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Abstract

An alternative method for the solution of finite element (FEM) equations is presented. The
solution of the equation is based on deriving an uncoupled equation which is expressed, in
terms of the time varying variables of the FEM equations. It has been considered FEM
equations derived from planar or axisymmetric symmetries assumptions. The method
consists on performing a nodal reordering of the FEM Equations, and performing a reduced
number of matrix operations. These steps permit to get an equation defined in terms of the
time varying variables. The equation can be solved in the frequency and the time domain.
The method developed has been also implemented in the CUBLAS parallel computing
platform, in order to reduce the computing times of solving the matrix equation.

The method has been applied to several devices modelled by a planar and an axisymmetric
symmetry assumption. The method permits to obtain accurate results in the frequency and
the time domain but do not consider non-linear materials properties. The advantages of using
the method are evident when large FEM equations are meant to be solved. The results
obtained by the method agree well with results obtained by other investigations.

Keywor ds: Finite element analysis, finite element method, frequency-domain analysis, time-
domain analysis, parallel processing.
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Resumen

En esta tesis se presenta un método de solucion de ecuaciones de elemento finito (ecuaciones
FEM por sus siglas en inglés). La solucion de las ecuaciones estd basado en obtener una
ecuacion desacoplada, misma que estd expresada en término de las variables de las
ecuaciones FEM, que tienen derivacion no nula respecto al tiempo. Las ecuaciones FEM
consideradas han sido obtenidas a partir de una simplificacion de simetria plana o
axisimétrica. El método desarrollado consiste en realizar un reordenamiento nodal de las
ecuaciones FEM, y realizar al mismo tiempo, un reducido nimero de operaciones matriciales.
Los pasos antes mencionados permiten obtener una ecuacion definida en términos de las
variables con derivacion no nula respecto al tiempo. La ecuacién puede resolverse tanto en
el dominio del tiempo como en el dominio de la frecuencia. Al mismo tiempo, el método
desarrollado ha sido implementado en la plataforma de cémputo paralelo CUBLAS, con el
objetivo de reducir el tiempo de codmputo requerido para resolver las ecuaciones matriciales.
El método ha sido aplicado a varios dispositivos modelados por una simetria plana o
axisimétrica. El método permite obtener resultados precisos en el dominio del tiempo y la
frecuencia, pero no considera las propiedades no lineales de los materiales. La ventaja del
uso del método es evidente cuando es utilizado para resolver ecuaciones FEM de gran
dimension. Los resultados obtenidos por el método concuerdan con aquellos resultados
obtenidos por otros trabajos de investigacion.

Palabras clave: Anilisis de elemento finito, método de elemento finito, andlisis en el
dominio de la frecuencia, andlisis en el dominio del tiempo, procesamiento en paralelo.
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Introduction

1.1 Solution of electromagnetic fields of electrical machines or devices

In the actual times, it is very important to have electrical machines which have been
properly optimized in their design, since an optimized design permits to have devices with
high energy efficiency (Manna and Marwaha 2008). Thus, it is possible to use a lesser amount
of materials on them. Moreover, it is also very important to assure the reliability in the
performance of the devices. Although the Maxwell electromagnetic laws have been well-
known for many years, the analysis and solution of their electric and magnetic equations that
model an electrical machine or devices, have been difficult to achieve. The main reason is
the geometry or the complexity of the device to be modeled (Manna and Marwaha 2008),
(Chari and Sylvester 1980), (Arkkio 1987).

In order to overcome this situation, several forms of solution of the field equations. For
example have been proposed; some methods of solution permit to calculate some parameters
of the device, or models have been developed to allow the modeling of specific machines or
devices (Engleman and Middendorf 1995), (Brauer, Sadegui and Oerterlei 1999). The recent
computation advances have allowed the development of numerical methods, which can solve
the magnetic and electric field equations (Chari and Sylvester 1980), (Engleman and
Middendorf 1995), (Brauer, Sadegui and Oerterlei 1999).

The Finite Element Method (FEM) is a numerical method which has become a powerful
tool, to solve the steady state and transient field equations of electrical machines or devices
(Reece and Preston 2000), (Wang and Xie 2009), (Lubin, Mezani and Rezzoug 2011), (Li,
Ho and Fu 2012), (Ho, Fu and Wong 1997), (Bianchi 2005). The method is now an important
technique which supports the design of large machines, i.e. power transformers, large
induction and synchronous motors; since it can solve the magnetic or electrical field of
difficult geometries or configurations. Thus, the finite element method has allowed the
improvement of the machines or devices efficiency, by optimizing their respective designs
(Lubin, Mezani and Rezzoug 2011), (Li, Ho and Fu 2012), (Mihai and Benelghali 2012).

Nevertheless, the finite element method is still difficult to use in three-dimension cases
(Wang and Xie 2009), (Lubin, Mezani and Rezzoug 2011), (Li, Ho and Fu 2012), (Mihai and
Benelghali 2012). An important simplification, is to assume that the magnetic field behavior
is the same across the axis of the machine or device (Arkkio 1987), (Bianchi 2005). Thus, it
IS necessary to perform some simplifications i.e. a plane symmetry or an axisymmetric
assumption, to reduce the complexity of the problem, and being able to solve the field
expressions, by using FEM matrix equations (Arkkio 1987), (Bianchi 2005), (Li, Ho and Fu
2012). The plane symmetry allows to model induction machines, while the axisymmetric
symmetry permits to model transformers or components with round coils (Arkkio 1987),
(Konrad, Chari and Csendes 1982), (Preiss 1983).

The FEM equations are derived by taking into account several assumptions on the electric
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and magnetic fields. Because of this, it is very important that some basic concepts of magnetic
and electric fields would be outlined. The aim is to furnish a good treatment and to derive a
practical formulation. It is important to say that it is not an exhaustive treatment. There are
other references that contain a precise exhaustive treatment of these electromagnetic concepts
(Stratton 1941), (Bianchi 2005), (Cheng 1993), (Jianming 2002). The assumptions and
considerations assumed for these variables, permits to derive a field equation of the device.

1.1.1 Variables of electric and magnetic fields

1.1.1.1 Current density field

The movement of the electric charges is described by means of the electric current density.
Referring to a volume charge density p moving at a velocity v, the electric current density
vector J can be defined as (Bianchi 2005), (Cheng 1993), (Jianming 2002),

J=pv, (1.1)

Whose reference positive direction is that of the positive charges. Its magnitude is measured
in (A/m?). The vector J defines a vector field, called the current field. Let S be an open
surface, then the current intensity | is given by (Bianchi 2005), (Cheng 1993), (Jianming
2002),

I= [ Jds (1.2)

If the displacement current density vector is null (aD/at = 0), it is possible to define the
total current density vector as follows (Bianchi 2005), (Cheng 1993), (Jianming 2002),

Jtot =1 1.3)

1.1.1.2 Magnetic flux density field

The movement of the electric charges causes effects in the points of the surrounding space,
so that it is possible to define the magnetic flux density field B. Its magnitude is measured in
Teslas (T). The fundamental property of the field B is this: the flux associated to this field,
through any closed surface & is null. Thus the flux is given by (Bianchi 2005), (Cheng 1993),
(Jianming 2002),

$. B ndS=[, (V-B)dV =0 (1.4)



If (1.4) is expressed in a differential form, i.e.,

V-B=0 (1.5)

1.1.1.3 Magnetic vector potential field

Observing (1.5) it can be seen that B is solenoidal in the whole space; thus, it is suitable
to define a vector magnetic potential A. The vector B is solenoidal since its divergence is null

in the domain defined by [, dv. The relationship between B and A is defined by (Bianchi
2005), (Cheng 1993), (Jianming 2002)

B=rxA (1.6)

This relationship defines the field A apart from a generic irrotational field. A vector field
is irrotational if its rotational is null in the domain defined by fsc ds. The divergence of A can
be defined in an arbitrary way; the positions that are commonly adopted for stationary and
quasi-stationary magnetic fields are known as the Coulomb’s position, (Bianchi 2005),
(Cheng 1993), (Jianming 2002). It is defined by,

v-A=0 (1.7)

1.1.1.4 Magnetic field strength

Together with the flux density vector B, the magnetic field strength vector H is introduced.
The measure unit of its magnitude is A/m. The two vector fields are linked by the constitutive
law defined by (Bianchi 2005), (Cheng 1993) , (Jianming 2002),

B = uH (1.8)

where ¢ (H/m) is the magnetic permeability of the medium. Within a uniform medium, the
two fields B and H are proportional (i.e., they have same direction and proportional
magnitude), while in an anisotropic medium their link exhibits a tensorial nature. In
stationary or quasi-stationary magnetic condition, i.e. when the displacement current density
is neglected, the fundamental property of the field H is defined by the Ampere’s law (Bianchi
2005), (Cheng 1993) , (Jianming 2002),

VxH =] (1.9)



1.1.1.5 Electric fields

Forces of various natures can exist on the electric charges. Let 6F« be any force on a test
positive charge 0q, the specific electric field Ex is defined as (Bianchi 2005), (Stratton 1941),
(Bianchi 2005), (Cheng 1993) , (Jianming 2002)

E, = lim 2« (1.10)

Whose magnitude is measured in N/C. A useful classification of the specific electric field
is given in Table 1.1

TABLE 1.1
CLASSIFICATION OF THE ELECTRICAL FIELDS
conservative E: Coulomb E Electric Field
Electric Electromagnetic . E_Induced
. Non-conservative E. Lorentz
Field Ek "
Em motional
Non-electromagnetic Ene

1.1.1.5.1 Maxwell's electrical field

Since there is no constraint on the divergence of Ej, it is generally assumed that it is a
solenoidal field. By means of this assumption, together with the Coulomb electrical field Ec
shown in Table 1.1, the induced electric field E; is given by (Bianchi 2005), (Cheng 1993),
(Jianming 2002),

04
F =2 (1.11)

This relationship is particularly useful in the computation of the induced currents in
conductive media. The electric field E, also called Maxwell’s electric field, corresponds to
the sum of the Coulomb electric field Ec and the induced electric field Ei (Bianchi 2005), i.e.,

E=E +E=-VV-2 (1.12)



1.1.1.5.2 Lorentz electrical field

The Lorentz specific electric force E. acts on the electric charges moving in a magnetic
flux density field B at a velocity vq with respect to the adopted reference system. It is given
by (Bianchi 2005), (Cheng 1993) , (Jianming 2002),

E, =v,xB (1.13)

1.1.1.5.3 Motional electric field

The motion specific electric force Em acts on the electric charges on a conductor moving
at a velocity vm with respect to the adopted reference system. It can be calculated using
(Bianchi 2005), (Cheng 1993) , (Jianming 2002),

En = v,XB (1.14)

1.1.1.5.4 Total dectric field

The total specific electric field E: is the sum of the field E and the Lorentz’s motion, and
external specific forces. It gives (Bianchi 2005), (Cheng 1993) , (Jianming 2002),

E,=E+E +E,+E, (1.15)

In a conductive medium, characterized by the conductivity o, the field E; is linked to the
current density vector field J by means of the constitutive relationship (Cheng 1993),
(Bianchi 2005),

J = ok, (1.16)

1.1.1.6 Total current density
If it is only considered a Maxwell’s electric field, (1.16) can be defined by,

E,=-vv-2 (1.17)

J=o(-vv-39) (1.18)



1.1.2 Summary of main features of variables

After having explained all the variables, it is important to explain the main features that
would lead to formulate a field equation. A brief summary of the most important features of
these variables will be explained next. This summary contains the main field aspects
considered in this investigation.

1.1.2.1 Coulomb’s position

It is mainly used in stationary and quasi-stationary magnetic fields that correspond to a
planar or an axisymmetric symmetry assumption. It is defined by,

V-A=0 (1.19)

1.1.2.2 Displacement current neglected

If the displacement current is null, it is possible to formulate the next expression that
relates the magnetic field strength and the current density,

VxH =] (1.20)

1.1.2.3 Defining magnetic vector potential

The flux of a field density B, through any closed surface & is null. Thus it is possible to
define a magnetic vector potential defined by,

B=vxA (1.21)

1.1.2.4 Defining electric field
The electric field E, also called Maxwell’s electric field, corresponds to,

E=-vv-2 (1.22)

1.1.2.5 Defining total current density
Using (1.16) the total current density J is defined by,



J=o(-vv-2)) (1.23)

All the variables explained before, permit to derive a Helmoltz field equation, which
consists on a partial differential equation with the current density J or the electrical field
-V V as the forcing function. The magnetic vector potential is the variable to be solved.
Laplace, Poisson and Helmoltz field equations will be discussed next.

1.1.3 Field equations

1.1.3.1 Laplace and Poisson field equations

Let us refer to a magnetostatic field, described by equations (1.19)-(1.23). The field
problem is described by the quasi-harmonic equation defined by (Stratton 1941), (Arkkio
1987), (Cheng 1993), (Jianming 2002), (Bianchi 2005),

Va(v(Vxd)) =] (1.24)

If the materials are homogeneous, the reluctivity v is constant, thus equation (1.24) is
reduced to the Poisson equation. The Poisson equation is finally defined by (Stratton 1941),
(Arkkio 1987), (Cheng 1993), (Jianming 2002), (Bianchi 2005),

—v(V?A)=] (1.25)

If the current density field J is null in the considered domain, the problem is described by
the Laplace equation, defined by (Stratton 1941), (Arkkio 1987), (Cheng 1993), (Jianming
2002), (Bianchi 2005),

—v(VZ24)=0 (1.26)

1.1.3.2 Helmoltz field equation

The Helmoltz equation can be obtained if a uniform medium is considered. The first step
consists on considering that the total current density J is defined by (Jianming 2002), (Bianchi
2005),

J = oE,; (1.27)



The total current density defined in (1.27) can be reformulated if the electrical field is
taking into account. Thus (1.27) can be finally defined by (Jianming 2002), (Bianchi 2005),

] — 0'(— VV) — O-‘;_‘: (128)

If (1.28) is substituted in (1.25) gives,
—v(V*A) =o(-VV) - o2 (1.29)

If the terms of (1.29) are rearranged, the Helmoltz equation can be finally obtained. It is
defined by (Arkkio 1987), (Jianming 2002), (Bianchi 2005),

—v (Vv 24) +ai;—:l= o(=VV) (1.30)

The Helmoltz and the Laplace field equations permits to model a device, using a
magnetostatic formulation. If the magnetic fields are defined in two dimensions, it is
assumed a planar and an axisymmetric symmetry and the conductor voltage is chosen as the
forcing function; it is possible to formulate a transient FEM field equation which models the
behavior of the conductor magnetic field (Arkkio 1987), (Chari and Sylvester 1980),
(Jianming 2002). It is also possible to choose the conductor current as the forcing function,
thus an alternative field FEM equation known as the integro-differential approach can be
formulated (Arkkio 1987), (Konrad 1981), (Konrad 1982). Moreover, it is also possible to
use the FEM field equation with the voltages as the forcing function to determine the
magnetic vector potentials of the device when the conductors currents are known. This can
be achieved by coupling the equation that relates the magnetic vector potentials with the
conductors voltages and currents (Arkkio 1987), (Konrad 1981), (Konrad 1982), (Ho, Li and
Fu 1999).

Nevertheless, the conductors currents or voltages of electrical machines or devices are not
always known. Moreover, although the symmetry simplification of the field behavior reduces
the complexity of the problem, it does not include some effects. For example, the end effects
of the stator end windings or the end effects of the rotor end rings of an induction machine.
If these effects are not included, the modeling of the field would not become accurate (Lubin,
Mezani and Rezzoug 2011), (Li, Ho and Fu 2012). To tackle this problem it is necessary to
couple external circuit equations which includes resistances and inductances, into the field
FEM equation, in order to form a FEM-circuit coupled equation. Thus, electric parameters
coupled with magnetic fields analysis using the finite element method have been widely used
to simulate magnetic systems (Tsukerman et al. 1993), (Wang et al. 1985), (Arkkio 1987),
(Wang and Xie 2009), (Ho, Li and Fu 1999), (Lubin, Mezani and Rezzoug 2011).

The FEM field and the FEM-circuit coupled expression derived by the finite element



method can be solved in the frequency domain (Shen et al. 1985) or in the time domain
systems (Lubin, Mezani and Rezzoug 2011), (Wenliang et al. 2012), (Li, Ho and Fu 2012).
The solution in the frequency domain is simple, since implies to calculate a simple matrix
equation (Shen et al. 1985). For the specific case of a time domain solution, the most widely
used method is the Backwards Euler (Arkkio 1987), (Okamoto, Fujiwara and Ishihara 2010).
If the FEM-circuit coupled equation to be solved is nonlinear, the Newton Method can be
used (Fu and Ho 2009), (Dlala and Arkkio 2010).

Nevertheless, the FEM equations may consist on matrices of larger order, may be difficult
to obtain, or it may need of a considerable computation time. It is possible to overcome this
situation, by using the parallel computing platform. Several methods have been developed
for the finite element analysis based on the domain decomposition methods (Lavers, Boglaev
y Sirotkin 1996). The finite element decomposition method is capable of solving a field
problem by forming subdomains, it is an iterative process which coordinates the solution
between adjacent subdomains by using their Neumann and boundary condition. The method
permits that the problems on the subdomains are independent each other (Lavers, Boglaev y
Sirotkin 1996), (Butrylo et al. 2003), (Mukades and Uragani 2008), (Wang et al. 2014).
Parallel computing has been used this method, specifically it has been implemented on a
distributed computing environment (Iwano et al. 1994), (Mukades and Uragani 2008); in the
MPI platform (Butrylo et al. 2003) or in a Workstation Cluster (C. Fu 2008).

One tendency in the parallel computing is to establish a programming which executes the
sequential parts of the algorithm in the CPU cores, while those steps that can be executed in
a parallel way by using the GPUs (Kiss et al. 2012), (Luebke 2008), (Jalili-Marandi, Zhiyin
and Dinavahi 2012). The NVIDIA CUDA (CUDA toolkit 5.0 2014) is a hardware-software
platform that can be used to execute parallel algorithms using a program coded in C. Thus,
there are several commands easy to implement which permit to conveniently use the GPU
hardware. The sequential parts of an algorithm can be calculated in the CPU or host, while
the parts that are mean to be calculated by a parallel way are executed by using kernels in the
GPUs (NVIDIA 2012), (Luebke 2008). When a kernel is executed, blocks with an equal
number of threads are created to execute the parallel function; blocks of thread form a grid
(Owens , Houston and Luebke 2008), (Luebke 2008). Recently, the addition of the CUBLAS
library in CUDA has become an excellent choice. This library is an equivalent computer
parallel platform of the Basic Linear Algebra Subprograms (BLAS) library. These routines
permits to easily implement a solution of a FEM equation using parallel computing
(Barrachina et al. 2008).



1.2 Justification of the present research

In the actual times, it is very important to build electric machines optimized in their design,
in order to get a high energy efficiency. Optimized designs permits to use a lesser amount of
materials, and it requires less effort in the manufacturing and maintenance process.
Moreover, it is very important to assure a reliable and secure operation. Because all these
reasons, it is very important to have a reliable modelling of the electrical machines or devices
(Brauer, Sadegui and Oerterlei 1999), (Manna and Marwaha 2008), (Bianchi 2005), (Wang
and Xie 2009).

Maxwell equations allow an accurate modeling of electric and magnetic fields of electrical
machines or devices. However the equation solution could be very difficult to obtain if
conventional methods of solution are used. Computing technology development has allowed
the development of several numerical method which allows an approximate solution of the
Maxwell equations. Specifically, the Finite Element Method (FEM) has become a powerful
tool to solve the field equation of electrical machines or devices (Arkkio 1987), (Ho, Fu and
Wong 1997), (Jianming 2002). The FEM method is been extensively used in the design of
several electrical machines: transformers, induction machines, synchronous machines, etc.

Although the FEM equations to be solved would be linear, and the planar and the
axisymmetric symmetry assumptions would permit to simplify the finite element analysis;
the matrix equations to be solved could be of large order, especially if it is required a details
model of a device. For some cases, it is necessary to consider a large number of finite
elements in order to know the behavior of the magnetic or electric field, in a specific region
of a device (Arkkio 1987), (Bianchi 2005), (Jianming 2002). This could imply a frequency
or time domain solution of a large order FEM equation, which could be very difficult to
achieve.

Since the solution of some FEM equation can be difficult to obtain, it could be necessary
to have optimized methods of solutions which allows deriving faster and accurate solutions
in the frequency or the time domain. Moreover, these methods of solution can be
implemented by using a parallel solution, since there are several actual computing platforms
that allows, a fast and easy parallel implementation of an algorithm. One example is the
NVIDA CUDA-CUBLAS (CUDA toolkit 5.0 2014) (Barrachina et al. 2008), (Jalili-
Marandi, Zhiyin and Dinavahi 2012).
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1.3 Objectives

This investigation covers the solution of FEM field equations with voltages or currents
known, and the solution of a FEM-circuit coupled equation. All these FEM expressions have
been derived from a planar or an axisymmetric symmetry assumption. The main goal is to
develop a methodology which permits to apply the Newton or other solution techniques, to
obtain a faster and accurate solution of the FEM equations in the frequency and the time
domain. The implementation by using modern sequential and parallel computing platforms
is highly desirable. The specific objectives are:

o Devel oping a methodol ogy which permits to analyze and solve electrical machines of
devices by using thefinite element method. The objective is to formulate an alternative
method of solution, to derive a faster and accurate solution in the frequency and the
time domain; by using the Newton method or other methods or solution forms.

o Implementing the proposed methodology by using actual sequential and parallel
computing platforms. Conventional sequential platforms as Matlab or GSL will be
used. The methodology will be also implemented in a parallel computing platform,
i.e. CUBLAS- CUDA.

o Testing the proposed method in several devices or electrical machine components.
Specifically, devices and tested which can be simplified by a planar or an
axisymmetric symmetry assumptions will be analyzed. These symmetries can be used
in a finite element analysis, in order to model a large number of electrical machines
and devices.

o Testing the results derived from the proposed method. Since an alternative method of
solution of FEM equations is proposed, it is extremely important to conduct a
performance and results comparison, by analyzing and solving different devices or
components. Thus, it is highly desirable to compare the results derived from the
methodology with those results derived from a widely accepted FEM software, such
as ANSYSS, or those derived from another investigations.
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1.4 Description of the Methodology

The developed a methodology that permits to solve FEM equations is based in the
following methodology steps:

FEM field with voltage or current known, and a FEM-circuit coupled equation are solved.
These FEM expressions are derived from a planar or an axisymmetric symmetry assumption
of the field equations of a device. The methodology consists on performing several steps
which leads to derive a reduced equivalent equation of a FEM equations of a device. The
equation derived by the proposed method is expressed in terms of the time varying variables
of the device.

The developed method consists on reordering the nodes of the FEM equation, performing
an arrangement of the variables; and finally, performing some few simple matrix operations
on the FEM equations. These actions allow getting a reduced equivalent equation, which is
expressed in terms of time varying variables of the ordinary FEM expressions. The equation
derived by the methodology can be solved in the frequency or the time domain. The solution
in the frequency domain is similar to the solution of an ordinary FEM equation; since it only
implies to calculate a simple matrix equation. For the specific case of a time domain solution,
the equation can be solved by the Backwards Euler; but it can be obtained an approximate
solution by using the Euler, the 4" order Runge Kutta and the Newton Methods.

Although the methodology permits to obtain a faster solution of the FEM equations, in
some cases the proposed equation could be still difficult to solve, especially if a conventional
sequential computing is used. Because of this, a parallel form of solution of the equation
derived from the methodology, by using the LU method has been developed. The parallel LU
method developed has been implemented in CUDA, since this computing platform already
contains several standard matrix routines which can be easily used to perform several matrix-
vector operations; and it can easily solved large scale matrix equations.

12



1.5 Thesis Content

The investigation has been organized as follows:
Chapter 1 explains how is organized the information contained in this thesis.

Chapter 2 explains the features of a 2D finite element analysis. The field equations, the
basic principles of the finite element analysis, the FEM equation to be solved and their
method of solution, the incorporation of parallel computing implementation of these
equations by using CUDA are detailed.

Chapter 3 explains the proposed method of this investigation. How this method is able to
get an equivalent equation from the FEM equations covered by this investigation is
explained.

Chapter 4 explains several case studies in which the proposed methodology has been
tested. Case studies are derived from a finite element analysis which considers a symmetry
assumption.

Chapter 5 details how the proposed methodology and the ordinary FEM equations have
been implemented in a sequential and a parallel computing platform, respectively.

Chapter 6 gives the main conclusions drawn from this investigation. Suggestions for
future research work in the same field of knowledge are given.

And finally, Appendix A, B and C provide specific information about the finite element
matrices and vectors; methods of solution of the FEM equations; and the programs used in
study cases 3 and 5, respectively.

13



2 Finite element analysis and

computational techniques

2.1 Introduction

The finite element analysis is a powerful tool that permits to solve the magnetic transient
equation of an electrical machine or device. Although the equation derived can be difficult
to solve when complex geometries or 3D analysis are used, the finite element analysis can
be simplified by a symmetry simplification, i.e. a planar or an axisymmetric symmetry
assumption.

Using this 2D simplification and other assumptions, the field equation complexity can be
highly reduced. The use of this symmetry assumption, allows that simple but effective finite
elements represent a good solution for the devices field equation.

The equation derived is named as FEM field equation. It is important that the FEM field
equations are formulated in terms of the currents or voltages of the device. This is necessary
since the primary FEM equation has the current density as the forcing function, and this
parameter is not always known.

Nevertheless, the currents or voltages of the devices are not also always known. In some
cases, it is necessary to add some parameters such as resistances or inductances, which are
connected to the conductors to get a more precise model of the electrical machine or device.
The electrical parameters mentioned before, can be taken into account by one or several
voltage-current equations, thus the current-voltage and the FEM field equations can be
coupled into a FEM-circuit coupled equation. The FEM-circuit coupled equation permits to
accurately model a device.

The solution of the FEM field and FEM circuit coupled equations can be performed in the
frequency or in the time domain. The solution of the frequency domain is very simple and
easy to calculate, since it is considered that the state variables of the equation have a complex
behavior in the time domain.

For the case of the time domain method, several methods can be used, i.e. the Euler, the
Backwards Euler and the fourth order Runge Kutta methods. The solution in the time domain
can be also achieved by the use of the Newton fast approach method, which can solve the
periodic solution of a set of differential equation defined in the time domain.

The solution in the frequency and time domain can be also obtained in a faster way, if it is
solved in a parallel computing platform. The recent technological advances in the parallel
processing area, permits an easy and fast implementation of an equation parallel solution.
Specifically the NVIDIA CUDA platform (CUDA toolkit 5.0 2014) allows the use of
graphical processing units (GPUs) that can perform several computing calculations in a
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parallel way (Luebke 2008), (Jalili-Marandi, Zhiyin and Dinavahi 2012). On this computing
platform, a sequential processing can be performed in some stages, while other operations
can be easily parallelized by using the GPUs as independent processing units. Since several
matrix operations are continuously used in engineering problems, the CUBLAS library
(Barrachina et al. 2008), (CUDA toolkit 5.0 2014) has been developed. This library contains
routines that can perform basic matrix operations in a parallel way using the GPUs.

In this chapter the fundamentals of the finite element analysis based on a 2D symmetry
simplification will be explained. The main assumptions and the main aspects of the Galerkin
finite element analysis and the Galerkin weak FEM formulation will be detailed. These
formulations permit to derive the FEM field and the FEM-circuit coupled equation covered
in this investigation.

After that, the solution methods of these FEM equations, in the frequency domain and in
the time domain will be discussed. Conventional methods in time domain, such as Euler,
Backwards Euler, and fourth order Runge Kutta will be explained. A Newton method that
allows a fast periodic solution of a set of equations in the time domain will be also explained.

After explaining the solution of the equation in the frequency and in the time domain, the
main advantages of the CUBLAS and CUDA computing platforms will be described. They
are a powerful computing platform that enables to perform an easy but powerful
implementation of a parallel computing process, since several routines have been already
implemented in the CUBLAS library.

2.2 The Galerkin finite element method

In this chapter the main fundaments of the Galerkin finite element analysis will be
explained. First, it will be covered the field equations that are being considered for this
investigation. These equations assume a magnetostic formulation, and it has been considered
a magnetic field defined in two dimension. By taking into account these assumptions, the
Helmoltz and the Laplace field equation permit to model an electrical machine or device
(Bianchi 2005), (Arkkio 1987), (Konrad 1982), (Chari and Sylvester 1980), (Jianming 2002).
The two dimensional fields can be defined in a planar and an axisymmetric symmetry. The
finite element analysis that considers this symmetries and a two dimensional field will be
explained next.

