non-trivial symplectic structure Q on the
boundary of M. But the important thing to note here is that one would run into an inconsistency if
one choose to introduce that non-trivial Q. Thus, consistency of the formalism requires that Q = 0.

Let us now construct the conserved charges for this theory, and from the previous reasons we
shall only consider the Palatini and Holst terms in this part. We shall consider the Hamiltonian
H that is a conserved quantity corresponding to asymptotic symmetries and symmetries on the
horizon of a spacetime. Our asymptotic conditions are chosen in such a way that the asymptotic
symmetry group be the Poincaré group. The corresponding conserved quantities, for the well
posed Palatini action, energy-momentum and relativistic angular momentum, are constructed in
[7]. The contribution to the energy from a weakly isolated horizon has been analyzed in [8], where
the first law of mechanics of non-rotating black holes was deduced. Rotating isolated horizons
have been the topic of [5], where the contribution from the angular momentum of a horizon has
been included. In this section we restrict our attention to energy and give a review of the principal
results presented in [8].

Let us consider a case when & is the infinitesimal generator of asymptotic time translations
of the spacetime. It induces time evolution on the covariant phase space, generated by a vector
field &z := (£fge, £z ®). At infinity & should approach a time-translation Killing vector field of
the asymptotically flat spacetime. On the other hand, if we have a non-rotating horizon A, then
&, at the horizon, should belong to the equivalence class [/]. In order that 55 represents a phase
space symmetry the condition £5gQ = 0 should be satisfied. As we have seen in Sec. 2.4.2, 55 isa

Hamiltonian vector field iff the one-form

Xe(8) = Q(8,5:), (4.106)
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is closed, and the Hamiltonian Hg is defined as
X§(6) = 5H§ . 4.107)

In the presence of the isolated horizon, the symplectic structure (4.94) has two contributions, one
from the Cauchy surface M and the other one from the two-sphere Sx. This second term does not
appear in Qp (8, 8¢ ), it is equal to

S 825w — %5y, (4.108)

K Js,
since £ = ¢l at A. We will show that this integral vanishes. When acting on fields & = £}, so
that §,%¢ = £,°€ 2 0. On the other hand, as pointed out in [5], y is a potential, a given function of
the basic variables. If we define o,y = £;y, as in the case of our basic fields, then the boundary
condition in (4.95) cannot be fulfilled. So we need to define &y more carefully. Let ¥’ denote a
potential that corresponds to a null vector I’ = ¢/ in the sense that £,y = K(1r)- Since K; = cK(p),

it follows that £,y = K;;). We define &y = y' — y, then
£l(611//) =0. (4109)

We ask v to be fixed at Sy, as a result &y =0. Then, it follows that the integral (4.108) vanishes
and the only contribution to Qp(8,8z) comes from the integral over the Cauchy surface M in
(4.94).

On the other hand, the symplectic structure for the Holst term Qp (4.100) is restricted to Sy,
but it turns out that

QH(6,65):K%/ | Sm Aty 8m N €m=0. (4.110)
A

As aresult §Hg := Q(8,8;) = Qp(8,5;) only has a contribution from the Palatini action

SHg = 5 [ (&-0M)8zy - (&2 n s, @111)

where the integration is over the boundaries of the Cauchy surface M, the two-spheres S.. and S,
since the integrand in QP(S, 65) is a total derivative, as shown in [8].

The asymptotic symmetry group is the quotient of the group of spacetime diffeomorphisms
which preserve the boundary conditions by its subgroup consisting of asymptotically identity dif-
feomorphisms. In our case this is the Poincaré group and its action generates canonical transfor-
mations on the covariant phase space whose generating function is HE" The situation is similar at
the horizon A and infinitesimal diffeomorphisms need not be in the kernel of the symplectic struc-

ture unless they vanish on A and the horizon symmetry group is the quotient of the Lie group of

112



all infinitesimal spacetime diffeomorphisms which preserve the horizon structure by its subgroup
consisting of elements which are identity on the horizon [5].
The surface term at infinity in the expression (4.111) defines the gravitational energy at the

asymptotic region, whose variation is given by

1 1

SES :=—— [ (E-0")8%y— (E-2y) A0 = —/ (&-Z)néo", (4.112)
2K Js.. 2K Js.,

since, due to the asymptotic behaviour of the tetrad and connection, the first term in the above

expression vanishes. As shown in [7], after inserting the asymptotic form of the tetrad (4.34) and

connection (4.37), this integral represents the variation of the ADM energy, 5E/§DM, associated

with the asymptotic time-translation defined by &
3 3 2 2
Ew:EADM:E cd-S,, (4.113)
S

where d2S,, is the area element of the unit 2-sphere.
On the other hand, the surface term at the horizon in the expression (4.111) represents the

horizon energy defined by the time translation &, whose variation is given by

é._i/ 7 e IJ:L/ N7
OE; = e sA(é ©”)0%y — (& L) Ndw e SA@ )6y, (4.114)

since the second term in the above expression vanishes at the horizon. The remaining term is of
the form |
s _
6EA = EK@&JA’ 4.115)

where ay, is the area of the horizon.
Now we see that the expression (4.111) encodes the first law of mechanics for non-rotating

black holes, since it follows that
3 1
5H§ = 5EADM—EK'(§)5CIA. (4.116)

We see that the necessary condition for the existence of He is that surface gravity, kg, be a

function only of a horizon area a,. In that case
_ S S
He = EZpy —ER- (4.117)

In the following section we want to calculate the Noether charge that corresponds to time
translation for every term of the action (4.28). We have just seen that 5H5 is an integral over

a Cauchy surface of the symplectic current J(8,0¢). In section 2.5.3 we displayed the relation
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between the symplectic and Noether currents, given in (2.146), and using the definition of Noether

charge Q¢ (2.139), we obtain the following relation

5H§:/Mj(s,aé):/aMagg—g.e(a). (4.118)

There are two contributions to the above expression, one at S, and the other one at Sp. As before,
SEE,, is the integral at the RHS of (4.118) calculated over S., and SEE the same integral calculated
over Sx. Note that the necessary and sufficient condition for the existence of H is the existence of
the form B such that

£.0(8)=6[ &-B. (4.119)
oM oM

Let us now consider how the different terms appearing in the action contribute to the Noether

charges.

4.3.2 Noether charges

In this part we consider the Noether charges that appear as conserved quantities associated to
diffeomorphisms generated by vector fields &. There are two parts. In the first one we consider
in detail the consistent Palatini action with a boundary term, and compare it to the case without a

boundary term. In the second part we consider the Holst and topological terms.

4.3.2.1 Palatini action

Let us start by considering the case of Palatini action with boundary term. We have seen in the

section 4.3.1 that the symplectic potential current in this case is given by

1

o STV Ay . (4.120)

OpB(6)

In order to calculate the Noether current 3-form (2.138), Jy(8¢) = 6(J¢) — & - L, we need the

following two expressions

1 1
Opp (¢ ) = ﬂ;Egz’f/\co,, = e [d(E- )+ & d=Y A ayy, (4.121)

and |
& Lpg=—_[& (Y AFy)—&-dE" Aay)). (4.122)

From these expressions we obtain the following result for the Noether current 3-form

Inpn(62) = % (&) A By + (€ - o )DEY +d[(E -2) Ay} (4.123)
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We see that on-shell (¢/ A Fj; = 0 and DXV = 0), we have Jn(6g) = dQg, where the corresponding

Noether charge is given by
1
Ogpg = e &) nayy. (4.124)

We shall show that the contribution of the second term in (4.118) over S. vanishes. Namely,
/ ) / E-(8ZY Nayy) =0, (4.125)

since X = O(p~!), @ = O(p~2) and the volume element goes as p?. It follows that B = 0 on S..

and the Hamiltonian at infinity exists. The remaining term at infinity in (4.118) is
5/ Qng_—cS/ E-XN Aayy, (4.126)

and since [¢ 6(& -2y A @yy = 0, due to asymptotic behaviour of the fields, the above expression

is equal to SES given in (4.112), so in this case

EEDM:/S O¢pB (4.127)

up to an additive constant that we choose to be zero. Note that a similar result is obtained in the
second order formalism for the Einstein-Hilbert action with the Gibbons-Hawking term, as shown
in [58].