2.2.1 Application of finite element method in two-dimensional fields

In 2D field problems, the domain is considered to be a surfacez, and its boundary /'is a
curve. Let ¢be the unknown function that it is to be determined. It is a scalar function of the
space coordinates. There are two types of unknown function, a function which represents the
solution of a field equation derived from a planar symmetry; and a function that represents
the solution of a field equation derived from an axisymmetric symmetry. In this investigation
two dimension fields based on these symmetry assumptions will be solved. The details of the
two dimension fields will be explained next.
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2.2.1.1 Two-Dimension Field defined by a planar symmetry

2.2.1.1.1 Poisson equation, current density as the forcing function

In the case of the planar symmetry, ¢ is a scalar function of the space coordinates X and
Yy, i.e., @=@(X)y). In a first stage, the time dependence is omitted. Let f; be the forcing
function, which is independent of time. The 2D field problem of a planar symmetry is defined
for the next partial differential equation (Bianchi 2005), (Chari and Sylvester 1980),

)3 e &

Together with the boundary conditions that are imposed to the boundary 7 of the domain,
there are Dirichlet boundary conditions on the portion /1 of the boundary, and a Neumann
boundary condition on the remaining portion /> of the boundary. They are defined by (2.2)
and (2.3), respectively (Bianchi 2005), (Chari and Sylvester 1980),

$,= @ onli (2.2)
ag,
~2=0 on I (2.3)

It is important to remark that the boundary /" of the domain is defined by the next
relationship between /1 and /2,

rvhn;=I 2.4)

In the particular case of a Poisson equation and a homogeneous material, the parameters
of (2.1) are given by (Bianchi 2005),

¢z:Az;f]=]z

a,=a,=v;=0 (2.5)

The Poisson equation of a device with a planar symmetry can be defined by a simplified
equation defined in (2.1) and the parameters defined in (2.5). It yields, (Chari and Sylvester
1980), (Silvester and Ferrari 1983), (Bianchi 2005),
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2.2.1.1.2 Current density defined by an electrical field

The forcing function of (2.6) is the current density J.. Nevertheless, the conductors of a
device are not being supplied by a current density energy source, they are supplied by one or
several voltage sources. Therefore, there is an electric field associated to such conductor
voltage (Konrad 1982). In the conductors, the electrical field corresponds to the sum of the
Coulomb electric field Ec and the induced electric field Ej e.g. (Bianchi 2005), (Konrad 1982),

04,
at

E,=E.,+E;=-VV-— (2.7)

The relationship between the electrical field and the current density in the conductors is
given by (Bianchi 2005), (Konrad 1982),

J, = oE, (2.8)

If the electrical field Ec along the conductor length is constant along the axis z the term
Ec= — WV can be defined by the ratio of the voltage Uc applied along the conductor and the
conductor’s length |. Thus (2.8) can be redefined by (Bianchi 2005), (Konrad 1982),

U, a4,
]Z—O'T—O' ot 2.9)

2.2.1.1.3 Poisson equation, voltage as the forcing function

Taking into account (2.9), if this expression is substituted in (2.6), it is possible to derive
an equation in which the voltage applied to the conductors is the forcing function. The
equation can be written by, (Silvester and Ferrari 1983), (Bianchi 2005),

i aAZ) ) ( 6AZ) v, 94,
ax (v ax dy v ay/) 7 T %% (2.10)

2.2.1.1.4 Defining the current as the forcing function

It is possible to define the current as the forcing function of (2.6). This can be achieved by
obtaining the current |, associated to the current density J; defined in (2.9). If (2.9) is
integrated through the region 7of the conductor, it yields (Konrad 1982),
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(R)'U~ | o tdr =1, (2.11)

Where Rcis defined as the resistance of the conductors, and it can be calculated using (Konrad
1982), (Escarela-Perez, Melgoza and Alvarez-Ramirez 2009),

Ro=o% (2.12)

Where 4 is the conductor’s area, defined by its region 7. It can be seen that if the currents in
the conductor are known; this can be defined as the forcing function. The equations involved
are the expressions defined in (2.10) and (2.11), respectively. For the particular case of a
planar symmetry, the region 7is given by (Konrad 1982),

T fxD f}’D dxdy (2.13)

2.2.1.2 Two-Dimension field defined by an axisymmetric symmetry

2.2.1.2.1 Poisson equation, current density as the forcing function

For the case of axisymmetric symmetry, ¢, is a scalar function of the space coordinates r
and z i.e., #=¢,(r,2). In a first stage, the time dependence is omitted. Let f, be the forcing
function, which is independent of time. The 2D field problem of an axisymmetric symmetry
is defined for the differential equation (Preiss 1983), (Jianming 2002),

L) -2 (n ) o=, a1

Together with the boundary conditions that are imposed on the boundary 7/ of the domain.
There are a Dirichlet boundary conditions on the portion /1 of the boundary, and a Neumann
boundary condition on the remaining portion /2 of the boundary. They are defined by (2.15)
and (2.16), respectively.

¢p = g.onl (2.15)
%, _
e 0 onl: (2.16)

The relationship between the portions /1 and 72, with the total boundary / 'was previously
defined in (2.4) for the particular case of a homogeneous material, and an axisymmetric
symmetry. The parameters of (2.14) are defined by,
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a.=a,=vr; B=— (2.17)

v
r2

The Poisson equation of a device with an axisymmetric symmetry can be defined by the
simplified equation (2.14) and the parameters given by (2.17). The Poisson equation
expressed in a single expression is given by, (Konrad, Chari and Csendes 1982), (Preiss
1983), (Jianming 2002),

L (o) (o) o s, o

2.2.1.2.2 Current density defined by an electrical field

The forcing function of (2.18) is the current density. Nevertheless, the conductors of a
device with an axisymmetric symmetry are not also being supplied by a current density
energy source, they are supplied by one or several voltage sources. Therefore, there is also
an electric field associated to such conductor voltage (Konrad 1982), (Konrad, Chari and
Csendes 1982), (Preiss 1983). In the conductors exists an electric field that corresponds to
the sum of the Coulomb electric field Ec and the induced electric field Ei (Konrad 1982),
(Konrad, Chari and Csendes 1982), (Preiss 1983).

If Ec along the conductor length is constant along a specific value or the r-coordinate, the
term — V'V can be defined by the ratio of the voltage Uc applied along the conductor and the
conductor’s length along the r-coordinate (2zr). Thus, the current density J, is defined by
(Konrad 1982), (Konrad, Chari and Csendes 1982), (Preiss 1983),

Uc aAP
2nr at

(2.19)

2.2.1.2.3 Poisson equation, voltage as the forcing function

Taking into account (2.19), if this expression is substituted in (2.18), it is possible to derive
an equation in which the voltage applied in the conductor is the forcing function. The
equation can be written by (Konrad 1982), (Konrad, Chari and Csendes 1982), (Preiss 1983),

10 aAp) 10 ( aAp) 4, U, 94,
ror (vr ar roz vr 9z + vrz - Gan 4 at (2.20)
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2.2.1.2.4 Defining the current as the forcing function

It is possible to define the current as the forcing function of (2.20). This can be achieved
by obtaining the current |, associated to the current density J, defined in (2.19). If (2.19) is
integrated though the region 7of the conductor results on (Konrad 1982), (Preiss 1983),

@)W - [, oe%rdr =1, 2.21)

Where 4 can be calculated using (Preiss 1983),

s[5, ) e

It can be seen that if the current in the conductor is known, this can be defined as the
forcing function. The equations involved are the expressions defined in (2.20) and (2.21),

respectively. For the particular case of an axisymmetric symmetry, the region % is given by
(Preiss 1983).

7. - 21 frn sz rdzdr (2.23)

After having explained the two dimension field equations, derived from a planar or an
axisymmetric symmetry, the basic principles of the finite element analysis will be explained
in the next section.

2.2.2 Solution of field equations using Galerkin method

The requirement of more and more accuracy during the process of design and analysis of
the electrical machine fostered the spreading of numerical models appropriate for computing
electric and magnetic fields. These numerical methods are essentially based on the
determination of the distribution of the electric and magnetic fields in the structures under
study, based on the solution of the Maxwell’s equations. An analytical solution is barely
achieved, because of the complex geometrical machine structures and the nonlinear
characteristics of the material. Then, in most cases, only a numerical solution is possible
(Bianchi 2005), (Reece and Preston 2000). In this section will be explained the main features
of the Galerkin method when it is used to solve field problems.

2.2.2.1 Field problems with boundary conditions

Generally, a vector field problem is described by a differential equation, defined in the
domain D as, (Bianchi 2005),
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Lp(P,t) = f(P,b) (2.24)

Together with the boundary conditions, the latter constrain in the fields along the boundary
I’ of the domain under analysis. In equation (2.24), L is a differential operator, ¢ is the
unknown function to be determined, and f is the forcing function. For the case of a planar
symmetry (Bianchi 2005), equation (2.24) highlights that both ¢ and f are functions of the
position in the space P(X,y,z) and of the time t. For the case of an axisymmetric symmetry
(Preiss 1983), equation (2.24) highlights that both ¢ and f are functions of the position in the
space P(r,zp) and of the time t.

In general, L might be any differential operator. Usually represents a linear operator,
satisfying the property of addition and the property of product by a constant. In the
electromagnetic problems, (2.24) is given by the Poisson, Laplace or Helmoltz equation, in
which ¢@1is a scalar or vector field. As an example, for the case of the Poisson equation, ¢
indicates the magnetic vector potential A, the forcing function is the total current density J.
Then (2.24) is rewritten as (Bianchi 2005),

L=-v(V?) (2.25)

In which a homogenous medium is considered. The boundary conditions of the field equation
shown in (2.24) will be explained next.

2.2.2.1.1 Boundary conditions of field equations

The field problem shown in (2.24) admits a solution not only if the differential equation
that describes its distribution is known in all the points of the domain D, but also if the
unknown function ¢ is given on the boundary / of the domain D itself (Bianchi 2005). In
addition, it can be verified that once the solutions has been found, this solution is unique (this
is the unicity theorem).

The conditions that express the behavior of the solution ¢ on the frontier / are called
constraint, or boundary conditions. Among these conditions, one can assign a Dirichlet
condition which is when a given constant value of ¢ is assigned to the boundary 7/, or a

Neumann condition, when a value of the derivative of ¢gnormal to the boundary /is assigned
(Konrad 1982), (Reddy 1984), (Bianchi 2005). They will be explained next.

2.2.2.1.1.1 Dirichlet boundary condition

If we let /1 be a portion of the boundary 7, the Dirichlet condition is defined by (Bianchi
2005),

Homogeneous condition:
¢=0o0nT7i (2.26)
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Nonhomogeneous condition:
¢ =¢,onl: (2.27)

2.2.2.1.1.2 Neumann boundary condition

If we let 72 be the remaining portion of the total boundary /, the Neumann’s condition
can be a Homogeneous condition which is defined by (Bianchi 2005),

% _0onlz (2.28)

an

2.2.2.2 Solution of field problems using residual equation (Galerkin method)

Let the field problem be expressed by (2.24) and by suitable boundary conditions, as given
in (2.26) and (2.28). The Galerkin method which permits to solve field problems is now
illustrated. The method aims to define a function ¢ that approximates the unknown function
¢ as closely as possible. Specifically, it solves the field problem by reducing the residual of
the differential equation (2.24); by using a function ¢ that better approaches the exact
solution ¢ correspond to a residual (Bianchi 2005), (Jianming 2002),

r=L¢*"—f (2.29)

Equation (2.29) equates to zero (or at least very low) in the whole analysis domain. Fixing
some weight Wi, the residual method forces the integral of the residuals, weighed by wi, to be

zero over the domain volume 7. The following condition is forced, (Bianchi 2005),
(Jianming 2002),

R=[ w(lg -[de (2.30)

The features of the function ¢ that approximates the unknown function ¢ will be
explained in next Section; while the features of the weight function w; will be explained in
Section 2.2.2.2.2.

2.2.2.2.1 Defining an approximate solution of residual equation

It is defined a function ¢ that approximates the unknown function @as closely as possible
Such a function is commonly expressed by a linear combination of a basic function, as
(Bianchi 2005), (Jianming 2002), (Bastos 2003), (Reece and Preston 2000),

¢"(P,t) = XL N;(P,t)¢; (2.31)
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It is possible to express (2.31) in a matrix-vector form (Kwon and Bang 1997),

#={Ni Ny .. N)'{¢y & - ¢,-}={N,-}{¢j}T (2.32)

Where N; are interpolating functions (that are also called expansion functions or base
functions), while ¢ are unknown coefficients that have to be determined during the
computation process. Such a combination has to be approximated to the exact solution,
satisfying the differential operator and the boundary conditions at the same time (Arkkio
1987), (Kwon and Bang 1997), (Reece and Preston 2000).

2.2.2.2.2 Defining the weight functions of the residual equation

In the Galerkin method, the weight-base functions Wi are chosen equal to the interpolating
function Nj; it yields, (Arkkio 1987), (Kwon and Bang 1997), (Reece and Preston 2000),

w; = Ni i=1,2,3... m (233)
If (2.33) is described in a matrix-vector form gives,
w = {Nl NZ .. Ni}T = {Ni}T (234)

2.2.2.2.3 Qubstitution of approximate solution and weight function in residual
equation

Taking into account (2.32) and (2.34) and the operator defined in (2.24), the residual
equation (2.30) can be defined by (Bianchi 2005).

1, lvareivlad () = [1, worads 39)

2.2.2.2.4 Deriving matrix equation from residual expression

The development of (2.35) can lead to a system of equations that can be expressed as
(Bianchi 2005), (Jianming 2002),

[S1{g} = {F} (2.36)
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Where [S] is a matrix that depends on the interpolating functions, { ¢} is the column vector
of the unknown coefficients @. If the left side of (2.36) is developed, their elements are
defined by (Bianchi 2005), (Jianming 2002),

544, = [ I (N,-LN]-)dr] , (2.37)

Finally, {F} in equation (2.36) is the column vector whose elements depend on the forcing
function f. They are given by (Bianchi 2005), (Jianming 2002),

F;= { [N dr} f (2.38)

The Galerkin method permits to solve the field equations defined in (2.1) and (2.20).
Nevertheless, the method requires interpolating functions Nj, and unknown coefficients ¢;
that have to be determined during the computation process. Moreover, the functions N; are
defined in the whole domain. The a combination has to be approximated to the exact solution,
satisfying the differential operator and the boundary conditions at the same time (Bianchi
2005), (Reece and Preston 2000).

Conversely, in the finite element method the whole domain is divided into subdomains,
then the function ¢ is a combination of functions N; that are defined in the subdomains.
Consequently, since the subdomains are of reduced dimensions, the interpolating functions
Nj can be very simple (Reddy 1984), (Bianchi 2005), (Reece and Preston 2000). The finite
element method/analysis will be outlined next.

2.2.3 Solution of field equations using the finite element
method/analysis

An analytical solution of field problems is barely achieved, because of the complex
geometries on the electrical machines or devices. Then, in most cases, only a numerical
solution is possible. The finite element method is a numerical technique that is suitable for
this purpose. It allows a field solution to be obtained, even with time-variable fields and with
materials that are nonhomogeneous, anisotropic, or nonlinear. Using the finite element
method, the whole analysis domain is divided into elementary subdomains, which are called
finite elements, and the field equation are applied to each of them (Bianchi 2005), (Reddy
1984), (Reece and Preston 2000), (Arkkio 1987).

The study of the field distributions, and in particular of electromagnetic field problems,
exhibits the following advantages. It allows a meticulous local analysis to be carried out,
highlighting dangerous field gradient, magnetic field strength, saturation and so on. It allows
a good estimation of the performance of the electromagnetic devices under analysis. Finally,
it permits one to reduce substantially the number of prototypes (Arkkio 1987), (Bianchi
2005).
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However, the method has some drawbacks, too. Because of its numerical nature, the
solution is necessarily approximate. Then, if the method is not correctly applied, it might
generate inaccurate results. Finally, since the computed quantities are distributed in the space,
the required computation time is generally long (Bianchi 2005), (Arkkio 1987), (Reddy
1984).

In order to reduce the computation time, and to improve the analysis at the same time,
each symmetry (both geometric and electromagnetic symmetry) of the structures is used. The
resulting accuracy is influenced by the dimensions of the finite element and by the uniformity
of the subdivision. To increase the accuracy, a fine subdivision of the structure is carried out,
adopting finite elements of smaller dimension (Bianchi 2005), (Arkkio 1987), (Reddy 1984).
Nevertheless, an excessive subdivision of the analysis domain causes an aggravation of the
computation time.

The finite element method is essentially based on the subdivision of the whole domain in
a fixed number of subdomains. Despite of the classical methods described above, where the
interpolating functions N; are defined in the whole domain, in the finite element method they
are defined only on each subdomain (Bianchi 2005). It follows that, because of the small
dimensions of these subdomains, the function ¢ is approximated by simple interpolating
functions whose coefficients are the unknown quantities. The finite element analysis is
organized in the following steps (Bianchi 2005), (Arkkio 1987), (Reddy 1984), (Reece and
Preston 2000),

1. Partition of the domain. The domain is divided into subdomains of reduced dimensions

2. Choice of the interpolations functions: the functions Nj are chosen. As said earlier, with
the small dimensions of the subdomains, these functions can be very simple.

3. Formulation of the system to solve the field problem: The set of equations representing
the field solution is developed by means of the Galerkin method.

4. Solution of the problem. The solution is obtained by solving the resulting set of equations.
In this investigation, the FEM equations will be solved in the frequency and the time
domain. Specific details about the FEM equation solution, can be consulted in Appendix
B.

These steps will be outlined next.

2.2.3.1 Partition of the domain

The first step of the finite element method is to divide the domain. The whole domain is
subdivided in Nmelements Dm (m=1,2,3,..., Nm). The way to achieve such subdivision greatly
affects the solution accuracy. Moreover, it influences the memory space required by the
computer (Bianchi 2005), (Reddy 1984), (Reece and Preston 2000).

In one-dimensional problems, the domain is a curve and such subdomains are segments.
The connection of the different segments form the original curve. In two-dimensional
problems, the domain is a surface and each subdomain is a polygon, usually a triangle or a
rectangle. In three-dimensional problems, the domain is a volume and each subdomain is a
tetrahedron, a triangular prism or a rectangular solid (Bianchi 2005). On this investigation,
specifically one and two dimensional problems will be solved.
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2.2.3.2 Choice of the interpolating function

The second step consists of the choice of the interpolating function to approximate the
unknown function in each m-th element. If a first order polynomial is chosen, a lineal
interpolation is achieved. With a second-order polynomial, a quadratic interpolation is
achieved. Also a high-order polynomial can be chosen; however, although they yield to a
higher accuracy in the interpolation, they require a more complex formulation and, thus, are
barely adopted (Bianchi 2005), (Jianming 2002), (Reddy 1984), (Reece and Preston 2000).
On this investigation linear interpolation functions will be solved, although for the specific
case of a planar symmetry quadratic functions will be formulated. Once the order of the
polynomial is chosen, the unknown solution for each m-th element is written as (Bianchi
2005), (Jianming 2002),

Pin(P,t) = X1 PujNoyj(P, 1) (2.39)

Where N is the number of the nodes of the element, ¢ is the value of ¢@in the j-th node of
the m-th element. Finally, Nny is the interpolating function referred to the j-th node of the m-
th element.

The function solution ¢ could correspond to the solution of a field equation derived from
a planar symmetry assumption, thus P=(x,y). For the case of a function solution ¢ of a field
equation derived from a an axisymmetric symmetry, P=(r,z). The highest order of the
function defines also de order of the element. If equation (2.39) is expressed in a matrix way,
results on (Kwon and Bang 1997), (Jianming 2002),

PP, t) = (Np1(P,t) N2 (P,t) . Npij(POMy &y ¢mj}T (2.39a)

Finally, (2.39a) can be expressed in a reduced form given by (Kwon and Bang 1997),
(Jianming 2002)

Bin = (N} {8} (2.40)

Finite elements for a planar and axisymmetric symmetry are used in this thesis. Using
these finite elements, it is possible to use the Galerkin method in order to solve field equations
on each subdomain of reduced dimension. The different types of finite element used in this
investigation for a planar symmetry will be explained next. Further details of these elements
can be consulted in Appendix A.
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2.2.3.2.1 Finite elements for a planar symmetry

It can be seen that the finite element analysis requires that the 2D domain of the device to
be subdivided in a finite and sufficiently high number of elements. For the simplest case,
they are elements of triangular form, not necessary equal, but not intersecting each other.
Each vortex is called a node, and all of them set up the mesh (Bianchi 2005), (Silvester and
Ferrari 1983), (Reece and Preston 2000). Let us assume that the structure has been divided
into Nm finite elements, and the total number of nodes is Nn. Each of them assumes the value
@ of the potential function ¢@. Thanks to the small dimensions of the elements, the
interpolating functions Ni(X,y) may be simple. Triangular finite elements were considered for
a planar symmetry. They will be outlined next.

2.2.3.2.1.1 Triangular finite element in planar symmetry with three nodes

It is possible to define triangular elements, and define a linear interpolation of the function

Ax,y) assumed for each m-th triangular elements, given by (Bianchi 2005), (Kwon and Bang
1997), (Jianming 2002),

$,(x,y) =a+bx+cy (2.41)
In particular in the three nodes of the triangular, the three i-th values are given by,

$,(x1,¥1) = a+bxy +cy,

$,(x2,¥2) = a+ bx; +cy;

¢3 (x3,¥3) = a+ bxz + cy; (2.42)

It can be observed that knowing the value of the function in the three nodes ¢, @, ¢3; by
means of (2.42), it is possible to compute the scalar function at any point of the element. If
the three values of the potentials are given in each node, it is possible to solve the system
(2.41) in order to calculate the unknown parameters a,b,c, (Bianchi 2005), (Kwon and Bang
1997),

a 1 % y1\ (%
c 1 x3 y3 ¢3

After several operations, the values a, b, € are defined as follows,
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a= i [(x2y3 — x3y2) ¢, + (X3y1 — X1¥3) &, + (X1¥2 — X271) 65|
b = i[()’z —¥3)8, + V3 —y1)é, + V1 — ¥2) 4]

€= i[(xii —x2)¢; + (x1 —x3) @, + (X2 — x1)¢3] (2.44)
The value of 4q is defined by (Kwon and Bang 1997), (Bianchi 2005),

Ay = X1y — X2Y1 + X2¥3 — X3Y2 + X3Y1 — X1Y3 (2.45)

It is possible to express (2.41) taking into account the values &, b, ¢ defined in (2.44) and
the potentials defined in three nodes. The resultant equation can be expressed in a vector
form by (Kwon and Bang 1997), (Jianming 2002),

8.0 y) = {Nu}{4,} (2.46)
Where the vectors of (2.46) can be defined by,

{Nm}={N1 N N3}

{81=18 ¢ &) (2.47)

The values of N1, N2, N3 of (2.47) can be consulted in Appendix A. It can be seen that the
three nodes of the triangular finite element can be defined by the values of ¢1, ¢2 and ¢3 at
each node, and by the interpolating functions defined in (2.47). These functions depend on
the nodes and their position along the X-y plane.

2.2.3.2.1.2 Triangular finite element in planar symmetry with six nodes

Another kind of linear interpolation of the function ¢ can be assumed for each m-th
triangular elements of the structure. It is given by (Kwon and Bang 1997), (Bianchi 2005),

¢.(x,y) = a+bx+cy+dx* + exy + fy* (2.48)
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In particular in the six nodes of the triangular element, the six i-th values are given by
(Kwon and Bang 1997), (Bianchi 2005),

a+ bxy + cyy +dxi + exiyt + fyi = ¢,
a+ bx; + cy, +dx5 + ex3y; + fy5 = 4,
a+ bxs + cy; +dx; +ex3y; + fy5 = ¢,
a+bxy +cy, +dxi +exiyi + fyi = ¢,
a+ bxs + cys + dxé + ex§y§ + fyé = ¢

a+ bxe + cye + dxi + exiyé + fye = ¢, (2.49)

If the six values of the potentials are given in each node, it is possible to solve the system
(2.49) in order to calculate the unknown parameters @, b, ¢, d , e and f, (Kwon and Bang
1997), (Bianchi 2005),

-1

(a\ 1 x4 Y1 x% x%}’% Y% ¢1\
|b| 1 x; y2 x5 x5y5 5 ?,
c _|1 SIRAREC L S I I LAY 550
d(~— 2 2.2 2 p) (2.50)
. 1 x4 Y4 X3 X4Y5 Yy 4
f 1 x5 ys xi x3y: Vi 95

1 X6 Yo x% x%y% y% \¢6

For this kind of finite element, it is also possible to express (2.48) taking into account the
values a, b, ¢, d, e and f and the potentials defined in six nodes. The resultant equation can
be expressed in a vector form by (Kwon and Bang 1997), (Bianchi 2005), (Jianming 2002),

8. y) = {Nu}{4,} (2.51)
Where the vectors of (2.51) can be defined by,

(NoJ={N; N N3 N, N5 Ng}

{g)=18 & & ¢, &5 &} (2.52)

The values of N1, N2, N3, Na, Ns and Ns of (2.52) can be consulted in Appendix A. It can be
seen that this six nodes triangular finite element can be defined by the values of @1, ¢2, @3, ¢4,
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¢sand ¢e at each node, and by the interpolating functions defined in (2.52). These functions
depend on the nodes and their position along the X-y plane.

2.2.3.2.2 Finite elements for an axisymmetric symmetry

For the case of an axisymmetric symmetry, the 2D domain is also subdivided in a finite
high number of nodes. It also assumed that the structure is divided into Nm finite elements,
and the total number of nodes is Nn. Each finite element assumes the value ¢ of the potential
function ¢.

2.2.3.2.2.1 Triangular finite element in an axisymmetric symmetry with three
nodes

It is possible to define triangular elements, and define a linear interpolation of the function
@(r,z) assumed for each m-th triangular elements, given by (Preiss 1983), (Bianchi 2005),

$,(r,z) =a+br+cz (2.53)

In particular, for the three nodes of the linear triangular element, the three i-th values are
given by ¢, ¢ and ¢3. Taking these values into account, it is possible to compute the scalar
function at any point of the element, thus, it is also possible to calculate the unknown
parameters a, b, C, i.e.

a 1 ry 24 -1 ¢1
{b} = (1 1"2 Zz> ¢2 (254)
(4 1 r3 Zj ¢2

After several operations, the values a, b, ¢ are defined as follows (Preiss 1983), (Bianchi
2005),

a= i [(r223 —1323)¢, + (1321 —1123)¢, + (r122 — r2z1)¢3]
b = Aia[(zz - Zs)¢1 + (z3 — Z1)¢2 + (z1 — zz)¢3]

c= i [(r3 —12) ¢, + (r1 —13)¢, + (rz —11) 65| (2.55)

Where the value of 4, is defined by,

A:; =112y —1yZ1 +71yZ3 —T3Zy +T3Z1 —T1Z3 (256)
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It is possible to express (2.53) taking into account the values a, b, ¢ defined in (2.55) and
the potentials defined in the three nodes. The resultant equation can be expressed by (Preiss
1983), (Bianchi 2005), (Kwon and Bang 1997),

$,.(1.2) = {N,}{g,,} (2.57)

The values of N1, N2, N3 can be consulted in Appendix A. The three nodes of the triangular
finite element can be defined by the values of ¢1, ¢2 and ¢3 at each node, and by the
interpolating functions defined in (2.57). These functions depend on the nodes and their
position along the r-z plane.

After having explained the main features of the triangular finite elements for the planar
and axisymmetric symmetry, it will be explained the use of an alternative system of
coordinates, which permits to calculate the parameters of these finite elements in a simple
way.

2.2.3.2.3 Using alter native systems of coordinates for finite element’s
calculation

The higher order (second or third order) triangular elements are also called high-precision
elements. There are many other finite elements but the triangular element with three and six
nodes will be used on this investigation. Although the square element is widely used, it can
be easily obtained by splitting two triangular elements (Bastos 2003).

The finite element analysis requires to perform several operations in the interpolating
functions, in order to generate the matrices and vector that are part of the FEM equations.
This cannot be easily achieved by using the normal system of coordinates of a planar or an
axisymmetric symmetry. It is necessary to switch, from a conventional system of coordinates,
to other allowing an easy calculation. The change of the system of coordinates will be
performed on the planar and the axisymmetric symmetry. This will be explained next.

2.2.3.2.3.1 Reference and local finite elements, planar symmetry

As a first step, the idea of a “reference” or “local” element and the reference or local
system of coordinates or space is introduced. Figure 2.1 shows an example and the
relationship between the local and global system of coordinates (Bastos 2003) in a planar
symmetry.

(0,1}
2e(x3,Y;)

(a.va)

T O {;,v;)

0,0) (170'}‘ u o X

Figure 2.1. A finite element defined in a local system of coordinates (u,v) and
mapping to a global system of coordinates (X,y)
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The relation needed to define a finite element are generated in the local system of
coordinates because it is easier to do so. Then, a unique transformation is established which
transforms the element from the local coordinate system into the global coordinate system.
This transformation is performed by the so-called “geometric transformation functions” or
“mapping functions” which express the real coordinates (X,y) in terms of the local coordinates
(u,v), (Bastos 2003).

2.2.2.3.2.3.1.1 Triangular linear finite element with three nodes

In Figure 2.1 the triangle in local coordinates is defined as follows,

u=0

v=>0

u+v<0 (2.58)

The approximation within the triangle can be written in terms of the shape functions,
N(u,v), (Kwon and Bang 1997), (Bastos 2003),

x(wv) = {N1(w,v) Np(wv) N3(wv)H{x1 xz x3}7 (2.59)

For a first order triangle, the shape functions in local coordinates are (Kwon and Bang
1997), (Bastos 2003),

Ni(wv)=1—-u-—-v (2.60)
N,(w,v) =u (2.61)
N3;(u,v) =v (2.61a)

It is possible to replace (2.60), (2.61) and (2.61a) in (2.59), i.e. (Bastos 2003),

x(uv)={1—-u—-v u vV)Hx1 x x3}7 (2.62)

Identical transformations apply to the y coordinates, it yields

yuv)=1-u-v u vVH{y1 y2 y3}7 (2.63)
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This means that the functions N1, N2 and N3 are valid for X and y. The net effect is that
node (U=0, v=0) is mapped onto (X1,y1). Node (U=1, v=0) is mapped onto (X2,y2) and the node
at (u=0, v=1) is mapped onto (X3,y3). Thus, for any point (U, V), there corresponds a unique
point (X, Y); it is possible to establish a relation between the derivatives of N;j respect to U and
v; with the derivatives of N;j respect to X and y. The partial derivate of Ni respect to X or y are
required to derive the matrices included in the Galerkin weak formulation in a planar
symmetry. Further details about how the matrices of the Galerkin weak formulation are
calculated, it can be seen in Section 2.2.3.3.1.1. The partial derivatives can be calculated by
using the chain derivative rule (Bastos 2003),

aN,- _ aN,- dx aN,-ay
du  dx du + ay du (2.64)

aN,- _ aN,- ox aNiay
v~ dx v + ay av (2.65)

If (2.64) and (2.65) are disposed in a matrix way, and the derivatives of X and Yy respect to
U and Vv are performed yields (Bastos 2003),

aNi 1 6Ni
ox X2 —=X1 Y2—Y1] | 3u
_ [ (2.66)
kﬁj X3—X1 Yy3— Y1 oN;
ay v
If the matrix inverse is developed, (2.66) can be written by,
aNi 6Ni
ox . Y3—=Y1 Y1—Y21| %
_1 (2.67)
Aq
X1 —X3 X2 —X1

k% N
ady v

All the weighting functions with derivative respect to X and Y, can be calculated using
(2.67). If the triangular finite element defined in 2.2.3.2.1.1 is used, we obtain (Bastos 2003),

aN; aN, N; aN, 9N, aNs
ax ax ax Y3—=Y1 Y172 du du ou
-1 (2.68)
aN; dN, aN 4a
ONy 0N, ON3 X1 — X3 Xz —Xxq|[0N1 9Nz 0ON3
ady ady ady av av v

The variable 44 was already defined in (2.45). The equation (2.68) permits to obtain the
derivatives of any N; that belong to the triangular finite element defined in 2.2.3.2.1.1 in an
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easier way. Using (2.68), and by using the Galerkin weak formulation, the partial derivatives
can be calculated and used to derive the FEM matrices.

2.2.2.3.2.3.1.2 Triangular quadratic finite element in planar symmetry
with six nodes

In Figure 2.2 the triangle with six nodes in local coordinates is defined in the same way,
as the three-node finite element does,

I

005 ML e

-~ e

{o%,m‘

(0,0
9 4 0 X

Figure 2.2. A finite element of six nodes defined in a local system of coordinates (U,V) and mapping to a global system
of coordinates (X,y)

The approximation within the triangle can be written in terms of the shape functions, N(u,
V). It yields, (Bastos 2003),

x(w,v) ={Ny Ny N3 Ny Ng NgH{{x1 Xz X3 X4 X5 Xg}T (2.69)

For a first order triangle the shape functions in local coordinates are (Bastos 2003),

Niuv)=Cu + 2v - 1Hu+v-1)

N,(uw,v) =uu — 1)

N3(u,v) =v(2v — 1)

Ny(u,v) = —u(4u + 4v — 4)

Ns(u,v) = 4uv

Ne¢(u,v) = —v(4u + 4v — 4) (2.70)
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This means that the functions N1, N2 and N3 are valid for X and y. The net effect is that
node (U=0, v=0) is mapped onto (X1,y1). The same effect can be observed in the last three
nodes of the triangle. The partial derivate of Ni respect to X or y are also required to derive
the matrices included in the Galerkin weak formulation in a planar symmetry. All the
elements with derivative respect to X and Y, can also be calculated using (2.71). It results on
(Bastos 2003),

dON; 0N, ON3 0N, ONs ONg dN;y 0N, AdN3 0N, O0Ng5 O0Ng
ax ax oax ox ox ox Ys—=Y1 Y1=Y21\%u ou ou ou ou ou

dN; 9N, ON3 ON, ONs 0N, d X1 —X3 Xy —Xy](9N1 9Nz ON3 0ON; 9Ns ONe
ay ay ay ay ay ady v v av v v v

2.71)

The variable 44 was already defined in (2.45). The equation (2.71) permits to obtain the
derivatives of the quadratic triangular finite element defined in Section 2.2.3.2.1.2 in an
easier way. Using (2.71) the partial derivatives can be calculated and used to derive the FEM
matrices, by using the Galerkin weak formulation.

2.2.3.2.3.2 Reference and local finite elements, axisymmetric symmetry

For the case of a finite element defined for an axisymmetric symmetry, a unique
transformation is also established which transforms the element from the local coordinate
system into the global coordinate system. This transformation is accomplished by the so-
called “mapping functions” which express the real coordinates (r, z) in terms of the local
coordinates (U, V) (Bastos 2003).

2.2.3.2.3.2.1 Triangular linear finite element with three nodes

In Figure 2.3 shows a triangle in local coordinates r and z,

(0.1}4

he{rz;)

{ry.z;)

PR » {rz,zz}

(0.0)~ {1':0‘}"u 0 r

Figure 2.3. A finite element defined in a local system of coordinates (u,v) and
mapping to a global system o coordinates (r,z)

The approximation within this triangle can be written in terms of the shape functions,
N(u,v), (Bastos 2003),
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r(u,v) = {Ny(w,v) Np(w,v) Nzwv)}{r1 rz r3}" (2.72)

For a first order triangle the shape functions in local coordinates were defined in (2.60),
(2.61) and (2.61a). If these shape function are substituted in (2.72) gives,

rwv)={1—-u—-v u v)}{ry rpy r3}’ (2.73)

If (2.73) is taken into account, an identical transformation apply to the z-coordinate,

zwv)={1—-u—v u v)}{z1 2z z3)}T (2.74)

This means that the functions N1, N2 and N3 are valid for r and z For any point (u,V), there
correspond a unique point (r, 2). It is possible to establish a relation between the derivatives
of Nj respect to U and Vv; with the derivatives of N respect to I and z This is possible to achieve
by using the chain derivative rule (Bastos 2003), i.e.

6Ni _ 6Ni ar 6Ni dz

ou or du 9z du (2.75)

aN; _ oNiar | oN; oz

v~ or dv 9z v (2.76)

If (2.75) and (2.76) are disposed in a matrix way, and the derivatives of I and Z respect to
U and v are performed, it yields, (Bastos 2003),

aN; dN;
or Ty =Ty Z3— 29! rm
= [ ] 2.77)
9Ni r3s—Ty Z3— 23 9Ni
0z v
Taking into account the matrix inverse, (2.77) can be written by, (Bastos 2003),
aN; aN;
ar L Z3 — 21 Z1— 2 u
=4 (2.78)
oN; Hry—r3 ro—r (N
dz v

All the elements with derivative respect to I and z, can be calculated using (2.78). It results
on, (Bastos 2003),
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N, N, 0N aN; N, 4N

ar ar ar 1 23— 21 72123 ou ou ou

=4 2.79)
ONi ON; ON3 Hlry—r3 ry—1r (N1 9Ny N3
dz dz dz av av av

The variable 4q" was already defined in (2.56). The equation (2.79) permits to obtain the
derivatives of any N; that belong to the triangular finite element defined in Section 2.2.3.2.2.1
in an easier way.

2.2.3.3 Formulation of the system to solve a field equation derived from a planar
and axisymmetric symmetry assumptions

To solve the field problem, the values of ¢y have to be computed in the nodes of each
element. It is necessary to prepare a set of equations, whose solution correspond to the values
of ¢nj. To develop this system, the residual method may be adopted. For the case of Galerkin
equation explained in Section 2.2.2, this is applied to each finite element. Thus, the residual
integral is set to zero. The residual integral of the m-th element is defined by (Bianchi 2005),

Rim = [, [ (N} ({No) {¢mj}T)] dt = [ {Npyj}fmde (2.80)

A set of nequations with the n unknown ¢ is obtained. By applying the Galerkin method
to all the Nm elements that form the domain, and considering the relationships that link the
adjacent elements, a system of this kind is obtained as (Bianchi 2005);

[SI{g} —{F} =0 (2.81)

The equation (2.81) is formed by Nn equations, with Nn unknown ¢. The residual and the
matrix equations (2.80) and (2.81) depends of the kind of symmetry assumption. The residual
and the matrix equation for a planar and an axisymmetric symmetry will be explained next.

2.2.3.3.1 Formulation of the systemto solve a field equation derived froma
planar symmetry assumption

For the case of a device with a planar symmetry assumption, if the operator L defined in
(2.25) along the interpolating and weigh functions defined in (2.32) and (2.34) are
considered; and finally, a planar symmetry is considered on (2.80); it yields (Bianchi 2005),

J [{N"”'}L ({N m} {q)mi}T)] dt— [ {Nmy}fmdr =
(o Mi[ =52 (e 30 - = (ay‘;—’if)] dr)g,— (f, Nido)f (282)
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If a Poisson equation is being formulated, the variable ¢; the forcing function F, and the
parameters ax and ay of the right side of (2.82) are all defined by (Bianchi 2005),

¢, =A4,(xy); f=1,
ay=a,=v (2.82a)

Where A: is the magnetic vector potential defined along the z-axis. The region 7 was
previously defined in (2.13).

2.2.3.3.1.1 Solution of a field equation derived from a planar symmetry
using the Galerkin weak formulation

The Galerkin weak formulation can be applied to the solution of partial differential
equations derived from a planar symmetry assumption. In order to develop the Galerkin weak
formulation of the first term of the right side of (2.82), integration by parts is applied to
reduce the order of differentiation within the integral (Kwon and Bang 1997). The subsequent
explanation shows the integration by parts. The next step consists on separating the first term
of the right and left sides of (2.82). It yields,

[ [wvars (i (8] )] ad = (0, -3 5) = 5 (w3 a9) 283

After that, it is possible to substitute the interpolating function (2.32) and the weigh
functions (2.34) in the right side of (2.83). On the first step of the Galerkin weak formulation,
the term with derivate respect to X can be separated from the term with derivate respect to y
to develop them separately. Thus, the term with derivate respect to X can be evaluated first
by performing an integration by parts respect to X (Kwon and Bang 1997), (Bianchi 2005).
After that, an integration respect to Y can be done. The result of these operations is given by
(Arkkio 1987), (Kwon and Bang 1997), (Jianming 2002),

(1 V7| =55 (e T5)| 1) 6 = = |7 (- VT, 39) aty) +

751 2 axay | )

(2.84)

Where X, X, Vi, Yr are limits of the integral area 7. The area 7 is shown in Figure 2.4
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Figure 2.4. Two dimension domain of a planar symmetry assumption

It is possible to rewrite the boundary integration of (2.84), by defining it in terms of the
boundary 7 it yields (Kwon and Bang 1997), (Bianchi 2005),

[fyf —{N)Ta, 2t dy] ~ | N a3t n, dr] + [ (N @, 5n, dr] (2.85)

Where nx is the unit normal vector, which is assumed to be positive in the outward direction
as shown in Figure 2.4. Finally combining the two boundary integrals of (2.85) gives (Kwon
and Bang 1997), (Bianchi 2005),

~ [N St n dn] + [ (N @y 3En, dr] = 6, (~(N)Tan3En, ) dr (2.86)

If the right side of (2.86) is substituted in (2.84) it gives,

(fTD{Ni}T [_aa_x< B{N,])] )¢ 4; ( (N; }Tana nx)df'+

[ I f;‘if< a{;vx} a(N}) ) I dy] ( ¢}T

(2.87)

It is possible to perform the same integration in the term with derivate respect to y of
(2.83). The boundary terms derived from this integration by parts can be modified according
to (2.84), (2.85), (2.86) and (2.87). The result of these operations is given by (Kwon and
Bang 1997), (Bianchi 2005),

(f {N; }T[ ( yag\;}})] dr) ¢ = gﬁr ( {N; }Taya ny) dr +

x T
12757 (o 252 ayae )
(2.88)

39



Taking into account (2.87) and (2.88); (2.83) be written by (Kwon and Bang 1997),
(Bianchi 2005),

[fTD [{Ni}TL ({Nf} {%}T)] dr| = Eﬁr ( {N; }T“xa ny — {Ni}Tayg_;ény) ar

T . T
[ < "“"x} o ax} +ay"{;"yl} "{’;’;} >dr] {8) @89

The boundary terms of (2.89) can be expressed in terms of the normal direction of the
boundary (Green’ stheorem); thus (Kwon and Bang 1997), (Bianchi 2005), (Jianming 2002),

[fm [{Ni}TL <{Ni}{¢i}T)]dT =55r< (N} a{N’}) dr

N} 9N} N, o{N;) T
[ < ax ax +dy ady ady )dT] {¢1}

(2.90)

The first term of the right side of (2.90) contains the boundary conditions on the frontier

I This term contains the Neumann and the Dirichlet boundary conditions. It gives (Kwon
and Bang 1997), (Bianchi 2005), (Jianming 2002),

(2 91)

[f,D [{Ni}TL ({N,-}{¢].}T)]dr] = 18 (- @ ) ar] + [J9° (- an 22) ar] +
(o

[ < ANT OfN} +a{N}Ta{N,}>

ax ax

The first and second terms at the left side of (2.91) represent the Neumann and Dirichlet
boundary conditions, respectively.

2.2.3.3.2 Formulation of the systemto solve a field equation derived from an
axisymmetric symmetry assumption

For the case of a device with an axisymmetry assumption, if the operator L defined in
(2.25) along the interpolating and weigh functions defined in (2.32) and (2.34) are
considered; and finally, an axisymmetric symmetry is considered on (2.80); it yields (Bianchi
2005),

I, [t (W} {80} )] @5 = 1, Ntz =
(L, Nel =5 (0 5) — 55 (@ 52) + BN | am) ¢ = (1, Nedw) F 292)
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If a Poisson equation is being formulated, the variable ¢, the forcing function F, and the
parameters S, ar and az of (2.92) are defined by (Bianchi 2005), (Preiss 1983),

¢ =4, f=],
(2.93)

Where A, is the magnetic vector potential defined along the p-axis. The region % was
previously defined in (2.23).

2.2.3.3.2.1 Solution of a field equation derived from an axisymmetric
symmetry using the Galerkin weak formulation

For an axisymmetric symmetry, the next steps consists on separating the first term of the
right and left sides of (2.92). It yields,

1, [ ({8} ) an] = (5, M [ (e 50) ~ 2 (e 52) + BN ] ds)
(2.94)

After that, it is possible to substitute the interpolating function (2.32) and the weigh
functions (2.34) in the right side of (2.94). At the same time, the term with derivate respect
to I can be separated from the term with derivate respect to z, to develop them separately.
Thus, the term with derivate respect to I can be evaluated by first performing an integration
parts respect to r. After that, an integration respect to zZ can be done. The result of these
operations is given by (Preiss 1983), (Kwon and Bang 1997), (Jianming 2002),

(I, N0 [ 2 (2] ) 4, = = [ 2 (-7, 28) ] +
[ffff:f( RO/ )d dz]{gﬁj}T (2.95)

Where 1i, I't, Z, Z are limits of the integral area 7. The area % can be seen in Figure 2.5
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Figure 2.5 Two dimension domain of an axisymmetric symmetry assumption

It is possible to rewrite the boundary integration part of (2.95), by defining it in terms of
the boundary 7 It yields (Preiss 1983), (Kwon and Bang 1997),

[ (v, 52) " az| = [, N Sy dr] + [ [ N e, S, ] (2.96)

Where 1y is the unit normal vector, which is assumed to be positive in the outward direction
as shown in Figure 2.5. Finally combining the two boundary integrals of (2.96) gives (Preiss
1983), (Kwon and Bang 1997),

~fr, N3, 2, dr] + [ [ N}, 2, dr] = 6, (~NY @y SEn, ) dr (2.97)

If the right side of (2.97) is substituted in (2.96) gives (Preiss 1983), (Kwon and Bang
1997),

) o{N ]
(5, 00" [- 2 (@ 52)] ) 4, = 6, (~ N7 e S, )+
[ 17 ( o 202N ) g g {¢}T (2.98)
Z; 'r; ax ] '
It is possible to perform the same integration of (2.94) in the terms with derivate respect
to z The boundary terms derived by this integration can be modified according to (2.96),

(2.97) and (2.98). The result of these operations is given by (Preiss 1983), (Kwon and Bang
1997),

(r,, 07 [ 2 (2,22

)| ds.) g, = 6, (~V ey ) ar +
[frif fzzlf< a{N,} a{ i} >dzdr] {¢]}T 2.99)
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Taking into account (2.98) and (2.99); (2.94) can be written by (Preiss 1983), (Kwon and
Bang 1997),

[f [{N }TL ({N]} )] dz'r] 45 —{N; }T“r—"r (N; }T“z_nz) dr

[f,u< ra{N} 3{1;1;} +aza{‘ljvz.-}ra{1;/i} )drr]{@.}T+[fTrD{Ni}TB{Nj}dTr]{%} (2.100)

ar

The boundary terms of (2.100) can be expressed in terms of the normal direction of the
boundary (Green’s theorem (Kwon and Bang 1997)), thus,

[0t = 6, (- wares 22 ar
+[f,,n (o 52 252 | ) 1, v 5 1)

(2.101)

The first term of the right side of (2.101) contains the boundary conditions on the frontier /.
This term contains the Neumann and the Dirichlet boundary conditions. It gives (Preiss
1983), (Kwon and Bang 1997),

o [vare (o) )] as] = (1 (-vaman g ar] + [ (-vyan ) ar] +

[fw (ar a{gvr,-}T B{Zi} + 6{‘1)\12} a{N;} )drr] {¢]}T [fTrD{Ni}TB{N]_} dz, ] {¢j} (2.102)

The first and second terms of the right side of (2.102) represent the Neumann and Dirichlet
boundary conditions, respectively.

2.2.3.4 Deriving final matrix equation that contains the solution of the problem

Equations (2.91) or (2.102) can be developed by performing the respective integration
process, thus it is possible to compute the values { @} in the Nn nodes of the domain. At the
same time, the second term of the right side of (2.82) and (2.92) can also be developed by
perming an integrating process. It yields (Preiss 1983), (Kwon and Bang 1997),

(FPY+ (e} + 11083 = U ol (2.103)
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The vector {fo'®} contains the Neumann boundary conditions; the Dirichlet boundary
conditions are contained in the vector {fo'’}; and the terms [S] and {fg} were derived by the
Galerkin formulation. All these terms correspond either to the planar or the axisymmetric
symmetry assumption. Further details about the matrices and vectors derived for the planar
and axisymmetric symmetries can be consulted in Appendix A.

The set of equations (2.103) can be solved by means of common numerical algorithms,
but it can be seen that have been considered field equations that do not have terms that depend
in time. They will be derived next.

2.2.3.5 Deriving field equation with time varying terms

The inclusion of the time varying terms can be achieved, by redefining the current density
of the Poisson equation, in order to include the electric field that considers the coulomb
electrical field Ec and the induced electric field E;. This action will be performed for the field
equations of a planar and an axisymmetric symmetry assumption. This will be explained
next.

2.2.3.5.1 Time varying terms of the planar symmetry, current and voltage as the
forcing function

For the case of the planar symmetry, the electrical field included in (2.1) can substituted
in the Poisson equation defined in (2.6). The resultant equation is shown in (2.10). It is
possible to represent that equation in a general form defined by,

—%(ax %’) _ aa_y(“y Z_;’) = fy— az%” (2.104)

The Galerkin method was already developed for the right side of (2.104), specifically the
Galerkin weak formulation that can be seen in (2.91) was used. If the Galerkin method is
applied to the right side of (2.104), and the equation is decomposed in two terms (Konrad
1982), (Arkkio 1987),

J

)

a a
Ni(fu—a,3f)dr= [ Nifydr—[ Ni(a,5)de (2.105)

According to the Galerkin method, the function N; is defined by an interpolating function.
Thus, (2.105) is given by,

[ Nifde— [ (N3Tdd (Fy) (2.106)
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If the interpolation function defined in (2.34) is replaced in the second term of the right
side of (2.106), and if at the same time the term N; is modified according to the Galerkin
method; it yields,

— I, Ni (az%’)dﬁ—[fm a, {N;}T{N;} d] 24 (2.107)

Finally, if the terms defined in (2.106) and (2.107) are substituted in (2.105) and the
Galerkin weak formulation terms defined in (2.91) are included; it yields (Konrad 1982),
(Arkkio 1987),

[V (- e 3) dr] + " (- an 32) drf +
[ ( a{N}Ta{:;} +a{;vy} a{N,}> ] )

ax

|1, ey} ad“2 = [f, 2 ad (r) @.108)

Equation (2.108) can be developed and will result on a matrix equation of the next form,
(Konrad 1982), (Arkkio 1987), (Jianming 2002), (Reece and Preston 2000),

DY+ {FSP) + 18183 + [T 2083 = Fgudfu (2.100)

The vector {f\®} contains the Neumann boundary conditions; the Dirichet boundary
conditions are contained in the vector {f,""}; and the terms [S] and {fgu} were derived by the
Galerkin weak formulation. All these terms correspond to a planar symmetry assumption.
Further details of the matrix [T] and the vector {fqu} can be consulted in Appendix A. For the
case of a Poisson equation, the variables ¢ and fu are given by (Konrad 1982), (Arkkio 1987),

8,=Az fu=U. (2.110)

It is possible to define the current as a forcing function; this can be achieved by using the
expression defined by (Konrad 1982), (Arkkio 1987),

(RO (fv) - fo dr—fz (2.111)

If the interpolation function defined in (2.34) is replaced in the second term of the left side
of (2.111) yields, (Konrad 1982), (Arkkio 1987),
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R (o) - [f, otNyad L=, @.112)

If (2.112) is represented in a matrix way (Konrad 1982), it takes the form,

R o) ~ Foa} 2 = ) (2.113)

For the case of a Poisson equation of a planar symmetry, the variables ¢, fu and f| are
substituted by,

$=A;,:fu=U.; fr=1, (2.114)

Using (2.109) and (2.113), it is possible to formulate a coupled equation that has the
conductors’ current as the forcing function.

It is very important to mention that it is necessary to formulate a specific finite element in
each subdomain, and apply the finite element analysis to derive the respective matrices and
vector of it. The different types of finite element used in this investigation can be consulted
in the Section 2.2.3.2. If these finite element are used, it is possible to derive the matrices and
vector shown in (2.109) and (2.113). The matrices and vectors can be consulted in Appendix
A of this thesis.

2.2.3.5.2 Time varying terms of the axisymmetric symmetry, current and
voltage as the forcing function

For the case of axisymmetric symmetry, the current density included in (2.19) can
substituted in the Poisson equation defined in (2.18). The resultant equation is shown in
(2.20). It is possible to represent that equation in a general form defined by,

_li(a 0¢)_11(a ﬂ’)+ﬁ¢=af_v_a 94 (2.115)

rar\" T ar raz\ 29z 2nr Z ot

It is possible to apply the Galerkin weak formulation in the left side of (2.115). Moreover,
if the Galerkin method is applied in the right side of (2.115), and the equation is decomposed
in two terms yields,

J

rD

Ni(f-a,)dn =] Ni(oZ)ds—[ Ni(a,5)dz (2.116)

If the first term of the right side of (2.115) is modified, by replacing the weight function
Ni, it gives,
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[, Nifdz ~ [, oS az] (o) (2.117)

If the interpolation function defined in (2.34) is replaced in the second term of the right
side of (2.117). It yields,

—J Ni(a,3)de— = |[, aN)T{N;} dr|—F ) (2.118)

Finally, if the terms defined in (2.117) and (2.118) are substituted in (2.116) and the
Galerkin weak formulation terms defined in (2.102) are included, results in (Preiss 1983),
(Arkkio 1987),

Uy (v angt)ar] + [[" (-3 32) ar] +
[w( a{Nr} O{Zi} +a, a{;vz,-}Ta{Zi} )drr]ij [ fT,D{Ni}TB{N,-}dTr] )

+|f,, @V da) =

S ds ] (fy) (2.119)

oD (an)

Equation (2.119) can be developed, resulting on a matrix equation defined by, (Preiss
1983), (Arkkio 1987), (Jianming 2002), (Reece and Preston 2000),

(FPL+ {700} + (ST + [SuD{g3 + [T 5 {83 = (F g} () (2.120)

The terms [S], [Si], {fo®} and {f""} were derived using the Galerkin weak formulation.
In the case of a Poisson equation, the variables ¢ and fy are given by,

p=A4,; fu=U, (2.121)

It is possible to define the current as a forcing function, this can be achieved by using the
expression defined by (Preiss 1983), (Arkkio 1987),

@) fo) - [, oEdr =, (2.122)

If the interpolation function defined in (2.34) is replaced in the second term of the left side
of (2.122), we obtain (Preiss 1983), (Arkkio 1987),
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@ (o) - [J, otNpad 2=, 2.123)

If (2.123) is represented in a matrix way gives (Preiss 1983), (Arkkio 1987),

@ o)~ o) L = 5, (2.124)

In the case of a Poisson equation and an axisymmetric symmetry, the variables ¢, fu and
fi, are substituted by (Preiss 1983), (Arkkio 1987),

p=A4,, fu=U.;f1=1, (2.125)

Using (2.120) and (2.124), it is possible to formulate a coupled equation that has the
conductors’ current as the forcing function.

It is very important to mention that it is necessary to formulate a specific finite element
on each subdomain, and apply the finite element analysis to derive the respective matrices
and vector of that subdomain. The different types of finite element used in this investigation
can be consulted in the Section 2.2.3.2. If these finite element are used, it is possible to derive
the matrices and vector shown in (2.120) and (2.124). These matrices can be consulted in
Appendix A of this thesis.

After having explained the finite element analysis, the main basic fundaments of the three
kind of FEM equations used will be explained in the next section.

2.3 FEM equations features

After having explained all the main features of the FEM equations, it is important to
describe in an easier and faster way, the FEM equations that will be solved on this
investigation. The FEM field equations (with voltages or currents known) and a FEM circuit
coupled equation that could model an electrical machine or device will be solved. It is
important to mention that specific details of the FEM field equations were extensively
detailed in Section 2.2, but further details of the FEM-circuit coupled equation will be
explained in this Section.

2.3.1. Assumptions of the FEM equations

1. Plane or axisymmetric symmetry on behavior of the magnetic field

For the case of the devices with a planar symmetry assumption, it is considered that the
magnetic field behavior through the z-axis of the conductor is the same. Because of this
assumption, the magnetic vector potential is only defined in the z-axis (Ho, Li and Fu 1999).
For the case of the device with an axisymmetric symmetry assumption, it is considered that
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the field behavior is the same along the p-axis. This allows assuming that the magnetic vector
potentials is defined in the plane formed by the r and z axis (Preiss 1983).

2. Displacement current neglected

The frequency of the voltage sources is low enough, to neglect the displacement current
in the Maxwell field equations (Arkkio 1987), (Ho, Li and Fu 1999).

3. Constant permeability and conductivity

The permeability over all the regions and the conductor conductivity are considered to be
all constant.