On the other hand, at the horizon the situation is different. In fact,

L _
|, @em =5 [ &) neu=0, (4.128)

because £ = ¢l on the horizon, and due to the expressions for X (4.73) and @ (4.74) at the

horizon. Then, S E, is determined by the remaining term
1 1J 1J
[ & ora(6) =5 [ (&85 na+ 83 (E @), (4.129)
SaA 2K Jsy

The first term vanishes since on A we have (& - §XV) A wpy = 2c(1-%€) A @ =0, because [ - 20.
We are then left with the expression given in (4.114), and the necessary condition for the existence
of E is that the surface gravity k(¢) depends only on the area of the horizon [8]. It follows also
that there exists a form B such that (4.119) is satisfied.

We see that in this case

6E.=5 [ Qswn. SEs= | E-0m(6). (4.130)

115



In globally stationary spacetimes, £ge¢ = £z @ = 0, so that 6Hg = Q(6, g ) = 0, and from the first
law (4.116) it follows 0 E.. = 8 E. For Palatini action with boundary term this implies that

6/SmQ.gPB=/SAé-6pB(6)- @.131)

This result depends on the particular form of the action, and it is sensitive to the presence of
boundary terms.

Let us briefly comment the case of Palatini action without boundary term. We know that this
action is not well defined, its symplectic potential ®p () diverges, but we can formally calculate
its Noether charge and compare it to the previous example. As we showed in the sections 2.5.1
and 2.5.3, the addition of the total derivative to the action changes its Noether charge (2.142), but
leaves the symplectic structure (2.119) unaltered. In the previous example the ADM energy was
determined completely by the integral of the Noether charge over the two-sphere at infinity. Now,
the situation is different and both terms in (4.118) contribute to 0 E... We first note that

1 1
6p(8) = —5 T NSory, Qep=—5-T"(§ ou), (4.132)

where 6p and Q¢p denote the corresponding quantities for Palatini action (without boundary term).

It turns out that

1
/Sé-%(5)=—5€5/5 £V nay), (4.133)

since [g_&- (86X A wyy) = 0 due to our asymptotic conditions. On the other hand,
/ o) :—ié/ (e:-wu)z”z—i/ 8(&- o)z (4.134)
S, &P 2K Js.. 2K Js., ’ .

and the combination of the above expressions, as in (4.118) gives the previous expression for SES
(4.112). Thus, we see that the Hamiltonian generator at infinity is not given by the integral of the
Noether charge, as in the case of the Palatini action with boundary term.

At the horizon both terms contribute, again. The results are
1
591:-(6) :——5K(§)CIA, (4135)
Sa K

where we used the fact that /-2 =0 and £ - S = 8(¢ - ) = dK(¢)- We see again, that in order to
satisfy the condition (4.119), (&) should be a function of ap only. We also obtain

1
0 . Q§P:E6(K(§)aA)7 (4.136)
A
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and the combination of the above expressions, as in (4.118) gives the previous result for SEE
(4.114).

Finally, let us compare these results for the Noether charge with the results of [36], and to that
end we shall recall one of the principal results in [36], referring to the variations of a stationary
black hole solution, that states that in diffeomorphism invariant theories, in the second order for-
malism, the Noether charge relative to a bifurcate Killing horizon X is proportional to the entropy
of a black hole S. The result is the following

_ K&
5/ZOQ50 =055, (4.137)

where & is the Killing field that vanishes on X and at infinity tends to a stationary time-like
Killing vector field with unit norm and k{g) is the corresponding surface gravity of a stationary
black hole. In the proof of this result it is assumed that 5K(§o) — 0. Furthermore, it has been
shown that in the case of stationary variations the integral is independent of the choice of horizon
cross-section. Our analysis, based on the IH formalism [7] and [8], is different in various aspects:
(1) we consider the first order formalism; (2) in our case the existence of the internal boundary is
consistently treated, as, for example, in the expression for H that involves integration over the
whole boundary, not only over the asymptotic region, as in [36]; (3) our results are valid also for
nonstationary configurations, and; (4) in our approach the integration is performed over an arbitrary
2-sphere cross section of a weakly isolated horizon, and not restricted to a preferred bifurcation
surface.