4. Unique voltage applying though the conductor regions

It is assumed that there are no voltage differences at all points of conductor regions. The
source current density of the conductors is constant over each cross-sectional surface (Konrad
1982), (Escarela-Perez, Melgoza and Alvarez-Ramirez 2009). After explaining the
assumptions, the main features of the FEM equation field equations will explained next.

2.3.2 FEM field equation of a device with voltages known

It is important to correctly model the conductors” skin effects of the electrical machine or
device; and it is also necessary to formulate the forcing function of the FEM field equation
in terms of the voltages or currents of the conductor, since the electrical machines or devices
are supplied by either voltage or current sources (Arkkio 1987). The FEM field equation that
corresponds to planar and axisymmetric devices with the conductors’ voltage known is given
by,

[S,1{AL} + [T,] 5 (A2} = (£ U (2.126)

Where Ax represents the magnetic vector potentials. For the case of a device with a planar
symmetry assumption, Ax is defined by Az On the other hand, for the case of a device with
an axisymmetric symmetry assumption, Ay is defined by A,. The matrices [S], [Tx] and the
vector {fx} that correspond to a planar or an axisymmetric symmetry assumption can be
consulted in Appendix A of this thesis.

2.3.3 FEM field equation of a device with currents known

A device with the conductors’ currents known can be solved by the FEM field equation
and by an expression that relates the voltage, the current and the magnetic vector potential of
the conductors. This FEM equation is given by (Konrad 1982), (Preiss 1983), (Escarela-
Perez, Melgoza and Alvarez-Ramirez 2009), (Ho, Li and Fu 1999),

(471U S - M5 = (1} (2.127)
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The matrix [Mc] that corresponds to a planar and an axisymmetric symmetry assumption
can be consulted in the Appendix B of this thesis. Each element contained in the matrix [Ax],
is defined by a planar or the axisymmetric symmetry of (2.128) and (2.129), respectively.

A, =R.=~([f;, dS)_l (2.128)

b= =21, @)

Where R is the conductor resistance. The FEM equations (2.126) and (2.127) can be coupled
in a unique equation given by,

5 L a1

It can be seen that (2.130) permits to calculate the magnetic vector potentials of {Ax} and
the conductor voltages of {Uc}. It is important to mention that it is also possible to directly
calculate the magnetic vector potentials of {Ax} using the integro-differential approach
(Konrad 1982). The solution of the equations (2.126) and (2.130) can be seen in Appendix B
of this thesis.

2.3.4 FEM-circuit coupled of a device

The FEM-circuit coupled equation permits to accurately model an electrical machine or
device. A typical example is the magnetic model of an induction machine. The field equation
of the machine is defined in two dimensions by a plane symmetry (Ho, Li and Fu 1999), or
an axisymmetric symmetry assumption (Preiss 1983). Some effects as the stator end winding
and the rotor end rings are taken into account by adding end-winding resistances and
inductances. These parameters are included in the form of a voltage-current circuit equation,
which can be coupled into the FEM field equation; in order to form a unique FEM-circuit
coupled equation (Arkkio 1987), (Ho, Li and Fu 1999), (Ho, Shuangxia and Fu 2011).

As a first step the features of the voltage-current circuit equation that will be coupled to a
FEM-circuit coupled equation will be explained.
2.3.4.1 Voltage-current circuit equation

In some cases, it could be proper to couple into the FEM field equations, a voltage-current
circuit equation which contains several resistances and inductances that allow a more
accurate model of the device (Arkkio 1987), (Ho, Li and Fu 1999), ( (Ho, Shuangxia and Fu
2011). Equation to be coupled can be defined by,
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[RII} + [L] 52 + (U} = (v} (2.131)

Where [R] is the matrix resistance, [L] is the inductance resistance and {V} is a vector which
contains each voltage source applied in the conductors of the device.

2.3.4.2 Deriving the FEM-circuit coupled equation

The FEM-circuit coupled equation results of coupling the equations (2.126) and (2.127),
with the voltage-current circuit equation defined in (2.131). It yields (Tsukerman et al. 1993),
(Arkkio 1987), (Ho, Li and Fu 1999), ( (Ho, Shuangxia and Fu 2011),

[Sx] 0 _{fx} {Ax} [Tx] 0 0 d {Ax} 0
0 [R] W [{mi+ o [ of3{ ;= {{V}} (2.132)
0 _{1} [Ax]_l {Uc} _[Mc] 0 0 {Uc} 0

The solution of the FEM-circuit coupled equation in the frequency or in the time domain
is explained in the Appendix B. The FEM field and the FEM-circuit coupled equations can
be solved in the frequency and the time domain using the methods of solution explained in
Appendix B. Nevertheless, the FEM equations may consist on matrices of larger order, may
be difficult to obtain, or it may need of a considerable computation time. It is possible to
overcome this situation, by using the parallel computing platform. The CUDA parallel
computing platform enables to solve these equations in an easy and efficient way. This will
be explained next.

2.4 Parallel processing

The Finite Element Method (FEM) is a very powerful tool to solve the electric and
magnetic field equations of electrical machines or devices. The method has been widely used,
since the computational technological advances have allowed the application of the method
on the modeling and simulation of devices with complex geometries of configurations
(Arkkio 1987), (Bianchi 2005) (Ho, Shuangxia and Fu 2011).The finite element analysis
permits to derive a FEM matrix equation which can be solved in the frequency and in the
time domain.

In this investigation, the equations are mainly solved in the frequency domain, since the
proposed method can easily derive the voltage and currents of a device in a faster way, and
the advantage of the proposed method is evident in a frequency analysis. Nevertheless, it is
important to mention that it is possible to calculate the solution in the time domain in a shorter
time. The parallel computing platform named CUDA (Compute Unified Device
Architecture) (CUDA toolkit 5.0 2014) and several already-implemented library routines that
access the graphical processing units (GPUs) (Luebke 2008), (Jalili-Marandi, Zhiyin and
Dinavahi 2012) were used in this investigation. A brief explanation of the CUDA and
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CUBLAS parallel computing platform is given next.

2.4.1 The CUDA platform

The NVIDIA CUDA (CUDA toolkit 5.0 2014) is a hardware-software platform that can
be used to execute parallel algorithms using a program coded in C. The sequential parts of
an algorithm can be calculated in the CPU or host, while the parts that are mean to be
calculated by a parallel way are executed by using kernels in the GPUs (NVIDIA 2012).
When a kernel is executed, blocks with an equal number of threads are created to execute the
parallel function; blocks of thread form a grid (Owens , Houston and Luebke 2008).

The CUBLAS (CUDA Basic Linear Algebra Subprograms) library permits to easily
calculate vector and matrix operations in the GPU device using the CUDA parallel computer
platform (Barrachina et al. 2008), (CUDA toolkit 5.0 2014). These routines permits to easily
implement a solution of a FEM equation using parallel computing.

Nevertheless, the parallel programing using CUDA requires a continuous exchange of
information, between the CPU and the GPUs (Luebke 2008), (Cisneros-Magana and Medina
2013). It is required to send information, from the CPU to the GPUs and backwards. Because
of this, it can be seen that when the dimensions of the FEM matrix equations to be solved are
large, a parallel computing of the algorithm can obtain the solution of the equation in a
considerable shorter time, since the GPUs performs parallel computing that represents a
significant saving in the total computing time (Luebke 2008), (Cisneros-Magafia and Medina
2013). This situation will be evident, when several study cases will be solved using the
CUDA computing platform.

2.4.2 Using the CUDA platform to solve a FEM matrix equation

The FEM equation to be solved could correspond either to a planar or to an axisymmetric
symmetry configuration. In order to recognize the kind of FEM equations to be solved, the
ordinary FEM equation will be named as conventional FEM equation. On the other hand, the
uncoupled equation derived from the proposed methodology explained in this investigation
is named reduced FEM equation. The FEM equation may correspond either to a FEM field
equations with voltages or currents known, or to a FEM field coupled equation. The features
of these equations were previously defined in Section 2.3.

The solution of the conventional FEM equation in the frequency domain using parallel
computing process will be explained next.

2.4.2.1. General form of the conventional FEM equation

It is possible to express in a general form, the equations that represents either FEM field
equations of a FEM-circuit coupled equation. It yields,

[KI{X} + (6] 5. (X} = (F} (2.133)
The values of the matrices, vectors and elements of (2.133) depend on if they belong either

to FEM field equations or to a FEM-circuit coupled equation. The equation defined in (2.133)
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can also be solved in the frequency domain or in the time domain. The solution of (2.133) in
the frequency domain is simple, since implies to calculate a simple expression given by
(Bastos 2003),

([K]+j2rf)[6D{X} = {F} (2.134)

Where the variable {X} and the voltage included in the vector {F} defined in (2.134), are
harmonic variables defined in a frequency f. Moreover, (2.134) can be represented in a
simpler way, i.e.

[Ar){XFr} = {(br} (2.135)

It can be recognized, two specific steps in the process of calculating (2.135) in the
frequency domain, i.e. a preprocessing and a calculating steps. These stages will be
explained next.

2.4.2.2. Preprocessing step of the FEM equation

The preprocessing step of the conventional FEM method consists on deriving the matrices
[K] and [G] and the vector {F} of the expression defined in (2.135). The process consists on
first calculating the FEM matrices and vectors of one finite element, integrate them into the
global matrices and vectors that model the device (Arkkio 1987), (Bianchi 2005), (Reddy
1984), (Reece and Preston 2000). After this, the required boundary conditions that permit to
define a unique solution will be applied. This process has been discussed in Section 2.2.2.
The preprocessing step of the conventional FEM equation is shown in Figure 2.6

1. Reading Finite Element and
Conductors’ Information

¥
II. Calculating the FEM Arrays of the
i-Finite Element Method

— Elamant FEM Matrixas | Elemant FEM Vector
| j=i+l | R.[3x3], C.[3x3] F,{3)
b ¥

IIl. Assernbling FEM Arrays

No i=finai
nodo?
Boundary as
Conditions
IV, Applying Boundary Conditions
Excitation and deriving Final FEM arrays to the
Current FEM Amrays calculating

K[mxm), G[mxm], F{m} step

Figure 2.6. Preprocessing steps of the FEM equation
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2.4.2.3. Calculating step of the FEM equation

Once the matrices and vector of the conventional FEM equation has been derived, it is
possible to calculate their solution in the frequency domain. The conventional FEM equation
has the form of the expression previously defined in (2.135). This matrix equation can be
solved by using the LU method, thus, the calculating process of the equations is performed
by the LU method. Thus, the first step consists on performing a decomposition of the matrix
[Ay¢] into two matrices [L¢] and [Us], respectively. It yields,

[4] = [Ly][Uf] (2.136)

Although this decomposition process have been not implemented in the CUBLAS library;
if the matrices [Lf] and [Uf] were known, the solution of [A¢|{%;} = {bs} could be easily
achieved by a triangular decomposition LU using routines already implemented in the
CUBLAS library. The decomposition process of the matrix [Af] will be discussed in the
chapter 3. Having the matrices [Lg] and [Ug], the solution {%;} can be obtained by solving the
next equations in the CUBLAS computing platform,

[Lg]{¥4} = {By} 2.137)

[Ug]{%g} = {Fq} (2.138)

Equation (2.137) is solved in CUBLAS, specifying that the equation to be solved
corresponds to a triangular matrix stored in lower mode (NVIDIA 2012); while (2.138) is
also solved in CUBLAS, but specifying that the equation to be solved corresponds to a
triangular matrix stored in upper mode (NVIDIA 2012). It can be seen that the solution of
the complex equation [4,]{%,;} = {b,} can be easily derived by implementing the LU method
by a parallel computing in CUBLAS.

2.5 Conclusions

In this chapter has been covered the main characteristics of the finite element analysis: the
main electric and magnetic variables, and the field equations that can be derived by a
symmetry assumptions. These field equations permits to derive FEM equations using the
finite element analysis. Specifically the Galerkin method and its weak formulation can be
used to derive these FEM field equations. Specific details of the finite element analysis has
been also analyzed on this chapter.

The FEM field equations derived have the voltage or the current of the device as a forcing
function. Using these FEM equations, a FEM-circuit coupled equation can be derived. This
equation permits to model a device in a more accurate way. In these chapter the FEM field
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and the FEM circuit coupled equations have been described. At the same time, it has been
discussed the main assumptions that allows their respective formulation.

If the FEM equations are formulated, they can be solved in the frequency and the time
domain. The solution on both domains can be achieved by several methods. Most of the time,
the solution can be easily obtained. Nevertheless, when the device to be modeled is complex
or the number of finite element used is large, it could be necessary to formulate FEM matrices
equations of a large order that cannot be easily solved.

In this chapter has been also described the use of the CUDA parallel computing platform.
CUDA is an excellent choice, since permits to easily derive and implement the solution of a
FEM equation using the parallel processing. Using the CUDA computing platform, the
CUBLAS library which contains a collection of several matrices-vector common operations
can be easily used. The CUBLAS library allows the solution of an equation using the LU
decomposition.

Summarizing, in this chapter the main fundaments of the FEM equations have been widely
explained. It has been included an explanation of how the solution of the equation can be
implemented in the parallel computing platform. The FEM equations to be solved, are
conventional and can be derived using a standard finite element analysis.

This investigation proposes the use of a methodology that permits to derive an alternative
FEM equation. This equation can directly solve the time varying variables of a FEM field
and a FEM-circuit coupled equations. It is an equation of lesser order that can be solved in
the frequency or the time domain. On the next chapter will be explained the proposed
methodology of this investigation.
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3 Proposed Methodology

3.1 Introduction

The Finite Element Method can solve the steady state and the transient field equations of
electrical machines or devices (Ho, Li and Fu 1999), (Wang and Xie 2009), (Lubin, Mezani
and Rezzoug 2011), (Li, Ho and Fu 2012), (Bianchi 2005), . In order to reduce the complexity
of the finite element analysis, sometimes it is possible to perform a symmetry simplification,
i.e. a planar or an axisymmetric symmetry (Arkkio 1987), (Bianchi 2005), (Bastos 2003).
Along this symmetry assumption, it is important to correctly model the conductors’ skin
effect of the conductors of the device. Thus, it is necessary to formulate the forcing function
of the FEM equations in terms of the voltages or currents of the conductors, since the
electrical machines or devices are supplied by both kind of sources. These FEM field
equations can be solved if the voltages or the currents in the conductors are known (Arkkio
1987), (Ho, Li and Fu 1999),(Bastos 2003).

Nevertheless, the conductors’ currents or voltages are not always known. In some cases,
it is necessary to add some parameters such as resistances or inductances, which are
connected to the conductors to get a more precise model of the electrical machine or device,
(Arkkio 1987), (Ho, Li and Fu 1999), (Fu and Ho 2009), (Ho, Shuangxia and Fu 2011). The
electrical parameters mentioned before, can be taken into account by one or several voltage-
current equations, thus the current-voltage and the FEM field equations can be coupled into
a FEM-circuit coupled equation (Arkkio 1987), (Tsukerman et al. 1993), (Ho, Li and Fu
1999), (Ho, Li and Fu 1999), (Fu and Ho 2009), (Ho, Shuangxia and Fu 2011). Thus, a FEM-
circuit coupled equation can accurately model an electrical machine or device.

In this investigation, FEM-field with currents or voltages known and a FEM-circuit
coupled equations, in the frequency and the time domain will be solved. They will be solved
using a methodology that allows deriving a reduced equation of lesser order; moreover, the
time varying variables can be directly solved. The equation derived can be solved either in
the frequency and the time domain.

In order to get a quick understanding of the FEM equations, the main features of them will
be explained next. It is important to mention that further details of these FEM equations can
be consulted in the Chapter 2 of this thesis.

3.1.1 Field equations

If a plane symmetry is considered, the magnetic vector potential is constant along the z-
axis and varies in the X-y plane, then the magnetic vector potential is defined in two-
dimensions (Bianchi 2005), (Arkkio 1987), (Ho, Li and Fu 1999). It is also assumed that the
source electrical field along the z-axis of the conductors is also constant (Arkkio 1987), (Ho,
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Li and Fu 1999). This assumption assumes that only exist one current associated to each
voltage applied in a particular region of the device.

For the case of axisymmetric symmetry, this assumption permits to define a two-
dimension magnetic field which is constant though the r-coordinate (Konrad 1982), (Preiss
1983), This consideration allows the magnetic vector potentials are to be dependent of the
plane formed by the r and z axis. It is also assumed that the electrical field along a certain
value of the r-axis is also constant (Konrad 1982), (Konrad, Chari and Csendes 1982), (Preiss
1983). This assumption also allows only one current and voltage associated to a particular
region of the device.

Taking into account the symmetry assumptions, it is possible to derive two types of field
equations,

1) Field equation with voltage as the forcing function
2) Field equation with current as the forcing function.

It is possible to derive a FEM field equation by applying the finite element analysis in
these field equations. The FEM equations will be described next, while the features of the
FEM-circuit coupled equation will be outlined in the Section 3.1.3. It is important to remark
that boundaries conditions are necessary to be applied to the field equations; in order to
properly define the model, and to have a unique solution for the finite element analysis. The
considered boundaries are the Dirichlet and the Neumann boundary conditions. They were
previously defined in Section 2.2.2.1.

3.1.2 FEM field equations

It is possible to perform a finite element analysis (Wang and Xie 2009), (Lubin, Mezani
and Rezzoug 2011), (Preiss 1983) on the field equation defined in (2.10) and (2.20). The
assumptions considered for these field equation can be seen in Section 2.3.1. At the same
time, a Newton Cotes analysis (Konrad 1982), (Konrad 1981), (Reece and Preston 2000) can
be performed on (2.11) and (2.21). Thus, it is possible to derive the FEM equations covered
by this investigation. The FEM field equations will be outlined next.

3.1.2.1 FEM field equation with voltages known

If a finite element analysis is applied in field equation with voltages known results on,

[S: {4} + [6:] 5 {4} = {FHU.) (3.1)
Where vectors {Uc} contain each voltage and to the conductors; it is defined by,

{U={Uul vz uvi vur' um (3.2)
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The matrices [Sx], [Tx] and the vector {fx} for a planar and an planar and an axisymmetric
symmetry assumption were previously defined in Section 2.2.2.

3.1.2.2 FEM field equation with currents known

For the case where the conductors’ currents are known, the FEM field equation is defined
by, (Arkkio 1987), (Konrad 1981),

]t R A o R o

Where vector {1} contain each current applied to the conductors; it is defined by,
{B={1 I Is. Ip1 In} (3.4)

The matrices [4x], and [Mc] for the planar and the axisymmetric symmetry were previously
defined in (2.127). After having defined the FEM field equations (3.1) and (3.3), the features
of a FEM-circuit coupled equation will be explained next.

3.1.3. FEM-circuit coupled equation

The FEM-circuit coupled equation permits to accurately model an electrical machine or
device. Some effects as the stator end winding and the rotor end rings are taken into account
by adding end-winding resistances and inductances. These parameters are included in the
form of a voltage-current circuit equation, which can be coupled into the FEM field equation
in order to form a unique FEM-circuit coupled equation (Arkkio 1987), (Tsukerman et al.
1993), (Ho, Li and Fu 1999), (Dlala and Arkkio 2010). Further details about this equation
can be consulted in the Chapter 2. The FEM-circuit coupled equation is defined by,

[Sx] 0 _{fx} {Ax} [Tx] 0 0 d {Ax} 0
0 [R] W [+ o [ of3d M= {{V}} (3.5)
0 _{1} [Ax]_1 {Uc} _[Mc] 0 0 {Uc} 0

Until now, several FEM equations derived by the finite element analysis have been
described. These equations can be solved in the frequency and the time domain, and they
represent the solution of a field equation of an electrical machine or device.

In this investigation, these FEM equations can be solved with alternative method of
solution in the frequency and the time domain. Specifically, a methodology that permits to
derive an equation of a lesser order, to directly solve the time varying variables of the
equations is proposed. Thus, it is possible to obtain a faster solution in the frequency and the
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time domain. The details of the proposed methodology of this investigation will be explained
next.

3.2 Proposed methodology

The methodology starts by identifying the non-conductor and the conductor region of the
device. If the conductor voltage is chosen as the forcing function, it is possible to derive a
field equation of the non-conductor and the conductor regions; and using the finite element
analysis, it possible to formulate a single FEM field equation (Arkkio 1987), (Ho, Li and Fu
1999), (Preiss 1983).

The FEM field equation will be modified by the proposed methodology. The main
modification consists on using the difference of the conductor and the non-conductor regions,
by identifying and associating the magnetic vector potentials of each region. This change
permits to derive a completely new equation, in which the magnetic vector potentials of the
conductor region are separated from those that correspond to the non-conductor region.

The next step of the methodology consists on using the FEM equation, derived through
several and simple matrix operations. These steps permit to derive a reduced equation which
has the following important features:

1) It can directly calculate the time varying variables, i.e. the magnetic vector potentials
in the conductor regions and the conductor currents.

2) It is easy to calculate; it only requires of a nodal reordering of the equations and can be
derived performing some simple matrix operations.

The methodology can also be applied to obtain reduced equations, from a FEM field
equation with currents known, or from a FEM-circuit coupled equation. It is very important
to mention that the equation derived by the methodology shares the same assumptions of
these FEM equations. Further details about the assumption considered can be consulted in
Chapter 2.

Although a brief summary of the methodology has been discussed, the main details will
be covered next. The solution of the FEM equations in the frequency and the time domain
can be consulted in the Appendix B.

3.2.1 Methodology applied on a FEM field equation with voltages
known

3.2.1.1 Renumbering the nodes of the FEM field Equations

After taking into account the conductor and the non-conductor regions, the first step
consists on renumbering the conductor and non-conductor region magnetic vector potentials
of the FEM field equation previously defined in (3.1) in order to make them consecutive. It
gives,

A, ={Ay Ay. AT (3.6)
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A ={An1 Ay AT 3.7

Where Aj and Aj are the vectors which contain the magnetic vector potentials of the
conductor and the non-conductor regions, respectively; | and k-l are the number of nodes of
the conductor and non-conductor region, respectively; and K is the total number of nodes.

3.2.1.2. Deriving a new FEM field equation based on the nodal renumbering

If the FEM field equation defined in (3.1) is reformulated using the criterion of nodes re-
numbering used in the vectors shown in (3.6) and (3.7); it can be expressed by,

S o o Jaad - o)

Where the matrices Sii, Tii and the vector {fi} are associated with the vector Aj; Sjj is related
with Aj; Sij and Sji are associated with common regions of the conductor and the non-
conductor regions, respectively. Notice that in (3.8), the magnetic vector potentials of the
conductor region have been associated and separated from the magnetic vector potentials of
the non-conductor region.

3.2.1.3. Identifying submatrices and formulating matrix equations

The equation defined in (3.8) can be represented in a partitioned way by,

£ e 9260

K;1 K| xz Gy1 0fadelx; f2

Where the submatrices of (3.9) are defined by,

K11 =S (3.10)
Ky =Sy 3.11)
K1 =S;" (3.12)
Ky =Sj; (3.13)
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G11 =Ty (3.14a)

Gy =0 (3.14b)

Where the subvectors of (3.9) are defined by,

x1 = A; (3.15)
Xz = Aj (3.16)
f1=1{fi{U:} (3.17a)
f,=0 (3.17b)

3.2.1.4. Deriving two matrix equations

It can be noticed that it is possible to generate two matrix equations from (3.9), i.e.
d
K11x1 + K12X2 + G, %0 = [ (3.18)
d
K21x1 + K232%2 + G211 ;%1 = f2 (3.19)

3.2.1.5. Calculating the reduced equation

After having obtained the two matrix equations (3.18) and (3.19) from the FEM field
equation (3.9); it is possible to solve (3.19) in terms of X2, and the result of such algebraic
operation can be substituted into (3.18). Thus, a single equation can be derived. It gives,

d
The matrices Kt and Gt and the vector f; are given by,

K=Ky — K12K723 K24 (3.21)
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G, = G171 — K13K33 G2y (3.22)

ft=F1-K2K33 12 (3.23)
Once the vector Aj has been calculated, the vector Aj can be derived using,

Sy A;+S;A; =0 (3.24)

Please notice that (3.24) can be obtained from (3.8), which in turn was obtained from the
renumbering of the magnetic vector potentials in the conductor and the non-conductor
regions. Thus, the magnetic vector potentials of the non-conductor region can be derived
using the potentials of the conductor regions as Dirichlet boundary conditions. After knowing
the magnetic vector potentials defined in (3.8), the conductors’ currents can be calculated
using Equation (2.127).

3.2.2 Methodology applied on a FEM field equation with currents
known

The proposed methodology also permits to derive a reduced equation from a FEM field
equation with the currents known, using the same re-numbering criteria used on (3.6) and
(3.7) for the magnetic vector potentials nodes of the conductor and the non-conductor region,
respectively. The next steps will be explained next.

3.2.2.1. Deriving a new FEM field equation based on the nodal renumbering

The numbering criteria used on (3.6) and (3.7) permits to reformulate the equation that
relates the magnetic vector potentials with the conductors voltages and currents. Thus, this
equation can be only defined in terms of the magnetic vector potentials of the conductor
region (Ai). It yields,

4,171V - M5 = (1) (3.25)

3.2.2.2. Performing an arrangement of the time varying variables

It is possible to take the FEM equations (3.8) and (3.25) and combine them in order to
form a coupled equation. At the same time, it is possible to perform a rearrangement of this
new expression by grouping the time varying variables. For the case of the FEM field
equation with currents known, their time varying variables are the magnetic vector potentials
of the conductor region. It yields,
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Su  —{fd Sij|( 4 T; 0 0 A; 0
0 [4]1 o {{Uc} +[-[mM;] o 0]%{{11(:}}:{{1}} (3.26)
si" o0 s;| L4 0 00 A; 0

Please observe that (3.26) has been arranged to separate the time varying variables (Ai)
from those variables which do not have time derivative terms (Aj and {Uc}). The next step
consists on performing a partition matrix on (3.26).

3.2.2.3. Identifying submatrices and formulating matrix equations

The equation defined in (3.26) can be also represented in a partitioned way as,

0

Kqq1 K1z] {xl} + G 0] d {xl} _ {fz} (327)

Ky1 Kjyp| X3 621 0] at X2

The matrices K11 and Gi1 have been defined in (3.10) and (3.14a), respectively. The matrices
of (3.27) are defined by,

Ky, = [-{fi} Sij] (3.28)
[0

KZl = _SijT] (329)
14,17 0

K22 = _[ 0] S,-,-] (3.30)

Gz1 = [_[g'"]] (331)

Where the subvectors of (3.27) are defined by,

X1 = A, (3:32)
Xy = [{z;}] (3.33)
f2=[] (3.34)
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Notice that the time varying variables of (3.26) have been associated and separated from
those variables which do not have time derivative terms.

3.2.2.4. Deriving matrix equations

Two matrix equations can be obtained from (3.27). The equations were previously defined
in (3.18) and (3.19).

3.2.2.5. Calculating the final reduced equation

It is also possible to derive a reduced equation of the expression shown in (3.27), using
the two matrix equations (3.18) and (3.19). The reduced equation derived can be calculated
using (3.20). The matrices Ktand Gt and the vector f; can be calculated using,

K, =Ky — K12K33 Koy (3.35)
G, =Gy (3.36)
ft = —K12K33 f> (3.37)

Once the vector Ai is obtained, the vector Aj can be derived using (3.24), while the
conductor voltages {U¢} can be calculated using (3.25). The proposed method can be easily
applied to calculate an equation of lesser dimension from a FEM field equation which has
the voltage or current as the forcing function. Moreover, it can be applied to derive a similar
expression from a FEM-circuit coupled equation. This will be discussed next.

3.2.3 Methodology applied on a FEM-circuit coupled equation

The proposed method also permits to derive a reduced expression from a FEM-circuit
coupled equation. The process is the same to that applied in the FEM field equations
mentioned earlier. The process will be explained next.

3.2.3.1. Performing an arrangement of the time varying variables

After performing a nodal renumbering in the magnetic vector potentials of the conductor
and the non-conductor regions; it is also possible to derive a new equation. It is also possible
to perform a rearrangement of the time varying variables, i.e. the magnetic vector potentials
of the conductor region and the conductors’ current. It yields,
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[Sii 0 —{fi} Sij](Ai i 0 0 0] (A 0

| 0 [R] {1} 0I B | o i oo ofe n_Jwm (3.38)
| 0 [4]" —{13 o|)|{UJ ~[M] 0 o0 ofar){U} 0 ‘
ls;" o 0 Ss;|\4 o o o ol U4 0

Notice that (3.38) has been arranged to separate the time varying variables (Aj and {l}),
from those variables which do not have time derivative terms (Aj and {Uc}). It is possible to
perform a matrix partition in (3.38). This will be discussed next.