Taking this into account let us now see whether, in our approach, the Noether charge can be
related to the black hole energy (or entropy). We already know that in general this is not the case,
since neither the Holst term nor the topological terms contribute to the energy of the black hole,
though they modify the Noether charge.

We can formally compare the expression (4.137) with our result (4.136), taking into account all
differences between the two approaches. We see that, if we impose that o K(&) =0, then the result
in (4.136) would look like (4.137). But this restriction is not consistent with the result of [8] that
shows that, as we saw in the previous subsection, the surface gravity is a function of the area of
the horizon, and that this is a necessary condition to have a well defined Hamiltonian. As we have
seen in this subsection, in neither of the cases, namely Palatini action with or without surface term,
is the variation of a corresponding Noether charge relative to an isolated horizon proportional to
(K‘(é)SaA).]
charge and energy (or entropy) derived in [36].

Note that this fact poses a challenge to the generality of the result relating Noether

Lhor to 8a,, for that matter.
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4.3.2.2 Holst and topological terms

To end this section, let us calculate the Noether charges for the Holst term and the topological
terms. We shall see that in all of these cases the integrals of the corresponding Noether charge
2-form over S. vanish. For Sy, there is one case where the charge is non vanishing. Let us first
consider the Holst term with its boundary term Syg, given by (4.9). We know that this term does
not contribute to the energy. As we have seen in section 4.1.2, the symplectic potential current of
Syg is given by |

1
Oup(S) = M‘SZUA*@” = K—yse’/\de,, (4.138)

where in the second line we used the equation of motion De! = 0. The corresponding Noether

charge 2-form is given by

1 1
= —(E-Z)A =—(E-el)dey. 4.139
OrHB KY@ ) Ay K}’(g e)dey ( )
Now, one can show that
Namely
1 1
1 o I ey o 1 ey
~ede:/ -ed—:/d -%¢)—| =0, 4.141
J (&-ehder= [ (-oa(=1) = [ alE-oe)-T] @141
since & is constant on S.. and d’¢’ = 0. On the other hand, it is also easy to show that
/ Qe =0. (4.142)
Sa
since
/ (é-el)ej/\wuz/ Cll(ej/\(l)u):o, (4.143)
SA SA

due to the expressions for the tetrad (4.73) and connection (4.74) on the horizon.

The variation of Sp,, calculated from the LHS expression in (4.14), is

6Spo = —2/ DF”/\5(DIJ+2/ FUnSayy, (4.144)
M oM

so it does not contribute to the equations of motion in the bulk, due to the Bianchi identity DF/ =0,
and additionally the surface integral in (4.144) should vanish for the variational principle to be well
defined. We will show later that this is indeed the case for boundary conditions of interest to us,
namely asymptotically flat spacetimes possibly with an isolated horizon.

The symplectic potential current and the corresponding Noether charge 2-form for the Pontrya-

gin term Sp,, calculated from the LHS expression in (4.14) is
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Opo(8) =2F" NSwyy, Qgpo=2(& - wpy)F". (4.145)

We will show that the integrals of the Noether charge 2-form Qgp, over S.. and S vanish. For the

first one we have

/S QgPOZZ/S (& wy)F” =0. (4.146)

since wy; = O(p~2), F/ = O(p~3) and the volume element goes as p>.
Since the pull-back of the connection on Sy is given by (??), we obtain that the integral of the

Noether 2-form over Sy is

/Qgpo=4ic/ (I-V)R% =0, (4.147)
SA SA

where we have used the form of the connection on the horizon given by (4.74), and since we can
use the remaining gauge transformation to fix /- V =0, as shown in [27].

At the other hand, we can calculate the symplectic potential current and the Noether charge
2-form from the RHS of (4.14), and obtain Op,(8) = 6p,(8) — 2d(@"™ A Swyy) and, as we have

seen in (2.142), this produces a following change in the Noether charge 2-form
Oepo = Qepo — 207 Nz ayyy . (4.148)

It is easy to see that the integrals of the last term in the above equation over S.. and S vanish, due
to our boundary conditions, hence the Noether charges remain invariant.

Similarly, for the Euler term, from the variation of the LHS of (4.20), we obtain
Op(8) =2+F NSy, Qep=2(E- wpy)*F". (4.149)
Then, as in case of the Pontryagin term it is easy to see that
AmggEzzfqm(é-w,J)*Flfzo, (4.150)

due to the asymptotic behaviour of the fields.

At the horizon the situation is different since the dual of the pull-back (??) is given by
wFY|g = —2R% Iy, (4.151)
the corresponding Noether charge is non vanishing

Sa Sa

since [ - @ = K{;) is constant on the horizon and the remaining integral is a topological invariant.
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This result is consistent with the expression for the entropy of the Euler term in [37], obtained in the
second order formalism for stationary black holes. Though the Noether charge of the Euler term
over a WIH is non-zero, the corresponding contribution to the Hamiltonian energy is nonetheless
vanishing. As we have seen previously, in Section 4.3.1, the variation of the energy at the horizon

is

SH; :/ 60: —&-6(9), (4.153)
SaA
with & = cl. For the Euler term we obtain
/ cl@E(S):4c/ l‘(28/\660):R2167LIC5K(1), (4.154)
SA SA

since [-2620and [- 8w = 51((1). We see that this term cancels the variation of (4.152) in the
expression for the energy at the horizon.
Similarly as for the Pontryagin term, the variation of the RHS of (4.20), leads to a change in the
symplectic potential current and the Noether charge 2-form, but the Noether charges stay invariant.
Finally, we have seen in Section 4.1.3 that the variation of the Neih-Yan term on shell is pro-
portional to the variation of the Holst term, so all the results for the Noether charge of the Holst
term apply directly here. Namely, for the Neih-Yan term, with its boundary term, given in (4.26),

we obtain that its Noether charge 2-form is

QeNyB = 2KYQ¢HB (4.155)

so that its integrals over S. and S vanish as well.

Let us end this section with a remark. One should note that the Noether charges at infinity of
all the topological terms vanish for asymptotically flat boundary conditions, but this is not the case
for locally asymptotically anti-de Sitter (AAdS) space-times. In [3] and [2], AAdS asymptotic
conditions are considered and the Noether charge at infinity of the Palatini action with negative
cosmological constant term turns out to be divergent. In that case the Euler term is added in order
to make the action well defined and finite. With this modification, the non vanishing (infinite)
Noether charge becomes finite for the well defined action. This illustrates that, in several respects,

asymptotic AdS and asymptotically flat gravity behave in qualitatively different manners.

4.4 Discussion and remarks

Let us start by summarizing the main results that we have here presented.

1. We have analyzed whether the most general first order action for general relativity in four

dimensions has a well posed variational principle in spacetimes with boundaries. We showed
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that it is necessary to introduce additional boundary terms in order to have a differentiable ac-
tion, which is finite for the field configurations that satisfy our boundary conditions: asymp-

totically flat spacetimes with an isolated horizon as an internal boundary.

. We discussed the impact of the topological terms and boundary terms needed to have a well
defined variational principle for any well posed field theory, on the symplectic structure and
the conserved Hamiltonian and Noether charges of the theory. We showed, in particular, that

for generic theories, no boundary term can modify the symplectic structure.

. In the case of first order gravity, we showed that the topological terms do not modify the
symplectic structure. In the case of the Holst term (that is not topological), there is a par-
ticular instance in which it could modify the symplectic structure. Thus, the Hamiltonian
structure of the theory remains unaffected by the introduction of boundary and topological
terms. In particular, all Hamiltonian conserved quantities, that are generators of asymptotic
symmetries, remain unaffected by such terms. We have also shown that for our boundary
conditions the contribution from the Holst term to the Hamiltonian charges is always trivial.
It is important to note that this simple result proves incorrect several assertions that have

repeatedly appeared in the literature.