3.2.3.2. Identifying submatrices and formulating matrix equations

The equation defined in (3.38) can also be represented in a partitioned way as,
K11 Ki2](*1 Gi1 0]d (X1\ _ (f4
[K21 Kzz] {xz} + [621 O] dt {xz} - { 0 } (3.39)

Where the submatrices of (3.39) are defined by,

Sy O
Kii=| [R]] (3.40)
[ S

K, = |1 0] (3.41)
0 [4,]1

K = g.T 0 ] (3.42)
ij
{13 o0

Kjp = [ 0 Sjj] (3.43)
T; O

Goz = [_[(1)" d g (3.45)

Where the subvectors of (3.39) are defined by,
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X, = [Sl}] (3.46)
Xy = [{z;}] (3.47)

1= |w)] (348

The time varying variables of (3.38) have been also associated and separated from those
variables which do not have time derivative terms.

3.2.3.3. Calculating the matrix equations

It is possible to generate two matrix equations from (3.39). The equations were previously
defined in (3.18) and (3.19).

3.2.3.4. Calculating the reduced equation

An uncoupled equation from the FEM-circuit coupled equation (3.38) can be obtained
using (3.20). The matrices Ktand Gt and the vector f; can be calculated using,

K, =Ky — K12K33 K54 (3.49)
G, = Gy1 — K12K73 G2 (3.50)
fe=F1 (3.51)

Once the vector A is obtained, the vector Aj can be calculated from (3.24). The conductor
voltages {Uc} can be obtained using (3.25).

3.3 Solution of the equation derived by the methodology

The equation derived from the methodology can be expressed in a general form. All the
reduced equations derived from the FEM equation have the form,

e e G+ fan olafy =0 )
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The submatrices K11, K12, Ko1, K22, G11, Go21, along the subvectors f1 and fo depend on if the
equation obtained by the methodology has been derived, either from a FEM field equation or
from a FEM-circuit coupled equation. The expression defined in (3.52) can be written in a
simplified form as,

[KrlX7} + [Gr) 5 (X7} = (Fr) (3.53)

Where the matrices [Kt], [G1] and the vector {Ft} can be calculated using,

[Kr] = K11 — K12K33K 23 (3.54)
[Gr] = G11 — K12K33 G4 (3.55)
{Fr} = f1—K12K23f> (3.56)

The equation defined in (3.53) can be solved in the frequency domain or in the time
domain. The solution in the frequency domain is simple, since implies to calculate a simple
matrix equation (Shen et al. 1985). For the specific case of a time domain solution, the most
widely used method is the Backwards Euler method (Ho, Li and Fu 1999), (Arkkio 1987),
(Kwon and Bang 1997), (Jianming 2002). The solution in both domains is discussed next.

3.3.1 Time domain solution

It is possible to calculate the periodic behavior of an electrical network or a FEM equation
in the time domain by integrating the differential equation set that describes the dynamics of
the system (Semlyen and Medina 1995). For the specific case of the expression shown in
(3.53), the solution in the time domain can be obtained as,

WL — 1G] (Fp) — [Kr){Xr)) (3.57)

The numerical method for the solution of (3.57) in the time domain can be classified into
explicit and implicit methods. They will be outlined next.

3.3.1.1 Explicit methods

In these methods, the solution depends on the solution of an earlier time step. There are
several explicit methods but the most widely used are concisely described next.
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3.3.1.1.1 Euler method (forward difference) (Jianming 2002)

The Euler method consists on dividing the time axis uniformly into a number of time
intervals. A function Xt(t+4t) can be expanded into a Taylor series about t. Using this series
expansion and neglecting some terms, it is possible to express the derivate respect the time
as,

diXr} _ Xr}e+ran— Xl
dt At

(3.58)

Further details about how (3.58) was calculated, can be consulted in Appendix B. Taking
into account (3.58), the solution of (3.53) in the time domain with the Euler method is defined
by,

{Xr}erary = @AO[Gr]1 ({(Fr) — [Krl{X1}e) + K1l (3.59)

The Euler method enables to obtain a solution of the equation derived from the proposed
methodology. Nevertheless, the equation (3.59) cannot be solved in an accurate way because
of this: the matrix inversion of [Gt] cannot be achieved since this matrix has a bad
conditioned number. The equation derived by the methodology is an equivalent equation and
therefore cannot be accurately solved neither. The equation can be solved using an almost
identical expression defined by,

Xr}erary = @O ({Fr}e — (K1l X1}e) + X1 (3.60)
Where the matrix [G7] is calculated using,

[Gr] = G11 — K12K37 G2 (3.61a)
Gy, < Gy (3.61b)

In (3.61a) and (3.61b), the elements of G,; are of lesser value than the elements of G,;.
The approximate solution of (3.60) is defined by the vector {X;}.

3.3.1.1.2 Backwards Euler method (backward difference) (Jianming 2002)

The Backwards Euler method is an alternative to the Euler method. It consists on
uniformly dividing the time axis into a number of time intervals. A function Xt(t-4t) can be
expanded into a Taylor series about t, but for this case, a different expansion that the used for
the Euler method will be used. The derivate respect the time is defined by,
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dXr _ Xr@wy—Xre-ap

ot " (3.62)

Further details about how (3.62) was calculated can be consulted in Appendix B. Taking
into account (3.62), the solution of (3.53) in the time domain is defined by,

-1
Krde = (K] +58)  ((Frdeman + 2 Xrde-an)) (3.63)

The Backwards Euler method enables to obtain an accurate solution of the equation
derived from the methodology. Specifically, it permits to accurately obtain the time varying
variables of a FEM field or from a FEM-circuit coupled equation. This is possible to achieve,
since the equation derived by the method is an equivalent expression of an equation that can
be accurately solved using the Backwards Euler method.

3.3.1.1.3 Runge Kutta method (Jianming 2002)

Further details about the calculating process of this method can be consulted in Appendix
B. The solution in the time domain of (3.53) using this method is given by,

Xrderae = Xrle + 5 ((kor) + 20k} + 2{ka ) + {kar}) (3.64)

Where the values of {ki1}, {ko1}, {k37} and {kat} are defined by,

tkyr} = @O[6] ™ ({Fr}e — [K]{Xr} ) (3.65)
(kor} = (ta +5) (6171 ((Fr}e — [K)(Xr}e) — 5 [K){ky1}) (3.66)
(ksr} = (ta +5) (6171 ((FrYe — [K)(Xr}e) — 5 [K){kz1}) (3.67)
{kag} = (tn + AO[G] " ({Fr} ) — [K1{X1}(p) — [KI{k31}) (3.68)

Appendix B gives additional details about how (3.64) was calculated. After obtaining
{X1}t+at, the rest of calculating process implies that the value of {X1} t+4t will be become the
value {X1}, necessary to derivate the value for the next step. The solution of the equation
derived by the proposed methodology in the time domain using this method is not exact.
Nevertheless, an approximate solution can be achieved using,
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Xrderae = Krdo + ¢ ((kur} + 20kz0) + 2{ks ) + {Kar)) (3.69)

Where the values of {k; 1}, {ky 7}, {ksr} and {k, 1} are defined by,

{ky7} = (AD[Gr] ((Fr}e — (K1l Xr}(p) (3.70)
or) = (ta +5) 6717 ((Fro — (Kl Xr}ey — 5 [Krl ey r) (3.71)
Ksr) = (ta +5) 6717 ((Frdo — (Kl Xr}e) — 5 [Krl{z 1) (3.72)
{kr} = (ta + AO[G1]  ({Fr} oy — [K7l{X1} ) — [K7l{k31}) (3.73)

The Runge Kutta method can be only used in an approximate way because of this: the
matrix inversion of [Gt] cannot be achieved due to the null elements along its main diagonal.
The matrix can calculated using the expressions defined in (3.61a) and (3.61b).

3.3.1.2 Implicit method: Newton method (Semlyen and Medina 1995)

The traditional method to determine the steady state of the equation (3.53); can be
determined by integrating over a period of time, the differential equations that represent the
dynamics of the system; by using the initial conditions. Equation (3.53) can be solved using
the brute force method (Semlyen and Medina 1995).

The brute force method consists on first assuming initial conditions. After that, equation
(3.53) is integrated along a time period. The results obtained at the end of such period are
compared to the assumed initial conditions, in order to verify the maximum error or
difference among them. If there is a significant difference, it is performed a second
integrating process in an additional time period; by assuming as initial conditions, the results
obtained by the first integrating process. The integrating process continues until there is no
significant difference, between the results at the end of the integrating process with those at
the beginning of such process (Semlyen and Medina 1995).

The equation derived in this thesis, contains voltage or current sources that have a periodic
behavior. Because of this, the stable state solution of the proposed equation {Xt(t)}is also
periodic; and it can be represented as a limit cycle defined in terms of a periodic function
(Semlyen and Medina 1995). All the maps near from the limit cycle are quasi-linear. This
permits to use the Newton methods to estimate a point at the beginning of the limit cycle
(Semlyen and Medina 1995); thus, this method can be used to determine a stable state
solution of equation (3.53), by using the limit cycle. It yields,
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{Xr}oo = {Xr}o + (7] — (7D (X7} — {X1}0) (3.74)

Where [I7] is an identity matrix; [@7] is defined by,
[@7] = exp ([, [(©)]dt) {AXr} (3.75)

In order to use the equation (3.74), it is necessary to calculate the elements of the matrix
[@7]. The numerical difference approach (ND) permit to calculate these elements (Semlyen
and Medina 1995). They can be derived by a calculating process which begins by defining
an initial perturbation vector {X;};, which is formed by perturbing just one element of {Xt}
at a time. Specifically, if an i-element of {X;} is affected by a factor &, the perturbing vector
{Xr}; is calculated by using,

{X1}i = (X1}i + (&){e} (3.76)

The elements of the vector {e} of (3.76) are null, except the row that correspond to the i-
element which has a value of 1.0. The variable ¢ is defined by a small value, i.e. 1x10°. The
perturbation vector {X7}; is used to perform an integrating process along a period, in order to
derive a new vector defined by {X r},- After deriving the vector X r},» the elements of the i-

column of the matrix [@7] can be calculated by using,

(@7} = ((Xr),~ X)) (3.77)

The calculating process is repeated for all the variables contained in {Xr}, in order to
obtain all the columns of [@1]. The Figure 3.1 shows the calculating process of the ND
method. It can be seen the details of how the columns of [ @7] are calculated.
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Figure 3.1. Calculating process of the Newton method using ND approach

Further details about the Newton and the ND method can be found in (Semlyen and
Medina 1995). Summarizing, the expressions that permits to perform the integrating process,
by using the Euler, Backwards Euler and the Runge Kutta method, can be seen in the
expressions (3.78), (3.79) and (3.80), respectively.

X1} e+ar = @O[Gr] Y ({Fr}p — (K7l X1} ) + X1l (3.78)
-1

Kro = (K1 +58) (P + S8 (X} v (3.79)

Xrderae = Krdo + ¢ ((kur} + 20kz0) + 2{ks ) + {Ka)) (3.80)

Further details about the main features of these methods are given in Appendix B of this
thesis.

3.3.2 Frequency domain solution

The equation (3.53) can be solved in the frequency domain if it is considered that the
source excitations contained in {Ft} are sinusoidal and the materials are linear (Bastos 2003),
(Shen et al. 1985),
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{FT(t)} = {Fg; cos(wt + B;)} (3.81)

The vector {Fr(t)} is formed by each current or voltage source Fsi, and fsi represents the
phase angle of each source. If the complex notation j = v—1 is used, (3.81) can be redefined
by,

{Fr(t)} = Re({F e/ ™*Bs}) (3.82)

Where w is the angular velocity; the system response to this excitation voltage is also in
sinusoidal steady state and out of phase. With (3.53), the system response {Xt(t)} is (Bastos
2003),

{Xr(t)} = Re({X e/ WtHas}) (3.83)

Where asi 1s the phase angle of each vector’s component Xsi. Taking into account (3.82) and
(3.83), the solution of (3.53) can be defined by,

[Kr](Xie/tei%i} + [Gr] = (X ;e eisi} = (F e/ tiPsiy (3.84)

If the term with derivative respect to t is developed in (3.84), it yields (Shen et al. 1985),
(Bastos 2003),

[Kr){Xsi€/%i} + jwlGr]{X s/} = {FyielPsi} (3.85)
The equation (3.85) can be written using,

((K7] + j@2rf)6r]){Xr} = {Fr} (3.80)
Where the excitation vector {F7} is defined by (Bastos 2003),

{Fr} = {Fr(e/P1)} (3.87)

After solving for {X}, the components of this vector are,
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{Xr} = {X5i€/%1} (3.88)

The vector {X;} contain each magnitude Xsi and angle phase asi. It is possible to express
(3.86) in a simpler way using,

[Ar]{X7} = {br} (3.89)

The equation (3.89) will be named as reduced equation, since it is of lesser order than the
original expression from which it was derived. The expression (3.86) has a preprocessing
step, where their matrices are formed by a finite element analysis in order to get a FEM
equation; and by a calculating step, in which the solution of (3.89) is obtained in the
frequency domain using the LU method.

3.3.2.1 Preprocessing step

The preprocessing step consists on deriving submatrices and subvectors from the final
matrices and vectors obtained from the conventional FEM equation, in order to calculate the
matrices of the reduced equation. The preprocessing step of a conventional FEM equation
was covered in Chapter 2; it is shown in flowchart of Figure 3.2.

I. Reading Finite Element
and conductor Information

:,I.
I, Calculating FEM Arrays
of the i-Finite Element
FEM Matrixes FEM Vector

=i+l | K. G, v F,

i ll. Assembling FEM Arrays

No i=fina
nodo?
Boundary -
Conditions -
IV. Applying boundary
conditions
Vector
Current J’
V. Deriving Final FEM
arrays
FEM Arrays

K[mxm], G [mxm], F{m}

L

Figure 3.2. Preprocessing step of the conventional FEM equation
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The preprocessing step of the reduced equation consists on performing the operations
required to calculate the matrices and vectors of (3.89). The preprocessing step of the
reduced equation can be seen in Figure 3.3.

l. Preprocessing stage of
conventional FEM

equation
Subvectors| | 11 Deriving submatrices | | Submatrices
A, F & vectors Ki1,K12, K31 . Ka2
— Gil- GlZ

L J

II1. Calculating Matrices | | [Kr] = K11 —Ki2K5'Kzq
and vectors of Reduced

[Gr] = Gy —K19K53' Gy

Solution
(K7l [Gr ) {Fr) (Fr}=F _K12K2_21F2
FEM Arrays
Kr[nzxn], Gr[nxn], Fr{n}

L

Figure 3.3. Preprocessing step of the reduced FEM equation

Further details about how the matrices K1, Gt and the vector F1 were calculated can be
consulted in the Section 3.2 of this thesis.

3.3.2.2 Calculating step

Once the matrices and the vector of the reduced equation are computed, it is possible to
obtain its solution in the frequency domain. The process of calculating the solution of the
equation is named calculating step. It can be seen that the reduced equation can be solved by
using the LU method. The first step consists on performing a decomposition of the matrix
[A1] into two matrices [Lt] and [UT], respectively, i.e.

[A7] = [Lr][U7] (3.90)

After having matrices [Lt] and [Ur], the solution of [At]{Xt}={bt} can be achieved
through triangular decomposition LU; and thus, the reduced FEM equation can be solved.

The calculating process of the reduced FEM matrix equations and some steps of the
preprocessing step can be implemented by parallel computing. This will be explained next.

3.3.2.3 Parallel computing using the LU method

Although the reduced equation derived by the methodology can reduce the computation
time since it is a lower order matrix equation; the solution in the frequency domain can be
still difficult to obtain, since a large computing time to obtain the solution is still necessary.
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It is possible to overcome this situation by using the CUDA parallel computing platform.
This platform enables to solve the reduced equation in an easier way, using the routines
already included in the CUBLAS library. Further details about the CUDA platform and the
routines of the CUBLAS library can be consulted in (NVIDIA 2012), (CUDA toolkit 5.0
2014).

In this investigation, several stages of the preprocessing step were performed in the CUDA
platform, using the routines of the CUBLAS library. Moreover, most of steps of the
calculating step can be performed by parallel computing. These two actions permit to derive
a significant time reduction of the computing time to solve the reduced equation in the
frequency domain

3.3.2.3.1 Preprocessing steps implemented by a parallel computing

The preprocessing step can be implemented using parallel programming. Specifically, the
matrix-matrix operations that calculate the matrices [Kr], [Gt] can be executed with parallel
computing using the CUBLAS routine cublasSgemm (CUDA toolkit 5.0 2014). The matrix-
vector operations that calculate the vector {Fr} can be also performed with parallel
computing using the CUBLAS routine cublasSgemv (CUDA toolkit 5.0 2014).The
operations correspond to the stage III of the preprocessing step of the reduced equation. The
preprocessing step of the reduced equation is shown in Figure 3.4.

|. Preprocessing stage of
conventional FEM
equation

v

IL Deriving submatrices
& vectors

h 4

— -1 . -
[Kr] = Ki —K12K7 Koy [IL Calculating Matrices
and vectors of Reduced

Use of CUBLAS routines
- cublasSgemm —»

[67] = Gy —Ki2K573' 6o Matrix-matrixproduct-sum

Solution - cublasSgernm —
[Fr} = F, =K, K;;'F, (Kr]. [Gr)AFr} Matrix-vector Preduct-sum
FEM Arrays

Kg[nxn), Gr[nxn), Fr{n}

L

Figure 3.4 Preprocessing step of the proposed FEM equation

It is important to mention that stages I and II of the preprocessing step, which correspond
to the determination of submatrices and vectors, are implemented using sequential
computation. Parallel computing of stages I and II was implemented, however, no time
reduction was achieved. It was not possible to get a time reduction, since the parallel
computing of each finite element requires receiving and sending information to GPU'’s,
which involved computing time. Because of this, the parallel computing of the stages I and
II requires more time than the required for the sequential computing.
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3.3.2.3.2 Calculating steps implemented by a parallel computing

Once the matrix [A7] and vector {bt} have been derived by the preprocessing step, the
solution of [Ar]{Xr}={br} by the calculating step can be obtained. The calculating step
consists on first performing a LU decomposition to obtain the matrices [Lt] and [Ur]; after
having these matrices the vector solution {Xr} is calculated. Parallel processing is applied
for the LU decomposition process.

3.3.2.3.2.1 CUBLAS decomposition LU

The decomposition process implies to calculate the pivot located in the main diagonal of
[Ar]. This pivot is used to multiply the elements of the next rows, in order to form the
triangular matrix [Lt]. Finally, a Gauss eliminating process to form the matrix [Ut] will be

performed. Figure 3.5 shows the decomposition process implemented by parallel computing
in CUBLAS.

Matrix [A;]
.| To be
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rrow

p e Arr.r]

h 4
2. Modifying i+1 rows
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Next row

r ¥

3. Modifying i+1 rows
{i,2) and columns {f} of [U]
using the Gauss
elimination

1

Urlif. ] = A7 (L0 — (0 DAr[ 7]

Total Yes [Ar] = [L]r] [UT]

rows?

Figure 3.5 LU decomposition process implemented in CUBLAS

The CUBLAS routines used for the parallel computation ot the LU decomposition
correspond to matrices and vectors composed of single precission complex numbers
(NVIDIA 2012). Once the matrix [Ar] is decomposed into the matrices [Lt] and [Ur], the
equation [A7][{Xr} = {br} can be solved.

3.3.2.3.2.2 Final solution of equation using CUBLAS

The vector solution { X7} can be calculated by solving the following equations using the
CUBLAS computing platform,
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[Lr){Y7} = {br} (3.91)
[Ur]{X7} = {Y7} (3.92)

The expression shown in (3.91) is solved by using the CUBLAS routine cublasCstrv,
specifying that the equation to be solved corresponds to a triangular matrix stored in lower
mode (NVIDIA 2012); while the expression (3.92) is also solved using the CUBLAS routine
cublasCstrv, but specifying that the equation to be solved corresponds to a triangular matrix
stored in upper mode (NVIDIA 2012).

It can be seen that the solution of the complex equation [Ar]{x;} = {br} can be easily
derived by implementing the LU method using parallel computing in CUBLAS. The results
and the performance of this method of solution will be described in the next chapter.

3.4 Comparison between the conventional and the proposed
method

The main characteristics of the FEM field equation and the FEM-circuit coupled equation
have been explained in Section 3.2. The main features of the equation proposed by the
methodology of Section 3.3 has been also covered. However, it is convenient to compare
both approaches in order to discuss their main advantages and disadvantages. In this section
a general comparison between the approaches will be explained; after that a comparison of
their solution in the time domain and in the frequency domain will be explained.

3.4.1. General aspects

3.4.1.1 FEM field equation with voltages or currents known

For this case, the conventional differential equation permits to directly calculate the
magnetic vector potentials of the conductor and the non-conductor regions, when the
voltages or currents are known. After having the magnetic vector potentials, the equation
(3.25) can be used to calculate the voltages or currents. However, it is necessary to calculate
all the magnetic vector potentials, in order to derive the voltages or currents.

The equation derived from the methodology, permits to directly calculate the magnetic
vector potentials of the conductor region using a lower order equation. Moreover, the same
numbering criteria to reformulate the equation (3.25) that relates the magnetic vector
potentials, the voltage and currents can be used; in order to get a reduced order expression to
calculate the currents or voltages in a faster way. The magnetic vector potentials of the non-
conductor regions can be calculated using (3.20).

3.4.1.2 FEM-circuit coupled equation

For this case, the FEM-circuit coupled equation permits to directly calculate the magnetic
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vector potentials of the conductor and the non-conductor regions. Thus, the equation requires
that all the time varying variables (magnetic vector potentials of the conductor region and
currents) and the autonomous variables (magnetic vector potentials of the non-conductor
region and voltages); need be calculated at the same time.

Moreover, the reduced equation permits to directly calculate the time varying variables,
i.e. the magnetic vector potentials of the conductor region and the conductors’ currents. Thus,
it is not necessary to calculate the magnetic vector potentials of the non-conductor regions
and the voltages. However, these variables can be calculated using (3.25) that relates the
magnetic vector potentials with the conductors’ voltages and currents. Nevertheless, in order
to calculate the matrices and vectors of the equations, several matrix-vector operations are
necessary to be performed and this can lead to a considerable computation effort.

A comparison between the solution in the time and the frequency domain of the
conventional and the proposed approaches will be explained next.

3.4.2 Comparison in the time domain

Both the conventional and the reduced FEM equation, can be solved in the time domain,
using the Euler, Backwards Euler, Runge Kutta and the Newton methods. This will be
discussed next.

3.4.2.1 Euler method

The solution in the time domain of the original FEM equation, using the Euler method is
given by,

{X}t+at = @AO[G1 ' ({F} ) — [K1{X} ) + (X3(p) (3.93)

The equation (3.93) cannot be solved in an accurate way because the matrix inversion of
[G] cannot be achieved since the matrix has null elements along the main diagonal. Thus, it
is not possible to get an accurate solution using (3.93).

For the case of the reduced equation, an accurate solution using the Euler method cannot
also be obtained, but an approximate solution can be derived using,

X1} rar = @O[Gr] Y ({Fr}p — (K7l X1} ) + X1l (3.94)

The Euler method can be only used in an approximate way in the reduced equation, since
this expression has been derived from an equation that cannot be accurately solved by the
Euler method. Nevertheless, the reduced equation is of lower order and can directly solve the
time varying variables included in (3.93).

79



3.4.2.2 Backwards Euler method

The solution in the time domain of the original FEM equation, using the Backwards Euler
method is given by,

G]

X} = ([K] + [A—t)_l ({F}(t) + %{X}(t—m)) (3.95)

While the solution of the reduced equation by the Backwards Euler method is defined by

-1
Kre = (Kr1 +55)  ((Frde + S Xr)-ao)) (3.96)

Equations (3.95) and (3.96) are almost identical. The solution obtained in the time domain
is accurate, since an approximate equation to get a solution has not been used. The matrix to
be inverted for the case of the conventional expression is defined by the sum of [K] and (AT
Y[G]; and for the case of the reduced equation by the sum of matrices[Kr] and UTH[GT].
The main difference between the conventional and the reduced expression is the order of the
matrix equation to be solved.

3.4.2.3 Runge Kutta method

The solution in the time domain of the original FEM equation using the Runge-Kutta
method is obtained as,

K erary = Ko + 5 ({ka} + 2{kz} + 2{ks} + {kar}) (3.97)

Equation (3.97) cannot be accurately solved in an accurate, since the matrix inversion of
[G] involves the inversion of an ill-conditioned matrix. Although it is possible to use an
approximation of (3.97), it is also still necessary to derive all the magnetic vector potentials
at the same time.

For the case of the reduced order equation, its approximate solution in the time domain
using the Runge Kutta method is quite similar to (3.97), i.e.

Xrderan = Ky + ¢ ((kar) + 2(kar) + 2(ka ) + {Kag)) (3.98)

The equation (3.97) and (3.98) are almost identical. However, the method can be only
used in an approximate way in the reduced equation, since this one has been derived from an
expression that cannot be accurately solved by the Runge Kutta method. Nevertheless, the
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equation derived by the methodology is of lesser order and its solution in the time domain
can be rapidly achieved.

3.4.2.4 Newton method based on Poincaré map and extrapolation to the limit
cycle

The solution in the time domain of the original FEM equation using the Newton method
based on Poincaré map and extrapolation to the limit cycle is defined by,

X} =X} + T - (p)_l({X}HAt — {X}t+a0) (3.99)
While the solution of the reduced equation using the Newton method is given by,

{X1}oo = {Xr}e + Uy — ) (X1} esae — (X1}e4a0) (3.100)

The difference between (3.99) and (3.100) relies on the order of the matrix equation to be
solved. The Newton method used in this investigation, consider that the matrix @ will be
calculated using the ND method (Semlyen and Medina 1995). The ND method requires to
integrate along a period of time, or Base Cycle, using the Euler, Backwards Euler or the
Runge Kutta method. The precision of the Newton methods would depend of the accuracy
of these methods and the step size selected. While the Backwards Euler provides an excellent
solution, the Euler and the Runge Kutta provide an approximate solution in the time domain.

3.4.2.5 Summary of the time domain comparison

The reduced equation can be solved in the time domain using several methods. The
equation can provide a good solution when the Backwards Euler is used. On the other hand,
the Euler and the Runge Kutta can be used to get an approximate solution. The equation can
be also solved using the Newton method described in the previous section. The solution of
the time domain can be easily achieved using the equation derived by the methodology,
although it is necessary to perform several matrix operation in order to derive it; these
matrices and vector are required to be calculated only once, therefore, it can be provide a
faster time domain solution.

3.4.3 Comparison in the frequency domain

The solution of a conventional FEM equation in the frequency domain is defined by,

([K] +jrpI6D{X} = {F} (3.101)
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While the solution of the equation derived by the methodology is given by,
([K7] +j2r)[6r){Xr} = {Fr} (3.102)

The equations (3.101) and (3.102) are quite similar. The main difference between them is
the order of the matrix equation to be solved. The solution of both equation requires of
solving an equation of the form Ax=Db. Although the reduced equation is of lower order, it is
necessary to perform additional matrix operations in order to obtain its matrices and vectors.

3.4.3.1 Summary of the frequency domain comparison

The equation derived by the proposed methodology requires of several matrix operations
in order to obtain the respective matrices and vectors. This calculating process requires of an
additional computing time. Because of this, the reduced equation cannot always represent a
better method of solution in the frequency domain. However if an analysis is performed
which involves several calculations in the frequency domain, the method can represent an
excellent way of solution. This will be shown in the case studies discussed in the next chapter
of this thesis.

3.5 Conclusions

In this chapter, a methodology, which permits to derive a reduced equation expressed in
terms of time varying variables of a FEM field or a FEM-circuit coupled equation has been
presented.

Although these FEM equations were widely covered in Chapter 2, a summary of the most
important features of these equations has been included, in order to get a quick understanding
of them.

The proposed methodology consists on perform a renumbering of the magnetic vector
potentials of the FEM equation; this permits to derive an equivalent expression. Using this
equation and performing a rearrangement of its variables along several matrix-vector
operations; permits to get a reduced equation of lower order, which can be solved in the
frequency and the time domain.

The solution in the time domain can be performed using several methods, i.e. Euler,
Backwards Euler and the Runge Kutta method. The Newton method based on Poincaré map
and extrapolation to the limit cycle can be used. These methods have their own advantages
or disadvantages when they are used to get a solution in the time domain.

Moreover, the equation derived can be solved in the frequency domain. Although the
solution of the frequency domain can be easy to derive, it can involve the solution of a large
matrix equation. This can be overcome by using a LU method, implemented in a parallel
computing platform. The use of the CUDA and the routines used in the CUBLAS library
were covered and performed in this investigation. They offer an excellent choice of
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implementing the LU method. The use of a LU decomposition method implemented in
CUBLAS, which permits to solve an equation in the frequency domain using parallel
computing has been proposed.

Although the reduced equation is of lower order, it is necessary to perform several matrix
operations in order to derive the components which form the expression. Because of this, the
solution in the frequency or the time domain may require of additional computing time. This
will depend of the problem to be solved. This will be discussed in the Chapter 5, where
several case studies will be presented.

83



4 Proposed sequential and parallel
routines used in the methodology

4.1 Introduction

In this chapter, how the FEM equations of this investigation were performed using
sequential and the parallel computing platforms will be detailed. The FEM equations are
derived from finite element analysis which can be simplified by a planar or an axisymmetric
symmetry assumption. As a first step, how the conventional FEM equations were solved
using sequential computing will be explained. Besides, the solution of these equations using
the CUBLAS parallel computing platform will be explained. After that, how the equations
derived from the proposed methodology are solved using the sequential and parallel
computing platforms will be described. Three stages in the implementation of conventional
and the equation derived from the methodology can be recognized:

1. Preprocessing FEM Stage. All the devices are modeled using the FEM software ANSYSS.
Thus, this stage consists on modeling the geometry of the device, by entering the
magnetic and electric properties, by assigning the boundary conditions; and finally, by
performing the geometry meshing. After doing all this, it is possible to generate the
information of the finite elements, specifically, the element numbers, the nodes and the
electric and magnetic properties.

2. Preprocessing Stage. This stage consists on deriving the FEM matrices and vectors by
performing a finite element analysis. The information provided by the Preprocessing
FEM Stage will be used. The final goal of this stage is to generate the FEM matrix
equation.

3. Calculating process. This stage consists on solving the FEM equation, either in the
frequency or in the time domain.

The stages that correspond to conventional FEM equations and to equations derived from
the proposed methodology will be detailed next.

4.2 Conventional FEM equations
4.2.1 Preprocessing FEM stage

The preprocessing FEM stage consists on first modeling the geometry of the device, i.e.
the keypoints, elements and areas. Then, the magnetic and electric properties of the different
sections will be set up. With the geometry model finished, it is possible to perform a meshing
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to perform a partition of the device domain in small finite elements. For the case of
conventional FEM equations, the automatic meshing functions of ANSY'S are used. The next
step consists on introducing the boundary conditions; since 2D finite element analysis is
considered, it is only necessary to set the Dirichlet boundary conditions. With all this
information, it is possible to generate three data file: the Element Data File that contains the
elements, their nodes and the electric and magnetic properties; the Nodes Data File that
contains the coordinates of each node the geometry modeled; and finally, the Boundary
Conditions Data File that contains the boundary conditions. The Preprocessing FEM stage
is shown in Figure 4.1
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Figure 4.1 Preprocessing FEM stage of a conventional FEM equation performed by ANSYS

With the information of elements and nodes contained in the data files derived from the
Preprocessing FEM stage; it is possible to derive the FEM matrices and vectors of each finite
element. These will correspond to three specific FEM expressions: a FEM field equation with
voltages or currents known, and a FEM-circuit coupled equation.

4.2.1.1 FEM field equation with voltages known

If a device with voltages known is modeled, it is possible to derive the FEM matrices and
vectors using the element and node information included in the data files of the preprocessing
FEM stage. The matrices and vectors can be calculated using a finite element analysis which
considers a planar or an axisymmetric symmetry. The different steps that lead to derive a
FEM field equation with voltages known is shown in Figure 4.2. The platforms that allow to
derive each specific step shown in Figure 2 are indicated in Table 4.1.
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1. Preprocessing FEM Stage of
Ordinary FEM Equations
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Figure 4.2. Preprocessing stage of a FEM field equation with voltages known

TABLE 4.1. ROUTINES AND PLATFORMS USED IN THE PREPROCESSING STAGE OF A FEM FIELD
EQUATION WITH VOLTAGES KNOWN

. MATLAB GSL
Operation Performed Platform Platform
1. Preprocessing FEM Stage ANSYS
2. Reading information of ANSYS/Windows XP

preprocessing FEM stage

3. Calculating the FEM matrix &
vector of the i-finite element

4. Assembling FEM matrices &
vectors Matlab own-routines
5. Applying boundary conditions
and deriving final matrices and
vectors of the FEM expression

C own-routines

gsl_matrix_set
gsl_vector_set

4.2.1.2 FEM field equation with currents known

The preprocessing FEM stage explained in the Section 4.2.1, also permit to derive the
FEM matrices and vectors of a device with currents known. For this case, it has also been
used a finite element analysis which considers a planar or an axisymmetric symmetry
assumption. The matrices and vectors are also obtained, by considering the node and element
information; but this preprocessing FEM stage is different. It consists on deriving the
matrices and vectors of a FEM coupled equation, which models a device with currents
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known. The FEM coupled equation is formed by a FEM field expression with voltage as the
forcing function; and by the FEM expression that relates the voltage, current and magnetic
vector potentials of the device. Thus, on this preprocessing stage, the matrices and vectors
of these two FEM expressions are calculated; and finally, they are used to derive the matrices
and vector of the FEM coupled equation.

Figure 4.3 shows the different steps that lead to derive a FEM equation with currents
known, while the platforms and routines that allow each specific step of Figure 4.3 are shown
in Table 4.2. It can be seen that it is necessary to use the preprocessing stage shown in Figure
4.2.

1. Preprocessing stage of a FEM Symmetry | {f;bmer
field equation with voltages

known
{See figure 4.2) Symmetry {{fp}mxl

Planar { [$2)mns [Telmem

Conductor’s

Matrixes [4,] 3

»| 2. Forming FEM Coupled Equation

2.1 Plonar Symmetry

Conductor’s Current [ 2.2 Axisymmetric Symmetry
Vector {f} l

d
[Kx]{xx} + [Gx] d_t{xx} = {F.\'}

Figure 4.3. Preprocessing stage of a FEM field equation with currents known

TABLE 4.2. ROUTINES AND PLATFORMS USED IN THE PREPROCESSING STAGE OF A FEM FIELD
EQUATION WITH CURRENTS KNOWN

. MATLAB GSL
Operation Performed Platform Platform
1. Preprocessing FEM stage of a
FEM equation with voltages known See Table 4.1 See Table 4.1
2. Forming FEM coupled equation Matlab own-routines C own-routines

4.2.1.3 FEM circuit coupled equation

If a device using a FEM-circuit coupled equation is modeled, the preprocessing FEM
stage covered in Section 4.2.1, also permits to derive the FEM matrices and vectors. These
matrices and vectors are also derived by a finite element analysis, which considers a planar
or axisymmetric symmetry assumption.

The FEM-circuit coupled expression is formed by a FEM-field equation with voltages as
the forcing function; by the FEM equation that relates voltage and currents with the magnetic
vector potentials; and finally, by a voltage-current equation. On this preprocessing stage, the
matrices and vectors of these three expressions are calculated in order to derive the FEM-
circuit coupled equation. The different steps that lead to derive the preprocessing stage of a
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FEM-circuit coupled equation are shown in Figure 4.4, while the platforms and routines that
allow each specific step are given in Table 4.3. It can be seen that it is necessary to use the
preprocessing stage shown in Figure 4.3.

1. Preprocessing stage of a FEM
field equation with currents

1
! 1
! 1
! 1
! 1
: :
| known !
E {See figure 4.3} ‘

1
E Conductor's it E
i Matrixes [4,] | 2. Forming FEM-circuit Coupled 1
: Equation E
: 2.1 Planar Symmetry '
' Voltage Current | 2.2 Axisymmetric Symmetry ‘
' Equation '
l :
! 1
! 1

d{I
RI3+ L5 + 03 = 3

(KX, + 16, 50,0 = ()

Figure 4.4. Preprocessing stage of a FEM-circuit coupled equation

TABLE 4.3. ROUTINES AND PLATFORMS USED IN THE PREPROCESSING STAGE OF FEM-CIRCUIT
COUPLED EQUATION

. MATLAB GSL
Operation Performed Platform Platform
1. Preprocessing FEM Stage of a
FEM equation with currents known See Table 4.2 See Table 4.2
2. Forming the FEM'C'rCU't Matlab own-routines C own-routines
coupled Equation

Summarizing, the preprocessing stage permits to derive all the FEM equations described
in the Sections 4.2.1.1, 4.2.1.2 and 4.2.1.3. The FEM equations can be solved either in the
frequency and the time domain. The process of solving the FEM equation is named
calculating stage and will be explained next.

4.2.2. Calculating stage

The preprocessing stage permits to obtain a FEM field equation with voltages or currents
known, and a FEM-circuit coupled equation. These equations can be represented in a general
form as,

[K]{X} + - [G1(X} = {f} (4.1)
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The expression (4.1) can be solved in the frequency and in the time domain. Specific
details on the solution methods can be consulted in Appendix B.

4.2.2.1 Solution in the frequency domain
If (4.1) is solved in the frequency domain, it has the form,

(K1 +jzrAHIED{X} = {f} (4.2)

Moreover, (4.2) can be represented in a simpler way using,

[A]{X} = (b} (4.3)

The Equation (4.3) can be solved in the frequency domain using the LU decomposition
method. The LU method can be solved using sequential and parallel computing platforms.
For the case of a sequential solution, the Matlab (MATLAB 2010) and the GSL (GNU
Scientific Library 2013) platforms were used. For the case of a parallel solution, the
CUBLAS platform was used (NVIDIA 2012), (Barrachina et al. 2008), (CUDA toolkit 5.0
2014). The method is concisely illustrated by Figure 4.5. Further details of the parallel and
the sequential implementation of the LU method can be consulted in Chapter 3. All the
routines used by each platform are given in Table 4.4.

LU Decomposition

[A](7} = {E} 1. Defining C[;Tplex Matrix

(4] = [£] + jw[6]

¥

2. Calculating pivot ponr
row

r

3. Modifying i+ rows {i,})

- -Final Solution using LU____

and columns {r] of [£] using E i

Next row pivet p ! 6. Solving Matrix Equation !
: : V)% = (5) :
3 - 1 1
] T :

4, Modifying i+I rows {i%) i 1

. . ! 1

and columns () of (U] using ! | . sohing MatrixEquation | |

Gauss efimination ! [L1{ = (B} !

] 1

] 1

NOAN

rows? Yes

Figure 4.5 Calculating process for the conventional FEM equations in the frequency domain
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TABLE 4.4. ROUTINES AND PLATFORMS USED IN THE FREQUENCY DOMAIN SOLUTION OF A
CONVENTIONAL FEM EQUATION

MATLAB GSL CUBLAS
Method Operation Performed Platform Platform Platform
Routine used Routine used Routine used
1.Defining matrix complex [A] MatLab Routine gsl_matrix_set Cublas Routine
LU 2. Calculating pivot p on r-row cuCdivf
decomp 3. Modifying rows & columns sl linala comole cublasCscal
[Al= of [L] using pivot p NA g « LU ggcomg
[LI[U] | 4. Modifying rows & columns - = cublasCaeru
of [U] using Gauss Elimination g
5. Solving the 1% Matrix
Final equation cublasCtsv
solution [LI{Y} = (b} linsolve gsl_linalg_comple
[AI{X} = | 6. Solving the 2™ matrix x_LU_solve
{b} | equation cublasCtsv
[UT{X} = {Y}
4.2.2.2 Solution in the time domain
The equation shown in (4.1) can be represented in a different way using,
d
(612X} = {f} - [K]{X} (4.4)

It is possible to solve the expression shown in (4.4) in time domain, using the Backwards
Euler method. It gives,

(1K1 + ) (X)) = (FYe-ae) + (A0 [61{X}-a0)

Moreover, (4.5) can be represented in a general form, i.e.

[A]l({X} o) = {B}e-a0)

Where the matrix [A] and the vector {b}q4t) are given by,

[Al = (1K1 +2)

{b}(t—At) = {F}(t—At) + (At)_l[G]{X}(t—At)

(4.5)

(4.6)

4.7)

(4.8)
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It is possible to solve (4.6) using the LU decomposition method. For the particular case of
the time domain solution, a sequential computing platform will be used. Specifically, the
Matlab (MATLAB 2010) and the GSL (GNU Scientific Library 2013) platforms were used.
The routines used by these platforms are listed in Table 4.5.

TABLE 4.5. ROUTINES AND PLATFORMS USED IN THE TIME DOMAIN SOLUTION OF A CONVENTIONAL
FEM EQUATION USING THE BACKWARDS EULER METHOD

Method Operation performed MATLAB platform GSL platform
Routine used Routine used
1.Defining matrix complex [Alw MatLab Routine gsl_matrix_set
LU 2. Calculating pivot p on r-row
Decomposition 3. Modifying rows & columns of ;
[Aly= [L] using pivot p NA gsl_linalg_complex_LU_d

[Llo[Uly | 4. Modifying rows & columns of ecomp

[U] using Gauss elimination

5. Solving the 1% Matrix

Equation

Final Solution [L1o{Y }t-2t) = {b}t-ap)

[A]“){X}{(Z); 6. Solving the 2" Matrix
(=4 | Equation

(Ul i3 t-26) = (Y }ee-a0)

gsl_linalg_complex_LU_s
olve

linsolve

4.3 Proposed methodology
4.3.1 Preprocessing FEM Stage

The preprocessing FEM stage of the methodology consists on first modeling the geometry
of the device. Specifically, it models the keypoints, elements and areas that form the
geometry of the device. After that, the magnetic and electric properties are set up. With the
geometry modeled, it is possible to perform a meshing, that allows a partition of the domain
in small finite elements.

For the specific case of the proposed methodology, it is necessary to perform the meshing
in the conductors of the device first. Thus, each conductor will be consecutively meshed.
After having meshed the conductors, this process is performed for the other parts of the
geometry. It is important to take into account the number of nodes that correspond to the
conductor region, and the number of nodes that correspond to the non-conductor region. The
number of nodes of the conductor region is nnodeC, while the number of nodes of the non-
conductor region is nnode-nnodeC, where nnode is the total node numbers of the geometry.
Using these node numbers, it is possible to perform the proposed methodology, which
consists on deriving a reduced FEM equation.

After having performed the meshing process, the boundary conditions of the device is set
up. Since a 2D finite element analysis is considered, it is only necessary to set the Dirichlet
boundary conditions. With all this information, it is also possible to generate three data file:
the Element Data File that contains the elements, their nodes and the electric and magnetic
properties; the Nodes Data File that contains the coordinates of each node of the device; and
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finally, the Boundary Conditions Data File that contains the Dirichlet boundary conditions.
The Preprocessing FEM stage of the proposed methodology is shown in Figure 6.

1.1. Generate Geometry of the
Device

J' 1.2.1 Megnetic Properties
Ha Hr

1.2. Enter Material’s Praperties 1.2.2 Electric Properties

o

3 1.3.1 Planar A{xy)SB.C.
1.3. Enter Dirichlet Boundary Symmetry

Conditions 1.3.2Axisym._) o (r.7)-58.C
l Symmetry
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1
1
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1.5. Meshing of the non-conductor
Region
' ‘
I Element Data File Nodes Data File | | Boundary Cond Data File
nelem nnode, nnodeC numnodZ
Element{nelemxs] Nodes[nhodex5] BoundinumnodZx2]
e

Figure 4.6. Preprocessing FEM stage of the proposed methodology using ANSY'S

4.3.1.1 FEM field equation with voltages known

The proposed methodology permit to derive a reduced FEM equation, from a FEM field
equation with voltages known. The preprocessing FEM stage which permit to derive the
matrices and vector of the FEM field equation with voltages known, was previously covered
in Section 4.2.1.1.

The preprocessing stage of the reduced equation, consists on deriving its FEM matrices
and vectors; specifically it is used a calculating process, which takes into account the node
number of the conductor and the non-conductor regions of the FEM field equation. The
different necessary steps to perform the preprocessing stage of the proposed methodology,
in a FEM field equation with voltages known; are shown in Figure 4.7. The platforms to
derive each specific step shown in Figure 4.7 are listed in Table 4.6.
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Figure 4.7. Preprocessing stage of the methodology applied to a FEM-field equation with voltages known

TABLE 4.6. ROUTINES AND PLATFORMS USED IN THE PREPROCESSING STAGE OF THE PROPOSED
METHOD FOR A FEM-FIELD EQUATION WITH VOLTAGES KNOWN |

. MATLAB GSL CUBLAS
Operation Performed
platform platform platform
1. Preprocessing FEM Stage ANSYS

2. Reading information of
preprocessing FEM stage

3. Calculating the FEM matrix &
vector of the i-finite element

4. Assembling FEM matrices & vectors

C own-routines

5. Applying boundary conditions

Matlab own-routines

6. Deriving FEM arrays of the FEM
field equation with voltages known

7. Deriving submatrices & subvectors

gsl_matrix_set
gsl_vector_set

gsl_matrix_get, gsl_vector_get
gsl_matrix_set, gsl_vector_set

8. Deriving final matrices & vectors of
the proposed method

Matlab standard
matrix routines

gsl_blas_dgemm
gsl_blas_dgmev
gsl_linalg_LU_solve
1

cublasSgemm,
cublasSgemv
cublasSger?
cublasStrsm?!

! These routines are used to calculate the matrix inversion shown in Figure 4.7.
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4.3.1.2 FEM field equation with currents known

It is also possible to use the proposed methodology, to derive a reduced equation from a
FEM field equation with currents known. The preprocessing FEM stage of this FEM field
equation was covered in Section 4.2.1.2.

For this case, the preprocessing FEM stage of the reduced equation can also be derived
by the calculating process, which takes into account the nodes of the conductor and the non-
conductor regions of the FEM coupled equation. The different necessary steps to perform the
proposed methodology in a FEM field equation with currents known, are shown in Figure
4.8. The platforms to derive each specific step shown in Figure 4.8 are listed in Table 4.7. It
can be seen that it is necessary to use the preprocessing stage shown in Figure 4.7.

Conductor's
Matrixes [A,]

1. Deriving FEM arrays of the FEM
equation with voltages known

(See figure 4.7)

Derlving

|

FEM arrays of
FEM equation

Conductor’s

2. Forming FEM Coupled Equation

with currents
known

Current Vector

h 4

[K,JEX:) + (6]

X3={F}

-

3. Deriving submatrixes &

subvectors

[ (K101 [Kizx) [Ro2). [Gr1.c], [G2a.x)

b

JRGRR!

4. Deriving final matrixes and vectors of

proposed method
4.1 Pignar Symmetry

4.2 Axisyrmmetric Symmetry

[ [Kr) = [Kaax] — [Kizx)[K22x) " [Ka14]
[G'rx] = [Gu.x] - [Klz.x] [Kzzx]-l[qu]
L {Frx}={Fix} - [Klz.t][Kzz.t]_l{sz}

(K + [6r.0) 5 ) = (P

Figure 4.8. Preprocessing stage of the methodology applied to a FEM-field equation with currents known

TABLE 4.7. ROUTINES AND PLATFORMS USED IN THE PREPROCESSING STAGE OF THE PROPOSED
METHOD FOR A FEM-FIELD EQUATION WITH CURRENTS KNOWN

field equation with voltages known

Operation performed MATLAB GSL CUBLAS
i P platform platform platform
1. Deriving FEM arrays of the FEM See Table 4.6 See Table 4.6

2. Forming FEM coupled equation

Matlab own-routines

3. Deriving submatrices & subvectors

gsl_matrix_get, gsl_vector_get
gsl_matrix_set, gsl_vector_set

4. Deriving final matrices & vectors of
the proposed method

Matlab standard
matrix routines

gsl_linal_LU_solve!

cublasSgemm,
cublasSgemv
cublasSger?
cublasStrsm?!

gsl_blas_dgemm
gsl_blas_dgmev

Note. ! These routines are used to calculate the matrix inversion shown in Figure 4.8.
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4.3.1.3 FEM circuit coupled equation

For a device modeled using a FEM-circuit coupled equation, the FEM matrices and
vectors can be obtained using the element and node information provided by ANSYS. The
FEM-circuit coupled equation consists on a FEM field equation with voltages as the forcing
function; the FEM expression that relates the voltage, current and magnetic vector potentials;
and finally, a voltage-current equation.

The proposed methodology can be applied in order to get a reduced equation from a FEM-
circuit coupled equation. The preprocessing FEM stage of the reduced equation, uses the
calculating process based on the node numbers of the conductor and the non-conductor
regions. The different steps in which is based the proposed methodology is shown in Figure
4.9. Table 4.8 shown the platforms and routines used.

Conductor’s
Matrixes [A,]

Voltage-current
equation

d{}

[RI + L]~ + e} = {V}

1. Deriving FEM arrays of the FEM
equation with currents known
{Seefigure 4.8}

!

2. Forming FEM-Circuit Coupled
Equation

(KK + (6

X} = (R}

3. Deriving submatrixes &
subvectors

[ (K101 [Riz,c] [Koz) [Gaae ) [Gon]

¥

{Fix){Fox)

4. Deriving final matrixes and vectors of
proposed method
4.1 Planar Symmetry
4.2 Axisymmetric Symmetry

[ [Krel = [Kurz] = [Kizx)[Kaza) ™ [K212]
N [6r.4] = [Gaax] = [Kaz 21 [Ko2x] " [G222]
L {Fro) = (P} — [Kaox]) [(K22.x] " HEox)

[Ke.cl{Xes) + [61.0] s (X} = {Frs)

Figure 4.9. Preprocessing stage of the methodology applied to a FEM-circuit coupled equation

TABLE 4.8. ROUTINES AND PLATFORMS USED IN THE PREPROCESSING STAGE OF THE PROPOSED
METHOD FOR A FEM-CIRCUIT COUPLED EQUATION

field equation with currents known

Operation performed MATLAB GSL CUBLAS
P P platform platform platform
1. Deriving FEM arrays of the FEM See Table 4.6 See Table 4.6

2. Forming FEM coupled equation

3. Deriving submatrices & subvectors

Matlab own-routines

gsl_matrix_get, gsl_vector_get
gsl_matrix_set, gsl_vector_set

4. Deriving final matrices & vectors of
the proposed method

Matlab standard
matrix routines

gsl_blas_dgemm
gsl_blas_dgmev
gsl_linal_LU_solve!

cublasSgemm,
cublasSgemv
cublasSger?
cublasStrsm?

Note. ! These routines are used to calculate the matrix inversion shown in Figure 4.8.
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4.3.2. Calculating Stage

The proposed methodology represents an alternative of solution to a FEM field equation
with voltages or currents known, and a FEM-circuit coupled equation. Reduced expressions
from these FEM equations can be obtained, which can be represented in a general form
defined by,

[Kr)(Xr} + 5 [Grl{Xr} = (fr) (4.9)

The Equation (4.9) can be solved in the frequency and in the time domain. Specific details
on the solution methods can be consulted in Appendix B of this thesis.

4.3.2.1 Solution in the frequency domain
If (4.9) is solved in the frequency domain, it yields,

(K7l +j2r)[6rD{Xr} = {fr} (4.10)

Moreover, (4.10) can be represented in a simpler way using,

[A7]{Xr} = {br} (4.11)

The reduced equation (4.11) can also be solved in the frequency domain using the LU
decomposition method. The LU method can be solved using sequential and parallel
computing platforms. For the case of a sequential solution, the Matlab (MATLAB 2010) and
the GSL (GNU Scientific Library 2013) platforms were used. For the case of a parallel
solution, the CUBLAS platform was used (NVIDIA 2012), (Barrachina et al. 2008), (CUDA
toolkit 5.0 2014). The method is briefly shown in Figure 4.10. Further details of the parallel
and the sequential implementation of the LU method are given in Chapter 3. All the routines
used by each platform are indicated in Table 4.9.
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1} Decomposition

(Ar){#r} = thr)

1. Defining Complex Matrix
[47)

L 2
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[A7] = [K¥] + jwGr)
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row

Next row

3. Modifying rows and
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k
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TABLE 4.9.

No rows?

Figure 4.10. Calculating process of the proposed method in the frequency domain

Ath

- . Final Solution using LU

6. Solving Matrix Equation
[Url{%7} = (¥r}

5. Solving Matrix Equaticn

[Lr1{5r} = {Br}

i

Yes

[AT:I:[LT] [UT]

ROUTINES USED IN THE FREQUENCY DOMAIN SOLUTION OF THE REDUCED EQUATION
DERIVED FROM THE PROPOSED METHOD

MATLAB GSL CUBLAS
Method Operation performed Platform Platform Platform
Routine used Routine used Routine used
1.Defining matrix complex [Ar] MatLab Routine gsl_matrix_set Cublas Routine
LU 2. Calculating pivot p on r-row cuCdivf
decomp. 3. Modifying rows & columns of sl linala comole cublasCscal
[Ar]= [L+] using pivot p NA gsl_inalg_comp
< x_LU_decomp
[Lr][U1] | 3. Modifying rows & columns of cublasCaeru
[U+] using Gauss Elimination 9
: 5. Solving the 1% matrix equation
Fmal_ [L ]{~ }g= {B } a . cublasCtsv
solution Tl T linsolve gsl_linalg_comple
[Ar]{%7} = | 6. Solving the 2" matrix equation x_LU_solve
{br} | [U:1(%r} = ) cublasCtsv
4.3.2.2 Solution in the time domain
The Equation (4.9) can be represented in a different way using,
d
[Gr] 2, (X7} = {fr} — [Kr]{X7} (4.12)

It is possible to solve the expression shown in (4.12) in time domain, using the Backwards
Euler and the Euler methods. It yields,
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[Gr] _
([KT](t) + Zt(t)) X1}y = (Fr}-ap + A Gr] e—ap X1} t-a1)

[ET](O A (X1} tran) = {FT}(t)+([ET](T) (4t) - [KT](t)) X1}

Where matrix [A]wg and vector {b} for the Backwards Euler method are given by,

[Gr]
[Ar]e) = ([KT](t) + %)
{br}y = (Fr}q-aey + (A [Gr] vy (X1}t-a0)
Where the matrix [A]« and the vector {b} for the Euler method are given by,

[Ar]e) = [Gr] ® (4t)

{br}e = (Fr}+([Gr] , (40) — [Krl)) Kr}e

®

(4.13)

(4.14)

(4.15)

(4.16)

(4.17)

(4.18)

The expression (4.14) can be also solved by using the 4" order Runge Kutta method,

yielding,

1 ~ ~ ~ ~
Xr}trary = KXr}e + ({kar} o + 2{k2r} @ + 2{k3r}e) + {Kar}(o))

(4.19)

Where the vectors {kir} ), {kar}e), {ksr}e), and {kar} are calculated by solving the next

four equations,

((At)_l[ar](t)) {kir}ey = {Fr}w — [Krl X1}
[(tn + %)_1 [Er]m] {kar}ey = {Fr}e — [Krl Xt} — % [Krl{kir} o

[(tn + %)_1 [Gr] (t)] {E3T}(t) = {Fr}e — [Krlo{Xr}e — % [KT]{EZT}(L‘)

(4.20)

(4.21)

(4.22)
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[(tn + At)_l[ar](t)] {kar}ey = {Fr}e — [Krlo X1} — [Krl{ksr} e (4.23)

Observing the equations derived from the Backwards Euler, Euler and 4™ order Runge
Kutta methods, it can be seen that can also be represented in a general form defined by,

[A]({ X}y = (b} (4.24)

It is possible to solve (4.24) using the LU decomposition method. For the particular case
of the time domain solution, a sequential computing platform will be used. Specifically, the
Matlab (MATLAB 2010) and GSL (GNU Scientific Library 2013) platforms were used.
Table 4.10 gives the routines used by these platforms. The solution of the reduced equation
derived from the methodology is quite similar to the solution of the conventional FEM
equation.

TABLE 4.10. ROUTINES USED IN THE TIME DOMAIN SOLUTION OF AN CONVENTIONAL FEM
EQUATION USING THE BACKWARDS EULER, EULER AND THE 4™ ORDER RUNGE KUTTA METHODS

Method Operation Performed MATLAB Platform GSL Platform
Routine used Routine used
1.Defining matrix complex MatLab Routine gsl_matrix_set
[Atlg
LU 2. Calculating pivot p on r-row
Decomposition 3. Modifying rows & columns
[Alo= of [L]y Using pivot p NA gsl_linalg_LU_decomp

[Llo[Uly | 4. Modifying rows & columns
of [U] using Gauss

Elimination
5. Solving the 1% matrix
equation
Final Solution (LY} = (b}
A X = i i
[Al X} o 6. Solving the 2 matrix linsolve gsl_linalg_LU_solve
®©

equation
[UleX}e =Y

4.4 Conclusions

In this chapter the different routines and platforms used, to solve the conventional FEM
expression and the equations derived from the proposed methodology have been discussed.
For both cases, three specific type of FEM equations have been solved, i.e. a FEM field
equation with voltages known, a FEM field equation with currents known; and finally, a
FEM-circuit coupled equation. These FEM expressions are formed by matrices and vectors
which are calculated by a preprocessing stage.