. We have shown that even when the Hamiltonian conserved charges remain insensitive to
the addition of boundary and topological terms, the corresponding Noetherian charges do
depend on such choices. This has as a consequence that the identification of Noether charges
with, say, energy depends on the details of the boundary terms one has added. For instance,
if one focuses on the asymptotic region, then it is only for the well defined Palatini with
boundary action (of [7]) that the Noether charge coincides with the Hamiltonian (ADM)
energy. Any other choice, including Palatini without a boundary term, would yield a different
conserved quantity. Furthermore, if one only had an internal boundary (and no asymptotic
region), several possibilities for the action are consistent (compare [8] and [27]), and the
relation between energy and Noether charge depends on such choices. We have also made
some comments regarding the relation between our analysis and others based on Noether
charges for stationary spacetimes [36].

In this chapter, our focus was on first order gravity, but our analysis can be taken over to more

general diffeomorphism invariant theories. Our results indicate that there is an interesting interplay

between symmetries and conserved quantities that depends on the formalism used; Hamiltonian

and Noether charges that have very different interpretations within the theory, in general do not co-

incide. As we have seen, for the boundary conditions we considered most of the Noether charges

associated to topological terms vanished — while the Noether currents were non-vanishing—, but
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for generic boundary conditions this might not be the case (such as in AADS asymptotics, for
instance), indicating that generically these two sets of charges do not coincide. A deeper under-
standing of this issue is certainly called for.

Our analysis was done using the covariant Hamiltonian formalism, that has proved to be eco-
nomical and powerful to unravel the Hamiltonian structure of classical gauge field theories. It
should be interesting to see whether a parallel analysis, using a 3+1 decomposition of spacetime

and taking special care on the effects of boundaries, yields similar results. This work is in progress.
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Chapter 5
Conclusions

In this thesis we analyzed first order gravity in spacetimes with boundaries. We begin by defining
what it means to have a well posed action principle, that is finite and differentiable, and discussing
what is the effect of adding additional boundary terms to the action. Then we discuss the covariant
hamiltonian formalism taking enough care when boundaries are present. In particular we found
that when we add a boundary term to the original action it will not change the symplectic current
nor the symplectic structure. Also within the covariant formalism we study symmetries and con-
served charges; in particular we discuss the relation between the Hamiltonian and Noether charges,
while the former is insensible to the addition of boundary terms, the latter depends on the bound-
ary terms. So far our results are generic and can be applied to a variety of theories. In particular,
we use these results to analyze first order gravity in three and four dimensions in spacetimes with
boundaries.

In the three dimensional case we propose a manifestly Lorentz invariant well posed Palatini
action. We find the fall-off conditions for the first order variables and with these conditions we
prove that in fact the action is well posed, that is finite and differentiable. Moreover we follow the
covariant formalism and we find an expression for the energy, this expression coincide with that
obtained by Regge Teitelboim methods in the second order formulation in the metric variables,
that is the expression for the energy is determined up to a constant. Then taking two different
2 + 1 decompositions we find an expression for the energy, this is completely determined by the
canonical hamiltonian. This results coincide with those in the second order formalism, but this time
beginning with the Einstein-Hilbert action with Gibbons-Hawking term that is well posed under
asymptotically flat boundary conditions, and the expression for the energy is given by the canonical
hamiltonian. This also proves that the proposed action is the one corresponding to the Einstein-
Hilbert with Gibbons-Hawking. From this we can see that even though the covariant formalism
is powerful and economical, it only determines the conserved quantities up to a constant. In the

case of the energy this constant may shift the region in which the energy is bounded and pass from
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positive to negative values for the energy. Contrary, the hamiltonian method determines completely
the value of the energy.

In the four dimensional case we have analyzed whether the most general first order action
for general relativity in four dimensions has a well posed variational principle in spacetimes with
boundaries. We showed that it is necessary to introduce additional boundary terms in order to
have a differentiable action, which is finite for the field configurations that satisfy our bound-
ary conditions: asymptotically flat spacetimes with an isolated horizon as an internal boundary.
We discussed the impact of the topological terms and boundary terms added in order to have a
well defined variational principle, to the symplectic structure and the conserved Hamiltonian and
Noether charges of the theory. We showed that the topological terms do not modify the symplectic
structure. In the case of the Holst term (that is not topological), there is a particular instance in
which it could modify the symplectic structure. We have also shown that for our boundary condi-
tions the contribution from the Holst term to the Hamiltonian charges is always trivial. Thus, the
Hamiltonian structure of the theory remains unaffected by the introduction of boundary and topo-
logical terms. It is important to note that this result proves incorrect several assertions that have
repeatedly appeared in the literature. We have shown that even when the Hamiltonian conserved
charges remain insensitive to the addition of boundary and topological terms, the corresponding
Noetherian charges do depend on such choices. This has as a consequence that the identification
of Noether charges with, say, energy depends on the details of the boundary terms one has added.
For instance, if one only had an internal boundary (and no asymptotic region), several possibil-
ities for the action are consistent, and the relation between energy and Noether charge depends
on such choices. We have also seen that one particular topological terms, namely the Euler term,
contributes non-trivially to the Noether charge at the horizon. Our analysis was done using the
covariant Hamiltonian formalism, that has proved to be economical and powerful to unravel the
Hamiltonian structure of classical gauge field theories. It should be interesting to perform a similar
analysis using a 3+1 decomposition of spacetime and taking special care on the effects of bound-
aries, extending the analysis of [38; 39], where the boundaries were ignored. A natural question
is whether the two Hamiltonian approaches to treat this system are equivalent and, if not, under-
stand the underlying reasons for that discrepancy. This work is in progress and will be reported

elsewhere.
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Chapter 6
Perspectives and forthcoming work

“Never make a calculation until you know the answer: make an estimate
before every calculation, try a simple physical argument (symmetry! in-
variance! conservation!) before every derivation, guess the answer to
every puzzle. Courage: no one else needs to know what the guess is.
Therefore make it quickly, by instinct. A right guess reinforces this in-
stinct. A wrong guess brings the refreshment of surprise. In either case
life as a spacetime expert, however long, is more fun!”

—Wheeler, John A. and Edwin F. Taylor. Spacetime Physics, Freeman,
1966. Page 60.

There is almost an endless chain of questions, but following Wheeler’s counselling, there are

some few immediate questions I want to address:

e Inspired by the success of the three dimensional manifestly Lorentz invariant well posed
Palatini action. We want to extend this results and see how this works in the four dimen-
sional case and compare it with the already known results [7]. Using both the covariant and

canonical formalisms, we want to find the ADM energy.

e We can think of adding matter to the four dimensional Palatini action and see what happens
if we consider spacetimes that include a boundary at infinity and/or an internal boundary
satisfying isolated horizons boundary conditions. In particular if we add Skyrme field the
fall-off conditions at infinity are quasi-asymptotically flat [20], so instead of the ADM mass
we expect to recover the Sudarsky-Nucamendi mass [53]. We want to extend the results also
for isolated horizons boundary conditions. (This work is in collaboration with Alejandro

Corichi and Ulises Nucamendi).

e Also I have a proposal for a n—dimensional manifestly Lorentz invariant Palatini action, that
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can be seen as an n—dimensional BF theory with boundary. I want to see whether this action

will be well posed under asymptotically flat boundary conditions [10].

e We want to understand the effects of the addition of boundary terms to a well posed action,
in the context of a complete or pure hamiltonian analysis. How the canonical pair corre-
sponding to the original action relates with the canonical pair of the action with the added
boundary terms. How this boundary terms affects the structure of constraints. We want to
begin with a manageable example to begin with: Maxwell plus Pontryagin and/or BF plus
Pontryagin. The goal is to fully understand the action 1.1 in this canonical context.

I would love to extend many of this results to isolated horizons, asymptotically AdS, and null

infinity contexts. And the rest is history...
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Appendix A

Tensor densities and the volume element

Although tensors have such an irresistible beauty, sometimes is necessary to consider non-tensorial

objects. Take for example the Levi-Civita symbol defined as,

+1 if ajay - - - ay is an even permutation of 01--- (n— 1),
Eajayap = —1 if ajay - - - ay is an odd permutation of 01 --- (n— 1), (A.1)
0 otherwise.