The different computing platforms and routines that allow defining the processing stage
of the conventional and the proposed FEM equation have been explained. For the case of the
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conventional FEM equations, the sequential computing platforms Matlab and GSL have been
used. Besides, for the case of the proposed methodology, the sequential computing platforms
Matlab and GSL have been used; as well as the parallel computing platform CUBLAS.

It is important to mention, that the ANSYS FEM software has been used. This software
can model the geometry of the device using the finite element analysis; thus, it is possible to
generate the information of the finite element and the nodes used in the modeling of the
device. Using this information the matrices and vectors that form the FEM equations can be
calculated. The process of forming the finite elements in the modeling of the device using
ANSYS has been identified as the processing FEM stage. The preprocessing FEM stage of
the proposed method is slightly different, since it requires the consecutive meshing of the
conductor region.

Finally in this chapter has been shown, the platforms and routines used in the frequency
and the time domain solution of the FEM equations. The process of solving the conventional
FEM and the equation derived by the methodology, is named as calculating stage. The
solution of the conventional FEM equations and those equations derived from the proposed
methodology are quite similar. The difference relies on the order of the matrix equation to be
solved.
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5 Case studies
5.1 Introduction

In this chapter, several case studies of devices whose field equation have been simplified
either by a planar or an axisymmetric symmetry assumption will be presented. Using the
finite element analysis, it is possible to solve these field equations in an easier way, since the
symmetry assumption simplifies the complexity of the analysis. The finite element analysis
permits to derive a FEM field or a FEM-circuit coupled equation, which can solved in the
frequency and the time domain. However, these equations may be difficult to solve because
their matrix order can be of large dimensions.

This investigation proposes a methodology which allows to simplify the FEM equations
in order to solve them in the time or in the frequency domain. Although the time domain
solution was a priority of this investigation, the advantages of applying the methodology in
the frequency domain was evident during the development of this investigation.

Further details about the methodology are given in Chapter 3. However, a brief summary
is as follows: it consists on performing a renumbering of the magnetic vector potentials of
the conductor regions. Using this new criterion and a performing a reordering of the variables
with non-null derivate respect the time, it is possible to derive a new FEM equation. Using
this equation and performing several matrix operations, it is possible to derive a completely
new FEM expression. This equation is of lower order and is defined in terms of the time
varying variables.

Although the proposed methodology has been widely explained in Chapter 3, in this
chapter this methodology will be applied to the solution of several devices. These devices
will be analyzed by conventional finite element analysis, but they will be also analyzed using
the proposed methodology. It is important to mention, the assumptions made in the finite
element analysis:

1. Plane or axisymmetric symmetry on behavior of the magnetic field

For the case of the devices with a planar symmetry assumption, it is considered that the
magnetic field behavior though the z-axis of the conductor is the same. Because of this
assumption, the magnetic vector potential is only defined in the z-axis (Ho, Li and Fu 1999),
(Arkkio 1987), (Bianchi 2005). For the case of device with an axisymmetric symmetry
assumption, it is considered that the field behavior is the same though the p-axis. This allows
assuming that the magnetic vector potentials is defined by the plane formed by the r and z
axis (Preiss 1983), (Konrad, Chari and Csendes 1982).
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2. Displacement current neglected

The frequency of the voltage sources is low enough, to neglect the displacement current
in the Maxwell field equations (Ho, Li and Fu 1999), (Arkkio 1987), (Bianchi 2005).

3. Constant permeability and conductivity

The permeability over all the regions and the conductor conductivity are considered to be
all constant.

4. Unique voltage applied through the conductor regions

It is assumed that there are no voltage differences at all points of conductor regions. The
source current density in the conductors is constant over each cross-sectional surface (Preiss
1983), (Konrad 1982).

After explaining the main assumptions made for the analysis of the devices, the study
cases related to devices modelled by a planar or an axisymmetric symmetry assumption will
be explained and the main conclusions drawn.

5.2 Planar symmetry assumption cases
5.2.1 Case study 1. Slot embedded conductors modeled by a one-
dimension finite element analysis and by a FEM-circuit coupled
equation

5.2.1.1 Introduction

The example to be analyzed consists on solving a FEM-circuit coupled equation that
models three identical slot conductors, coupled with a two loop circuit that contains several
resistances and inductances. A Finite Element Analysis can be performed in the three
conductors. It is considered that the conductors have a Neumann boundary along their
vertical walls. This assumption permits to consider the conductors independent from each
other. Further details about the conductors’dimension and their characteristics can be
consulted in (Konrad 1981), (Konrad 1982), (Jafari-Shapoorabadi, Konrad and Sinclair
2002), (ANSYS 2010). The conductors are shown in Figure 5.1, the two-loop circuit in
Figure 5.2.

Conductor 1 Conductor 2 Conductor 3
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Figure 5.1. Scheme of the three slot embedded conductors.
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Figure 5.2. Two loop circuit used for the Example.

It is assumed that the embedded conductors can be modeled through plane symmetry, to
allow a one dimension finite element analysis. The one dimension FEM discretization
considered for the conductors is shown in Figure 5.3. Further details about the conductors”
one dimension finite element model are given in (Konrad 1981), (Konrad 1982), (Jafari-
Shapoorabadi, Konrad and Sinclair 2002), (ANSYS 2010). The electrical and magnetic
parameters of the conductors are listed in Table 5.1.
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* Conductor 1 * Conductor 2 * Conductor 3

Figure 5.3. FEM discretization of the conductors
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TABLE 5.1
PARAMETERS OF THE CONDUCTORS AND THE VOLTAGE-CURRENT EQUATION

Parameter Symbol Value
A 36.6sin(t-75°) V
Vet Voltage vector, {V} VA 36.65in(t-45%) V
oftage- Voltage angular speed W 1 rad/s
Current
o Ri1, Ra2 0.60 Q
Equation’s Elements of [Rjj]
P Ri2,R21 -0.20 Q
arameters
Elements of [Lij] Las, L2 0.06 H
! L1z, L2t -0.01 H
Resistance R®, R®, R® 025Q
Conductors Length | 1 m
Parameters Area Sc 4 m?
Conductivity o 1.0 Q'm!

5.2.1.2 Two-loop circuit voltage-current equation

If a circuit voltage-loop analysis is performed for the two loop circuit, a voltage-current
equation can be obtained, i.e.

[R ]I} + [Ly] 5 (1} + [BI{U} = (v} 5.1)
Where [b] is given by,

10]

[b]=[3 -1 1

(5.2)

And {1} and {U.} are the unknown currents and voltages; [Rij] and [Lijj] are the resistance and
inductance matrices; {V} is the voltage vector, all defined in Table 5.1. The components of
these matrices and vectors are in Table 5.1.

5.2.1.3 Field equations of the device

If the assumptions mentioned at the beginning of this chapter are considered in the
conductor modelling; two regions can be identified: a non-conductor region, where there is
no voltage excitation; and a conductor region, which is supplied with a voltage source and
includes the skin effect (Escarela-Perez, Melgoza and Alvarez-Ramirez 2009). The field
equations of these regions is defined by the field equation shown in (2.10).

5.2.1.4 Finite Element Analysis

It is possible to perform a finite element on the field (2.10), in order to derive a FEM
equation, with the conductor voltage as the forcing function. At the same time, a Newton
Cotes Analysis can be performed on (2.11) in order to derive another FEM equation. Details
about the finite element equations can be consulted in Chapter 2. The FEM expressions
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derived from these analysis are defined by,

[s$,]{Ai} + [TS1] (A} = —(RZHTEHU D (5.3)
(RBIT(} + (T§) 2 = (U} (5.4)

The vectors Ax and {U.} of (5.3) and (5.4) are defined by the magnetic vector potentials and
the voltages applied on terminals of each conductor,

T

A ={aV AP a®) (5.5)
T

wy={w® v® v®} (5.6)

The matrices [S11°], [T12°] and [T3:°] of (5.3) and (5.4) are defined by,

diag

6 _[c) <@ B3

Si1= S Sk Siklsys (5.7)

6 _[p() 2@ 37999

T =T T Tix 3x3 (5.8)
1 2 3)1diag

T = Ry oy Y], (5.9)

The notation [ ]™ and { }™ indicates that the matrix [ ] and the vector { } respectively;
are associated to the conductor n, where n=1,2,3. The matrices S, T and {M}k(i) are
obtained from applying the finite element and the Newton Cotes analysis on each i-embedded
conductor. The FEM discretization shown in Figure 5.3 has been considered. The matrices
Sik™, Ti™ {M}™ of conductors can be consulted in (Konrad 1981).

5.2.1.5 FEM-circuit coupled equation

It is possible to obtain the FEM-circuit coupled equation of the two-loop circuit and the
embedded conductors. This can be achieved by coupling the FEM equations (5.3) and (5.4)
with the voltage-current equation defined in (5.1). It yields,
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5% 0 (—(Rgl)Tg1)T Ay T, 0 0 Ay 0
0 [Ry] [b] {p:+10 [Ly]l © % {1} ={{V}} (5.10)
0 (R[] —{1) w3) 1§, o o U3 0

5.2.1.6 Solution derived by the proposed methodol ogy

It is possible to use the method explained in Chapter 3 to obtain the vector of magnetic
potentials and currents of conductors. As a first step, it is necessary to perform a nodal
renumbering in the vector of magnetic potentials of the conductor region and the non-
conductor region of conductors. The proposed FEM discretization for the conductors is
shown in Figure 5.4. Please notice that nodes have been renumbered in the conductor and
the non-conductor regions, to make them consecutive.
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II ll‘lg |2
sl ar | al

X ¥, ¥
A - Ag Au
X x e

* Conductor 1 * Conductor 2 ’ Conductor 3

Figure 5.4. Proposed FEM discretization of the conductors.

Taking into account the FEM discretization shown in Figure 5.4, it is possible to obtain a
new FEM circuit-coupled equation, by deriving new FEM field equations for each conductor
and by coupling them with the voltage-current equation defined in (5.1). It is also possible to
redefine (5.4). The new FEM equations are now defined by,

Si Sij| (A, [Tu 0]a (A _ T
[s{j sjj] {Aj}+[0 O]E{AJ-}:{((RCI)TSI) }{Uc} (5.11)
(R)[b]™{1} + {Tsl}% ={U.} (5.12)

Where the vectors Ai and Aj of (5.11) and (5.12) are defined by,

T
Ai={A§1) AEZ) Al§3)} (5.13)
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_ (a0 4@ N
Aj—{A]. A AI.} (5.14)

And the matrices of (5.11) and (5.12) are given by,

diag
[5(1) 5(2) S(S)]m (5.15)
M @ @)%es
[S S12 Si2 3x3 (5.16)

diag

[S(l) S(Z) S(3)]3x3 (5.17)
diag

[G(l) G(Z) 6513)]3,(3 (5.18)

T3 = ROMID  (M3® (M]3 (5.19)

If the equations (5.11) and (5.12) are coupled to the voltage-current equation (5.1), a new
FEM-circuit coupled equation can be obtained. Besides, time varying variables can be
reordered, in order to separate them from the variables whose derivative respect the time is
zero. It yields,

T
|[ Sii 0 (-(ReHT34) Sii]l A4; T; 0 0 0 A; 0
0 [Ry] [b] o)Wl o o o ofa)B|_Jw
| 0 (RC) [b]T _{1} | {Uc} T31 0 0 0fat {Uc} 0
| s7 0 0 s; 1\ 4 0 0 0 0 A; 0
(5.20)
It is possible to perform a matrix partition on (5.20), i.e.
K11 Ku] x|, [G11 0]d (X1 _ (f1
K14 Kzz] {xz} i ) 0] E{xz} B {fz} (521)

The submatrices and subvectores of (5.21) have been previously defined in (3.40)-(3.45)
and (3.46)-(3.48), respectively. It is possible to derive the reduced equation from (5.21). It
yields,

d
KTx1 + GTExl = fT (522)
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Where the matrices Kt and Gt and the vector fr of (5.22) can be calculated using (3.49),
(3.50) and (3.51), respectively.

The time varying variables of (5.10) are the vectors Aj and {l}. These variables can be
directly calculated using (5.22). Once the FEM-circuit coupled and the equation derived by
the method are obtained, both approaches can be solved in the frequency and the time
domain. Thus, a comparison results can be made on both approaches. These results can be
compared with those derived by a FEM simulation performed in ANSYS, as explained next.

5.2.1.7 Comparison resultsin frequency domain

A first comparison of results is performed in the frequency domain. Details about how a
FEM equation is solved in the frequency domain are given in Appendix B. In order to know
if the magnetic potentials and currents calculated with (5.10), and those calculated with the
proposed methodology are correct; a FEM simulation was performed in ANSYS. Some of
the results of conductors magnetic potentials and currents, obtained with the FEM-circuit
coupled equation that assumes the FEM discretization shown in Figure 5.4 are included in
Table 5.2. Table 5.2 also included the results obtained with proposed equation which assumes
the same FEM discretization.

TABLE 5.2
MAGNETIC VECTOR POTENTIALS (MVP) AND CURRENTS IN THE FREQUENCY DOMAIN
MVP (Wb/m Conv. FEM-circ. Proposed
Curre(nts (A)) ANSYS coupled Equation % Error MeFt)hod % Error
A 25.090 24.888 -0.805 24.388 -0.805
Az 25.196 24.992 -0.809 24.992 -0.809
Az 25.113 24.928 -0.737 24.928 -0.737
Ay 23.677 23.576 -0.427 23.576 -0.427
Ag 4.550 4.512 -0.835 4512 -0.835
A; 4.570 4.531 -0.833 4.531 -0.833
Asg 4.554 4.519 -0.769 4519 -0.769
Ag 4.294 4.274 -0.466 4.274 -0.466
An 25.231 25.028 -0.804 25.028 -0.804
A1, 25.338 25.132 -0.813 25.132 -0.813
Az 25.254 25.068 -0.737 25.068 -0.737
Iy 6.411 6.412 0.015 6.412 0.015
I2 6.447 6.448 0.015 6.443 0.015

An error percentage (%Error), for each magnetic vector potential or current included in
Table 5.2 was calculated using,

%Error = 1mrre (10095) (5.23)

norm

Where Xnorm is the magnetic vector potential or current derived by ANSYS in the
frequency domain; Xprop is the magnetic vector potential or current calculated by (5.22) or
conventional FEM equation (5.10). Comparing the results, it can be observed that the
proposed method permits to get an accurate solution in the frequency domain. Additionally,
it was measured the computing time of solving the proposed equation. It was obtained a time
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reduction of 5.0%, compared to time required for solving the conventional FEM equation
(5.10). A more detailed performance comparison was performed in the time domain solution
that will be outlined next.

5.2.1.8 Comparison results in time domain

A second comparison is now performed in the time domain using the Backwards Euler
method. Details of solution of the FEM equation in time domain using the Backwards Euler
method are given in Appendix B. The results are given in Table 5.3.

TABLE 5.3
MAGNETIC VECTOR POTENTIALS (MVP) AND CURRENTS IN THE TIME DOMAIN USING THE
BACKWARDS-EULER METHOD

MVP (Wb/m Conv. FEM-circ. Proposed

Curre(nts (A)) ANSYS coupled Eq. % Error MeFt)hod % Error
As 25.090 24.888 -0.805 24.888 -0.805
Az 25.196 24.992 -0.809 24.992 -0.809
Az 25.113 24.928 -0.737 24.928 -0.737
Ay 23.677 23.576 -0.427 23.576 -0.427
As 4.550 4.512 -0.835 4.512 -0.835
A; 4.570 4.531 -0.833 4.531 -0.833
As 4.554 4.519 -0.769 4.519 -0.769
Ag 4.294 4.274 -0.466 4.274 -0.466
Ay 25.231 25.028 -0.804 25.028 -0.804
Ar 25.338 25.132 -0.813 25.132 -0.813
A3 25.254 25.068 -0.737 25.068 -0.737
l1 6.411 6.412 0.015 6.412 0.015
2 6.447 6.448 0.015 6.448 0.015

The solution in the time domain considers that At=0.001s. Rms values of the variables are shown

An excellent agreement was achieved with the results derived from the Backwards Euler
method, a maximum error of 0.8% was obtained. The error percentage (%Error), for each
magnetic vector potential or current calculated with the proposed methodology and with
(5.10) has been included in Table 5.3. The variable Xnorm is the magnetic vector potential or
current obtained with ANSY'S; while Xprop is the magnetic vector potential or current obtained
by solving the proposed equation (5.22) and the conventional equation (5.10) in the time
domain. It has been obtained accurate results with lesser computer effort. A performance
comparison was made between the conventional and the proposed method, and it will be
covered in the next Section.

The 4" order Runge Kutta and the Euler methods are also used to perform a comparison
in the time domain. These methods can be used to derive an approximate solution of the
proposed equation, given as,

Krxy + Gry %1 = fr (5.24)
Where the matrix Gt shown in (5.24) is calculated using,
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Gr =G — K12K33Gy (5.25)
— _ di

Gy1 = [T31 0155 (5.26)
Ts31 5 T3 (5.27)

The Euler and the 4" order Runge Kutta method consider a matrix T3, defined by (5.28)
and (5.29), respectively.

T3, = 0.9945 T3, (5.28)
T3, = 0.9960 T3, (5.291)

The results obtained from solving the conventional and the proposed equation are given
in Table 5.4. The error (%Error) shown in Table 5.4 was calculated using (5.23). Xnorm is the
vector of magnetic potentials or currents obtained by solving (5.10) using the Backwards
Euler method; Xprop is obtained by solving (5.22), using the Euler and the 4" order Runge
Kutta methods.

TABLE 5.4
MAGNETIC VECTOR POTENTIALS (MVP) AND CURRENTS IN THE TIME DOMAIN USING THE
BACKWARDS EULER AND THE RUNGE KUTTA METHODS

MVP Back-Euler Euler Runge K.
(Wb/m) Conv. FEM- Proposed % Error Proposed % Error

Current (A) | Circ. Equation Method Method
[Aq] 25.090 24.887 -0.809 24.887 -0.809
[A2] 25.196 24.991 -0.814 24.991 -0.814
[As] 25.113 24.927 -0.741 24.927 -0.741
|Aq| 23.677 23.574 -0.435 23.574 -0.435
[As| 4.550 4.517 -0.725 4.517 -0.725
[A7] 4.570 4.535 -0.744 4.535 -0.744
[As] 4.554 4.523 -0.681 4.523 -0.681
[Ag] 4.294 4.278 -0.373 4.278 -0.373
[A] 25.231 25.031 -0.793 25.031 -0.793
[Arz] 25.338 25.136 -0.797 25.136 -0.797
[Asa] 25.254 25.071 -0.725 25.071 -0.725
[Asq] 23.811 23.710 -0.424 23.710 -0.424
[11] 6.411 6.412 0.015 6.412 0.015
[12] 6.447 6.449 0.015 6.449 0.015

The solution in the time domain considers that At=0.001s. Rms values of the variables are shown

Although the Euler and the 4™ order Runge Kutta methods derive an approximate solution
of (5.22) in the time domain, it can be seen that and excellent agreement was achieved when
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they are used. An error of almost 0.8% was obtained when the 4™ order Runge Kutta method
was used. The Euler method allows a solution with a maximum error of almost 0.6%.

It is important to mention that the time-domain solution of the equation derived by the
methodology, requires lesser computer effort than the required for solving the conventional
FEM equation (5.10). A performance comparison of the time domain solution will be
outlined next.

5.2.1.9 Performance comparison

The proposed method allows to directly calculate the time varying variables. For the case
of the example analyzed, the proposed equation is of 15 order; while the original FEM circuit
coupled matrix is of 26 order. The derived equation by the proposed method is easier to solve
either in the frequency or in the time domain. It is significantly faster, as will be demonstrated
next.

In order to quantify the performance of the equation derived by the proposed method, the
simulation time was measured. The simulation time needed to solve a conventional FEM-
circuit coupled equation was measured in order to make a comparison. Both equations were
solved with separate Matlab programs; a PC with 1GB RAM, AMD Turion-two cores
1.90GHz processor, Windows®-XP 32 bit platform was used.

The equations were solved in the time domain using the Backwards Euler method; a total
simulation time of 63s and AT=0.001s were chosen. The proposed equation (5.22) and the
conventional FEM-circuit coupled equation (5.10) were solved seven times in order to
quantify the required solution time. The simulation time was obtained using the Matlab
cputime function. The results are listed in Table 5.5. It can be observed that the equation
derived by the proposed method, allows a faster solution that the conventional equation
(5.10). For the case study, it is more than 5% faster.

The time varying variables can be calculated without knowing the magnetic vector
potentials of the non-conductor region. It is also possible to calculate the conductors’ voltage
since the magnetic vector potentials of the conductor region are already known.

TABLE 5.5
COMPUTING TIME TO SOLVE THE EQUATIONS IN THE TIME DOMAIN
Simulation FEM-Circuit Coupled Proposed %
Number Equation Methodology Diff
1 284.97s 271.31s -4.79
2 288.30s 269.78s -6.42
3 286.52s 256.33s -10.53
4 284.33s 263.20s -7.43
5 274.97s 266.06s -3.24
6 274.10s 270.30s -1.38
7 290.48s 270.11s -7.01
Average 283.38s 266.72s -5.87
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5.2.2 Case study 2. Slot embedded conductors modeled by a two-
dimension finite element analysis, and by a FEM-circuit coupled
equation

5.2.2.1 Introduction

The example to be analyzed consists on solving the same FEM-circuit coupled equation
that models three identical and independent slot embedded conductors. In the last case study,
a one-dimension Finite Element Analysis was considered; but now, a two-dimension finite
element analysis will be used (Konrad 1981), (Konrad 1982), (ANSYS 2010). Moreover,
the same boundary conditions and the two-loop circuit will be considered. It is assumed that
the conductors can be modeled by a plane symmetry, which allows to perform a two
dimension finite element analysis (Konrad 1982), (Escarela-Perez, Melgoza and Alvarez-
Ramirez 2009). The parameters of the conductors can be shown in Table 5.1. The two-
dimension FEM discretization of the three slot embedded conductors is shown in Figure 5.5.
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Figure 5.5. FEM discretization of the three slot conductors.

: Cuﬁductur 2

5.2.2.2 Two-loop circuit voltage-current equation
The same voltage-current equation for the two-loop circuit is considered. The equation
was already defined in (5.1).
5.2.2.3 Field equations of the device

It is considered the same field equations for the conductor and the non-conductor region
of the embedded conductors. The same expression that relates the magnetic vector potentials,
voltages and currents of the conductors is also considered.

5.2.2.4 Finite element analysis

It is possible to perform a two dimension finite element analysis in the field equation, in
order to derive a unique FEM equation. At the same time, a Newton Cotes analysis can be
performed in the field equation that relates the magnetic vector potentials with the conductors
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voltages and currents. Further details about the Finite Element analysis can be consulted in
Chapter 2. The FEM expressions has the same form of (5.3) and (5.4), respectively. However,
it is important to remark that they correspond now to a two-dimension finite element analysis.

5.2.2.5 FEM-circuit coupled equation

The FEM-circuit coupled equation of the example, results from coupling the FEM
equations with the voltage-current equation of the two-loop circuit. Although the FEM
expression is the same as that used for the case study 1 (Section 5.2.1), it will be shown again,

si1 0 (—(REI)Tg1)T Ay T, 0 0 Ay 0
0 [Ry] [B] B+ 0 Lyl o2l (= {{V}} (5.30)
0 —[b]"  [R]™? wy) 1§, o o (ud) Lo

The vectors Ax and {Uc} of (5.30) were previously defined in (5.5) and (5.6), while the
matrices were defined in (5.7), (5.8), and (5.9).

5.2.2.6 Solution derived by the proposed methodology

It is possible to use the method explained in Chapter 3, in order to solve the vector of
conductor magnetic potentials and currents of this case study. As a first step, it is necessary
to perform a nodal renumbering on the magnetic vector potentials of the conductor region
and the non-conductor regions of the three embedded conductors. The proposed FEM
discretization for the conductors is illustrated in Figure 5.6. Please notice that the nodes have
been renumbered in the conductor and the non-conductor regions, in order to make them
consecutive.

u Pas [ An B Ay
,Qiﬂl ,qiﬂ] ‘il!l
Teon conductor An  Non conductor %3 Non conductoe Ay
Reglon Reglon Reglon 9
Py Pay Aaz Pz
A Ao B Aoy B Ay’
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Region ] B Region ™ Pas '@ Repion ] A
Pa L™ Az
r4 Ls P L 4
Ay Ry An Aaa Ay Ay
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f  Conductor 1 °  Conductor 2 °  Conductor 3

Figure 5.6. Proposed FEM discretization of the three slot conductors.

Taking into account the FEM discretization shown in Figure 5.6, it is possible to get a new
FEM circuit-coupled equation, by obtaining new FEM field equations on each conductor,
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and coupling them with the voltage-current equation defined in (5.1). It is also possible to re-
defined the expression defined in (5.8) using the FEM discretization shown in Figure 5.6.
The new FEM equations are now,

Sii Sy (A; Ty 0] 4 (A
[siT,. s,-,-] {Aj}+[0 o]d { }={((R DT34) }{Uc} (5.31)
(RO[BITI} + [T31] 5t = (U} (5.32)

If the expressions (5.31) and (5.32) are coupled to the voltage-current equation defined in
(5.1), it is possible to get a new FEM-circuit coupled equation. Moreover, the time varying
variables can be reordered, in order separate them from the variables whose derivative respect
the time is zero, i.e.

Sii 0 (—(REI)T31)T (A \ T- 0 0 o A 0
0 [R;;] [b] {1} } 0 0 O i{ {1} }_ v}
0 —(RC)[b]T -1 {Uc} 0 0 0 dt {Uc} 0
st A o k 4; ) o o o o a4 0
(5.33)
It is possible to perform a matrix partition on (5.33), i.e.
K11 Ku] x|, [G11 0]d X1y _ (f1
K14 Kzz] {xz} * G2, 0] E{xz} B {fz} (34

Please observe that (5.34) has the same form of (5.21). Because of this it is possible to
directly calculate the time varying variables using this equation. For this particular case, the
vector X1 is defined by,

xy=(4; YT (5.35)

It can be seen that the magnetic vector potentials Aj and the current vectors {l} can be
directly calculated using (5.22). Once the FEM-circuit coupled and the equation derived by
the methodology are obtained, both approaches can be solved in the frequency and the time
domain. Thus, a comparison results can be performed on both approaches. Additionally these
results can be compared with those derived by a FEM simulation performed in ANSYS. This
will be explained next.
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5.2.2.7 Comparison resultsin frequency domain

A first comparison of results is performed by solving the equations in the frequency
domain. In order to know if the magnetic potentials calculated with (5.30) and those
calculated by the proposed method are correct; a simulation was performed with the FEM
software ANSYS. Some of the conductors magnetic potentials and the circuit currents results,
obtained with the FEM-circuit coupled equation that assumes the FEM discretization shown
in Figure 5.5, are included in Table 5.6. Table 5.6 include the results obtained with the
proposed equation, which assumes the FEM discretization shown in Figure 5.6. An error
percentage (%Error), for the magnetic potentials or currents, obtained with the proposed
equation, has been calculated using the equation defined in (5.23).

By comparing the results, it can be observed that the methodology permits to obtain an
accurate solution in the frequency domain.