This definition is for any coordinate system (right-handed coordinate system, otherwise we have
an overall minus sign). That is what we call it symbol, because it is not a tensor and it is defined
not to change under coordinate transformations, so we use it as a constant. We are only able to
treat it as a tensor in flat inertial reference frames since the Lorentz transformations will leave it
unchanged. If we want to allow its components to change in a ‘nice’ way under any coordinate
transformations in an arbitrary geometry we have to extend our notion of tensor. We shall define
a tensor density 7%, ., of weight n € R as an object on a differentiable manifold whose

/
components transform under changes of coordinates x* — x'“ by

det < ox ,)
ox'c

Also we can extend the covariant derivative for tensor to tensor densities,

/ !
" axX'r X% Jxb dxbi

//a/laé...a;l nalaz...anb b b . .
] ]
P20 gxar dx 9yt 9yC

T bbbl =

(A.2)

Ve, = |detg]"?V, <|detg|”/275“‘a2"'a”b1b2-~-bn>
— 8ana1a2..-an bibyby + rgéﬂmz'"an bibyb, N I—*Z,én.alaz...an,lcb]bzmbn
_l—flbl a2 an chyoby = — ngnﬂalaz..‘an biby--ec
—nlh, w2y (A.3)
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for a tensor density m¢192 %}, ;. of weight n. The last term arises from d, logsetg = ZFZ . In
a similar fashion we can extend this results to the Lie derivative. See e.g. [19; 22] for further
explanation and derivations.

In physics tensor densities arises naturally in canonical formulations of field theories where
the space-time metric is considered one of the physical fields. To make a Legendre transform, a
Liouville term of the form [ q) Po d®x is needed, but on the other hand we need this term to include
a measure factor to have coordinate independent integrations. We can not insert 4/|g| because in
that case ¢ and py will not longer be a canonical pair. This is fixed by requiring the momenta be a

density of weight one. As we can see in a particular example in 3.4.

A.1 Some properties

e Taking € as the Levi-Civita tensor density and € the Levi-Civita permutation symbol,

1

Earayay = ——Earaya, (A.4)
Vgl
gauaxan — | /o] g@102an (A.5)

e When we have internal indices additionally to the space-time indices we have the following

relations,

— Takinking g, ... ;, as the Levi-Civita permutation symbol on the internal indices, 210243

the Levi-Civita tensor density, and ("e) = \/|g| with |g| the n—dimensional metric,
11 In __(n o A 6
811’.,.71nea] . .~ean = ( e)Saly.,,ﬂn ( . )

— From the previous equation by contracting both sides with two e‘}lf we have,

1

sbib n ol L _ b1 b2
ma’lhh I, gV19243.d e3 .. 2( )61116122 (A7)

an

In three and four dimensions this expression becomes

ekEPeK =2 (3e)ele”) (A.8)
and
SUKLEade K s 4(4e)e£aelﬂ (A.9)
respectively.
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Appendix B

Appendix: On the derivation of the spin

connection

From the compatibility condition of the connection with the tetrad, which makes the Lorentz con-

nection a spin connection,

de! +o' jne’ =0 (B.1)
we have
Oueh — el + @l je] — of jel =0 (B.2)
or equivalently
a)éjei — (Déje‘é = —2(9[“82}. (B.3)

Multiplying by e.; and permitting spaciotemporal indices

1 J I Je I

W, jepecr — Wy e, = —Zecﬁweb} (B.4)
I J I J v

wc Jeaebl _ a)ajecebI = _Zebla[cea} (BS)
I J I Je I

Wy, je.eql — W, j€, a = _zeala[bed (B.6)

Then by summing (B.5) and (B.6), and subtracting (B.4),

a)cljeieb, = eda[aei] — ebla[ceg} — €a]a[bel (B.7)

q

multiplying by e% €L,

D — ef’(ebLecla[aez — e%&keg} - ebLa[bedK (B.8)
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In the 3—dimensional case, by using @} = —J&, XM @l g and 7°ej ek = 264%1;] where 7>
is the 3—dimensional tensor density with weight one.
1 KM L KM bL
(D?/I = —5 <8L KMe?(ebLed&[aer] — &L e?(a[cea] — &L eb 8[beC]K> (B9)
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