TABLE 5.6
MAGNETIC VECTOR POTENTIALS (MVP) AND CURRENTS IN THE FREQUENCY DOMAIN
Conventional
'\CAL\J/rF;e(rYYsb(/,T\)) ANSYS FEC':\g :J%:ggu't % Error | Proposed Method | % Error
Equation
A 25.101 24.891 -0.844 24.891 -0.844
Az 25.123 24.959 -0.657 24.959 -0.657
As 25.060 24.888 -0.691 24.888 -0.691
Au 4.542 4.513 -0.643 4.513 -0.643
As 4.550 4.525 -0.552 4.525 -0.552
Az 4.539 4.512 -0.598 4.512 -0.598
Az 25.222 25.031 -0.763 25.031 -0.763
Ax 25.267 25.100 -0.665 25.100 -0.665
A 25.203 25.028 -0.699 25.028 -0.699
l1 6.411 6.412 0.015 6.412 0.015
I2 6.447 6.448 0.016 6.448 0.016

5.2.2.8 Comparison resultsin time domain

A second comparison is now performed in the time domain. The Backwards Euler method
was used, the results are given in Table 5.7. The error percentage (%Error) shown in this
Table was calculated using (5.23). For this case Xord is the magnetic vector potential or
current derived by ANSYS in the frequency domain; Xprop is the magnetic vector potential or
current obtained, by solving in the time domain the proposed equation, or using (5.30). The
results obtained from both approaches are practically identical. The maximum percentage of
error is 0.8%.
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TABLE 5.7
MAGNETIC VECTOR POTENTIALS (MVP) AND CURRENTS IN THE TIME DOMAIN USING THE
BACKWARDS EULER METHOD

Conventional
'\CAl\J/rF;e(rYYsb(/,T\)) ANSYS FECI:\Q :J%:gzu't % Error | Proposed Method | % Error
Equation
[Ad] 25.101 24.889 -0.852 24.889 -0.852
[Az] 25.123 24.957 -0.665 24.957 -0.665
[As] 25.060 24.886 -0.699 24.886 -0.699
[Ai] 4.542 4.513 -0.643 4.513 -0.643
|Asz| 4.550 4.524 -0.575 4.524 -0.575
|Ass] 4.539 4.511 -0.621 4511 -0.621
[Ai] 25.222 25.030 -0.767 25.030 -0.767
[Azz] 25.267 25.099 -0.669 25.099 -0.669
|Azs| 25.203 25.028 -0.699 25.028 -0.699
[11] 6.411 6.411 0.000 6.411 0.000
[12] 6.447 6.447 0.000 6.447 0.000

Rms values of the variables are shown, the solution in the time domain considers that At=0.001s.

The 4™ order Runge Kutta and the Euler method were also used to perform a comparison
in the time domain. The results can be seen in Table 5.8. It is important to mention that these
methods allow an approximate solution of the proposed equation to be obtained. Equations
(5.24)-(5.27) were used. For this case, the Euler and the 4" order Runge Kutta method

consider a matrix T3, defined by (5.36) and (5.37), respectively.
T3, =0.97 T3y (5.36)

T3, = 0.98 T4 (5.37)

The results obtained from solving the conventional and the proposed equations can be
seen in Table 5.8. It can be observed that the Euler method allows a solution to be obtained
with a maximum error of almost 9%. A maximum error of almost 5.0% is obtained with the
4™ order Runge Kutta method.

116



TABLE 5.8
MAGNETIC VECTOR POTENTIALS (MVP) AND CURRENTS IN THE TIME DOMAIN USING THE EULER
AND THE 4™ ORDER RUNGE KUTTA METHODS
Backwards Euler

MVP (Wb/m R Euler Proposed 4% Runge Kutta %

Cu rre(nts (A)) 823;;?25!33': Metho% % Error Propose(gjJ Method Error
[Adl 24.889 23.852 -4.348 24.188 -2.898
|Az2| 24.957 24.255 -2.894 24.255 -2.894
|As] 24.886 24.185 -2.898 24.185 -2.898
[A] 4.513 4.381 -3.013 4.424 -2.012
[Arz| 4.524 4.436 -1.984 4.436 -1.984
[Aus| 4.511 4.423 -1.990 4.424 -1.967
[Azi] 25.030 24.308 -2.970 24.308 -2.970
[Az| 25.099 24.375 -2.970 24.375 -2.970
|A2s 25.028 24.306 -2.970 23.306 -2.970
[14] 6.411 7.046 9.012 6.728 4712
[I2] 6.447 7.079 8.928 6.762 4.658

RMS values of variables are shown in Table 5.8, the solution in the time domain was obtained with At=0.001s.

5.2.2.9 Performance comparison

The proposed equation defined in terms of the time varying variables, is significantly
lower order than the FEM circuit coupled equation (5.30). In the tested example, the proposed
matrix equation is of order 32, while the original FEM circuit coupled matrix equation is of
order 53. As it will be shown, the equation derived with the proposed method, is faster and
easier to solve either in the frequency or in the time domain.

In order to quantify the performance of the proposed matrix equation, the simulation time
was measured. The simulation time needed to solve an conventional FEM-circuit coupled
equation, was in addition measured in order to make a comparison. Both equations were
solved with separate Matlab® programs; it was used the same computing platform and
operative system of the case study 1 (Section 5.2.1).

The equations were solved in the time domain, using the Backwards Euler method. A total
time simulation of 75s and a value of AT=0.001s were chosen. The proposed equation along
with the expression (5.22), and the conventional FEM-circuit coupled equation (5.30) were
solved seven times in order to quantify the required time to solve all the equations. The
equation (5.32) is considered, since allows the derivation of the conductor voltages, which
are not being calculated by the proposed equation.

The simulation time was obtained using the Matlab® cputime function. The results are
listed in Table 5.9. It can be observed than the proposed matrix equation (5.22), allow a faster
solution than the original FEM-circuit coupled equation (5.30) to be obtained. For instance,
for the case study, it is more than 12 % faster.

It can be observed that the time varying variables can be directly calculated without
knowing the magnetic potentials of the non-conductor region. Moreover, it is possible to
calculate the conductor voltages, since the magnetic vector potentials of the conductor
region, and the conductor currents are already known.
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TABLE 5.9

COMPUTING TIME TO SOLVE THE EQUATIONS IN THE TIME DOMAIN

Simulation Conventional FEM-circuit Proposc_ed Method % Diff
Number Coupled Equation (5.30) Equation (5.22)

1 471.33s 457.08s -3.024

2 465.83s 432.63s -7.130

3 471.33s 422.38s -10.390

4 464.03s 445.44s -4.006

5 459.67s 403.48s -12.224

6 461.30s 453.09s -1.778

7 488.16s 450.72s -7.669

Average 467.80s 437.83s -6.602
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5.2.3 Case study 3. T slot-embedded conductor modeled by a two-
dimension finite element analysis

5.2.3.1 Introduction

The case to be analyzed consists on a reverse “T” slot-embedded conductor with a copper
conductor region and an air region (Konrad 1981), (Konrad 1982), (ANSYS 2010). In the
conductor, the magnetic flux is normal to its vertical walls. The conductor has a zone of zero
magnetic vector potential in the air region. In order to solve in an easier way the field
equation, a planar symmetry is assumed. This symmetry allows considering that the magnetic
field only has a component in the z-axis. It is assumed that the electric field has two
components: one constant along the z-axis, and the second one varies with the frequency and
produces eddy current losses (Konrad 1981), (Konrad 1982).

The cross section of the single “T” conductor is supplied with a rms sinusoidal current of
4A. As a result of the circulation of current, magnetic potentials will be present in the
conductor and in the air regions. The sinusoidal current mentioned above is supplied in a
range of frequency of 0.001Hz to 60Hz. The objective of the case study is to analyze how
the total source current density of the conductor varies in this range of frequencies (Konrad
1981), (Konrad 1982), (ANSYS 2010).

The sketch of the conductor cross sections is shown in Figure 5.7. The physical
dimensions of the conductor are given in Table 5.10.

Figure 5.7. “T” slot-embedded conductor

TABLE 5.10
REVERSE “T” SLOT-EMBEDDED CONDUCTOR PHYSICAL DIMENSIONS
Parameter Symbol Value
a 6.450x 10° m
b 8.550 x 103 m
Conductor Geometric c 8450 x 10° m
Parameters
d 18.850 x 10 m
e 8.950 x 103 m
Conductor Area A 2.358 x 104 m?
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Since the magnetic lines located in the vertical lines of the conductor are normal to them,
these walls will be considered boundary conditions for the magnetic model. There is a zone
of zero magnetic potential in the air region. The magnetic model of the conductor and its
boundary conditions; the type of the finite elements used, the number of nodes and the FEM

meshing, are all shown in Figure 5.8. The conductors” magnetic and electric properties are
all shown in Table 5.11.

Figure 5.8. Magnetic model of the conductor, its boundary conditions and the FEM meshing.

TABLES5.11
ELECTRIC AND MAGNETIC PROPERTIES OF THE “T”” SLOT EMBEDDED CONDUCTOR
Parameters of the Conductor Symbol Value
Vacuum Permeability o 4 x 107 H/m

Relative Permeability in the

Air and Conductor Regions Hr 1.0
Conductor Conductivity o 58x10° Q' m!
Conductor length | 1.0m

In order to validate the results obtained with the proposed method, these will be compared

against those calculated with the integro-differential finite element formulation (Konrad
1981), (Konrad 1982).

5.2.3.2 Field equation of the device

The proposed example will be solved using the Finite Element Integro-differential
approach, thus the field equation to be solved is given by (Arkkio 1987), (Konrad 1981),
(Konrad 1982),
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V. wwm»+a—_—ﬂ;a Sds =< (5.38)

Where S is the conductor area, |¢ is the current passing though the conductor.

It is possible to add a field equation for the device, specifically, the expression which
relates its voltage, current and the magnetic vector potentials. This equation was previously
defined in (2.13)

5.2.3.3 Finite element analysis

If the field equation defined in (5.38) is solved in the frequency domain using FEM, it
gives (Arkkio 1987), (Konrad 1982),

(181 +j@mA)IT] - j2mf) 7 61D]) (A} = [ (539)

Where the matrices [S] and [T] are matrices derived by FEM analysis; the discretization is
shown in Figure 5.8. Further details about Equation (5.39) can be consulted in (Konrad 1981),
(Konrad 1982). The equation (5.39) can solve all the magnetic vector potentials in the
conductor for a frequency f. If it is considered the field equation defined on (2.13), and if a
Newton Cotes analysis is performed on it; it yields,

R + j@2rf) (Rc){Mc}{;zi} = ﬁc (5.40)

After having calculated the conductor voltage U,, the source current density is calculated
as,

Js=0= (5.41)

There will be a specific source current density J; for a frequency f. The objective of this
case study consists on calculating this source current density for a specific frequency range.

5.2.3.4 Solution obtained with the proposed methodol ogy

It is possible to use the method explained in Chapter 3, to solve the magnetic vector
potentials of the conductor region of the slot conductor. After having these magnetic
potentials, (5.40) and (5.41) can be used to calculate the conductor voltage U. and the source
current density J.

The first step of the methodology requires to perform a nodal renumbering on the
magnetic vector potentials, of the conductor region and the non-conductor regions of the

121



conductors. Thus, it is possible to derive FEM equations that takes into account this nodal
renumbering. It yields,

Si SilAn [Tu 0] 4 (A;

[S.T. 5..]{AI-}+[O O]E{Aj}z{fi}(uc) (5.42)
Yy 7]

R;'U, - {M}i% =1 (5.43)

Where the magnetic vector potentials of the conductor and non-conductor regions of (5.42)
and (5.43) are given by,

A;={A; Az.. Az} (5.44)

Aj ={Azo6 Az207-. Azes} (5.45)

If the equations (5.42) and (5.43) are combined in order to form a unique FEM equation,

it yields,

Su  —Ufi} Sy (a4 T, 0 0](4 0

0 R' o0{U, +% —{M}; 0 o|{Uc ={IC} (5.46)
s;T o0 s \4 0 o0 oll4 0

ij j

If (5.46) is partitioned and a frequency domain solution is considered; it gives,
i BB el -0
Ky Kpll®@S TV [6, 0latlx,) = If 47

Please notice that (5.47) has the same form of (5.22), if solved in the frequency domain,
i.e.

(Kr + jwGr)%r = fr (5.48)

The matrices Kr, Gt, and the vector fr of this reduced equation are derived using (3.49),
(3.50) and (3.51), respectively. These matrices are calculated by considering the matrices and

vectors Ki1, Kiz, Ka1, Koz, G21, G2 and F2 all shown in (5.47). The vectors %, %, and f, of
(5.47) are defined by,
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%, = 4, (5.49)
~ =~ ~ T

%, ={U. A} (5.50)
fo={. o) (5.51)

After calculating the magnetic vector potentials 4;, the voltage U, can be calculated using
(5.43). If the conductor voltage U, is known, the source current density of the conductor J
can be calculated using (5.41). Once the FEM equation and the expression derived by the
methodology are used to calculate the conductor source density, a comparison of the results
obtained from both approaches can be performed. Additionally these results were compared
with those derived by an ANSYS FEM simulation (ANSYS 2010). The results derived by
ANSYS are almost identical to the results obtained with the integro-differential approach.
The results derived by the integro-differential and the proposed method will explained next.

5.2.3.5 Comparison results

The results obtained from the integro-differential approach, and those derived from the
proposed methodology are given in Table 5.12.

TABLE 5.12
SOURCE CURRENT DENSITY IN THE FREQUENCY DOMAIN

Frequency Integ;g;ﬂg‘;ifntlal Proposed method %Error
0.001 Hz 4,241+j0.700 4,241+j0.700 0.000%
1.00 Hz 4,245+j701.0 4,245+j698.0 -0.023%
5.00 Hz 4,352+j3,495 4,350+j3,483 -0.161%
10.0 Hz 4,676+j6,937 4,668+j6,916 -0.263%
15.0 Hz 5,190+j10,283 5,175+j10,255 -0.286%
20.0 Hz 5,858+j13,498 5,8324j13,467 -0.258%
25.0 Hz 6,641+j16,562 6,605+j16,553 -0.123%
30.0 Hz 7,495+j19,469 7,455+j19,445 -0.177%
35.0 Hz 8,391+j22,224 8,344+j22,206 -0.139%
40.0 Hz 9,294+j24,832 9,245+j24,828 -0.079%
45.0 Hz 10,183+j27,328 10,135+j27,325 -0.068%
50.0 Hz 11,042+j29,710 10,998+j29,715 -0.030%
55.0 Hz 11,863+j32,003 11,825+j32,015 -0.020%
60.0 Hz 12,640+j34,224 12,609+j34,240 0.010%

The results show the conductor source current density Js, if a sinusoidal current of 4A in a range of frequencies of 0.001Hz
to 60Hz is supplied.

The percentage of error between the results derived from the two approaches can be
calculated using,
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%Error = Lintes%rop (10 00p) (5.52)

ISinteg

Where JSinteg 1s magnitude of the source current density when the integro-differential
approach is used; JSprop is the one obtained with the equivalent equation. The results obtained
with the proposed method are in excellent agreement with those obtained with the integro-
differential approach. The maximum absolute error is clearly negligible, almost 0.286%

5.2.3.6 Performance comparison

The proposed method allows to directly calculate the time varying variables. For the case
of the “T” planar conductor, the equation derived from the methodology is of order 205;
while the original FEM field equation is of order 266. The proposed equation is easier to
solver either in the frequency or in the time domain.

In order to quantify the performance of the equation derived by the proposed method, the
simulation time was measured. The simulation time needed to solve a conventional FEM-
circuit coupled equation, was measured in order to make a comparison. Both equations were
solved with separate GSL-based program (GNU Scientific Library 2013). The programs were
implemented in the same computer and operative system. A Dell Precision R5500 Rack
Workstation, GPU NVIDIA® Quadro® 600, 1 GB RAM and an Ubuntu Operative System
were used.

The results of solving the conventional FEM equation and the expression derived by the
methodology, in a sequential computing with GSL are shown in Figure 5.9.

Figure 5.9. CPU times derived for the FEM equations solutions

It can be observed that the proposed equation permits to derive a faster solution compared
to the conventional FEM equation solution. Specifically, the CPU time of the conventional
and the proposed equation are 1.9277sec and 0.8959sec, respectively. The difference
between these CPU times is significant, nearly 217%. It is possible to perform a comparison
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between the conventional and the proposed equation using a parallel computing with
CUBLAS. This will be explained next.

5.2.3.7 Parallel solution using CUBLAS

The conventional FEM equation derived from the proposed methodology can be solved
by a parallel solution of CUBLAS (CUDA toolkit 5.0 2014). For the particular case of the
conventional FEM equation, it is possible to use other computing platform to calculate the
conductor voltage and the source current density defined in (5.41). This can be achieved by
using the FEM expressions,

([S] +j2rf)TD{A} = {f}(U,) (5.53)
(R)™T) —j2rHIMI{A} =1, (5.54)

Equation (5.53) is quite similar to (5.39), the difference relies in the forcing function used.
Equations (5.53) and (5.54) can be coupled into a unique expression defined by,

[ oIt el {5}t 59

Equation (5.55) can be represented by,

[KI{X} +jr)[Gl{X} = f (5.56)
Moreover, (5.56) can be expressed by,

[A]{X} = {b} (5.57)
For the case of the proposed equation (5.48), it can be represented by,

[Ar]{Xr} = {br} (5.58)

The FEM equation (5.57) is named as conventional FEM equation, while the expression
shown in (5.58) is named as reduced FEM equation. The features of these FEM equations
can be seen in Table 5.13. Please notice that these equations are required to be solved several
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times for the respective frequency range, to obtain the source current density of the
conductor.

TABLE 5.13
FEM EQUATIONS TO BE SOLVED IN A FREQUENCY RANGE
. Number of
Device to be analyzed ConveenﬂgzilnFEM Reduced FEM equation FEM equations
q to be solved
“T* Planar conductor [A266x266]{X266} = [AT,ZOSxZOS]{XT,ZOS} =~ 14
{b266} {br205}

Two specific steps in the process of calculating the solution in the frequency domain of
FEM equations (5.57) and (5.58) can be identified, i.e. a preprocessing and a calculating
step. The preprocessing step of the conventional FEM method consists on deriving the
matrices and vectors [K], [G] and {f} that form (5.57); while the preprocessing step of the
reduced FEM method consists on deriving submatrices and subvectors that form (5.58). The
calculating process of the conventional and the reduced FEM equations consists on solving
both equations using the LU method. The preprocessing and the calculating steps of the
conventional and a reduced FEM equations were covered in Chapter 3.

5.2.3.7.1 Performance comparison between the sequential and the
parallel solutions

In order to measure the performance of the method implemented in CUBLAS, the
conventional and the reduced FEM equations were also solved in a sequential computing
platform. The preprocessing and the calculating steps were entirely implemented in the
sequential GSL platform (GNU Scientific Library 2013).

For the parallel solution, some stages of the preprocessing step were calculated by a
sequential computing in GSL (GNU Scientific Library 2013), while the calculating steps
were completely implemented in the CUBLAS computing platform (Barrachina et al. 2008),
(CUDA toolkit 5.0 2014). On the other hand, the calculating step of the conventional and the
reduced FEM equation will be solved for each frequency by the LU method implemented in
CUBLAS. Specific details of the sequential and the parallel computing of the preprocessing
and calculating steps can be consulted in Chapter 3.

The conventional and the reduced FEM equations were solved in the computing platforms
GSL and CUBLAS. The programs were implemented in the same computer and operative
system. A Dell Precision R5500 Rack Workstation, GPU NVIDIA® Quadro® 600 with 96
cores, | GB RAM and an Ubuntu Operative System were used. Specific details about the
parallel and the sequential solution of this case study, can be found in Appendix C.

The total computation time (CPU time) required to solve the planar “T”” conductor in the
correspondent frequency range was measured. Figure 5.10 shows the CPU times needed to
solve these equations using the sequential and the parallel computing platforms.
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Figure 5.10. CPU times derived for solving the “T” planar conductor

It can be observed that the reduced FEM equation allows a faster solution compared to
the conventional FEM equation solution. Specifically, when the sequential computing was
used, the CPU time of the conventional and the reduced equation are 1.92sec and 0.89sec,
respectively. Moreover, when the parallel computing was used, the CPU time for the
conventional and the reduced equation are 6.36sec and 0.90sec, respectively. Although the
reduced FEM equation allows a faster solution with both computing platforms, a reduction
of CPU time was not obtained when parallel computing with CUBLAS was used. The reason
is that the reduced and the conventional equations of the planar device are of low order, i.e.
205 and 266, respectively. A CPU time reduction cannot be achieved, since the advantage of
using the parallel platform is only evident when the order of system equations to be solved
is of considerably larger scale. The ratio of sequential (ts) and parallel (tp) cputime of
conventional and reduced equation confirms this situation. It can be seen in Figure 5.10a.

Figure 5.10a. Ratio ts/tp derived for solving the “T” planar conductor
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5.3 Axisymmetric symmetry assumption cases
5.3.1. Case study 4. Air series reactor modeled by a two-dimension
finite element analysis

5.3.1.1 Introduction

It consists on analyzing in the frequency domain two small air-cored reactors with specific
turn configuration. The example consists on analyzing how the reactors inductance ratio
Lca/Led varies within a frequency range, defined from 0.15915Hz to 1000Hz. The original
case study can be consulted in (Preiss 1983).

The inductance ratio Lca/Led of reactors 1 and 2 can be derived by providing a rms
sinusoidal current of 1.0A at a frequency range of 0.15915Hz to 1000Hz on both reactors.
As a result of applying that current, a voltage appears at each turn i of both reactors.

The voltage at turn i can be calculated by finite element analysis, since the current is
known. It is assumed that all the points in each reactor turn has the same voltage. Once the
voltage at each turn is known, it is possible to calculate the total voltage in both reactors, by
adding all the voltage turns. Having the total voltage, and since the current is also known, it
is possible to calculate the impedance and therefore, the inductance Lca at a frequency f. The
inductance Lcq is calculated by injecting a current of 1.0 at a frequency of 0.15915Hz (w=1.0
rad/s).

The reactor to be analyzed are labeled as 1, and 2. The turns number i and the dimension
of each reactor are all shown in Figure 5.11. The boundary conditions and the symmetry
plane and symmetry axis are also shown in Figure 5.11, while the dimensions of both reactors
can be consulted in Table 5.14.
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Figure 5.11. Air reactors to be analyzed.
A) Reactor 1. B) Reactor 2.
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TABLE 5.14

DIMENSIONS AND PROPERTIES OF AIR REACTORS 1 AND 2

Parameter Reactor 1 Reactor 2
(k=1) (k=2)
Number of turns 10 5
Dimension ak 1.0mm 10mm
Parameters b 200mm 20mm
rk 100mm
Electric and Permeability relative / 1.0
Magnetic .
Properties Conductivity o o= g(9=3x107Qm"1

The air series reactor 1 is an aluminum sheet-wound winding with 10 series turns; while
the air series reactor 2 consists of 5 series turns of aluminum conductors. Since the exact
dimensions of the reactors are not mentioned in the original study case (Preiss 1983), the
dimensions shown in Figure 5.12 are assumed for the finite element analysis performed on
both reactors. The electric and magnetic properties of reactors can be consulted in Table 5.14.
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Figure 5.12. Geometry of air reactors
A) Air Series Reactor 1. B) Air Series Reactor 2.

After defining the characteristics of the air series reactors, the field equations, the finite
element model used and the finite element analysis will be defined.

5.3.1.2 Field equations

If the assumptions mentioned in the beginning of this chapter are considered for the
modelling of the air series reactor; two regions can be identified: a non-conductor region,
where there is no voltage excitation; and a conductor region, supplied with a voltage source
and includes the skin effect (Escarela-Perez, Melgoza and Alvarez-Ramirez 2009), (Ho, Li
and Fu 1999). The field equation can be consulted in Chapter 2.
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5.3.1.3 Finite element analysis

An axisymmetric behavior of the magnetic field can be assumed by neglecting the pith of
the turns of both reactors (Preiss 1983). It is also assumed that the reactors walls have a zero
magnetic potential. A linear triangular finite element with three nodes has been considered.
The number of finite elements for each turn of the air series reactors 1 and 2 are 126 and 44,
respectively. The finite element number of the air zone of reactors 1 and 2, are 5658 and
2990, respectively. The number of nodes for each turn of reactors 1 and 2, are 126 and 36
respectively; the nodes used in the air zone of reactors 1 and 2, are 2250 and 1488,
respectively. The finite elements and their nodes, along the boundary conditions for the center
region of air series reactors 1 and 2 are all shown in Figure 5.13.
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Figure 5.13. Finite element model of air reactors.
A) Air Series Reactor 1. B) Air Series Reactor 2.

It is assumed that there are no voltage differences at different turns of reactors, therefore,
all points in a reactor turn have the same voltage. It is also assumed that the source current
density is constant along the coordinate r (Preiss 1983), (Konrad 1981), (Konrad 1982),
(Escarela-Perez, Melgoza and Alvarez-Ramirez 2009).

It is important to mention that in order to perform a valid comparison, a finite element
analysis will be performed between ANSYS, the conventional FEM equation, and by the
equation derived from the proposed methodology. All these approaches consider the FEM
model mentioned earlier. The finite element analysis derived from these approaches will be
discussed next.

5.3.1.3.1 Conventional Finite Element Analysis

It is possible to perform a finite element analysis on the field equation (2.20), to derive a
FEM equation with the voltage as the forcing function. Besides, a Newton Cotes analysis can
be performed on (2.21) in order to derive an alternative expression. Details about the Finite
Element are given in Chapter 2. The FEM expressions derived from these analysis are defined

by,
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[51{46) + 11249 — (30,3 (5.59)

_ dfa
4,154 U - M1 L2 = g1y (5.60)
The matrices [4r]k) of the air series reactor 1 and 2 are,

1) diag

_ 1 1 1 1

[y = [aF a5 a3 al) Al (5.61)
_[A2 2 2 2 2) 1diag

[4rl@) = [a3 a5 a8 .. 2% 2% . (5.62)

The vector voltage for the reactor 1 and 2 are defined by {Uc}) and {Uc}2), respectively,
as

_p® O O 5@
W=y vy vy vl vq] . (5.63)
diag
WU =[vd v? vY .. vl v, ., (5.64)

The vector value Uci®) corresponds to the voltage in the turn i of the reactor k; while the
vector value 4r® is the 4y value on the turn i of the reactor k. The variable 4 contained
in vectors (5.61) and (5.62) is given in Table 5.15.

TABLE 5.15
PARAMETERS OF AIR REACTORS 1 AND 2
Reactor 1 Reactor 2
(k=1) (k=2)

An® 0.00031673m’!
A 0.00031323m’!
Ar3® 0.00030994m™! 0.00030340m™!
Ara® 0.00030666m’"
As® 0.00030344m’!
Ar® 0.00030300m™"
A7 0.00029721m™!
Arg® 0.00029419m"! It doesl not
Aro® 0.00029123m’! i
Aro® 0.00028833m’!

Equations (5.59) and (5.60) can combined to form a unique FEM equation, which can be
solved in the frequency domain as,
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[S1 =0 ][ {Ap} ), ag (11 o1f (As} ) (0O
[ 0 [Ar](kl)] {{ﬁc}(k)} * [—[MC] o] {{ﬁc}(k)} = {g}} (5.65)

Equation (5.65) permits to obtain the voltage vector {Uc} k) in the frequency domain. The
voltage vector contains the voltages at each turn of each reactor k. After explaining how the
turn voltages of the reactors are obtained using the conventional equation shown in (5.65);
how the proposed method can derive the voltage vectors on reactors will be now explained.

5.3.1.3.2 Finite Element Analysis using the proposed methodology

To perform a finite element analysis using the equation derived by the proposed
methodology. This equation can directly calculate the magnetic potentials conductors at each
reactor, since the current of both reactors is known. If the magnetic potentials are known, it
is possible to calculate the turn voltages of reactors using as a base (5.59). The proposed
methodology can derive alternative equations to (5.59) and (5.60), i.e.

Sii Sij] (A; i A ({fi{U,
sl [ Slafa)= {0 (569
(4,158 W — [Mi] 5 = (I} (5.67)

By combining (5.66) and (5.67) into a unique FEM equation and associating the time
varying variables, results in,

Su Ui Sy A; T, 0 0 A; 0
0 [4]w O [{{Udw!+ % -M;] 0 of{{Ucdw;= {{I}} (5.68)
s..T 0 S.: A; 0 0O Aj 0

ij j

By performing a matrix partition of (5.68), and considering a frequency domain solution
yields,

i k2l riemnlir oG =17 (5.69)

Notice that two matrix equation can be derived from (5.69). Using these two matrix
equation, it is possible to obtain the equation proposed in this investigation. Further details
of this expression can be consulted in Chapter 3. If this expression is solved in the frequency
domain yields,
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(Kr + jwGp)xr = fr (5.70)

Matrices Kr, G, and the vector fr of (5.70) are derived using (3.35), (3.36) and (3.37); and
considering the matrices and vectors Ki1, K12, Ko1, K22, G21, G2z, F1 and F» all shown in
(5.69). The vectors X4, X, and f, of (5.69) are defined by,

X; = 4; (5.71)
%= {Udw 4} (5.72)
fa={1 o) (5.73)

After calculating the magnetic vector potentials A; on each reactor, the voltage vector
{Uc} ) of both reactors can be calculated using (5.67).

5.3.1.3.3 Finite Element Analysis using ANSYS

The finite element model explained earlier is simulated with the FEM software to obtain
the turn voltages when a rms sinusoidal current of 1.0A is injected in both reactors. The
voltage {U,} is directly determined from the FEM software. The voltages which cannot be
directly obtained with the software are calculated with (5.67), since the magnetic vector
potential A; can be easily determined with ANSYS.

5.3.1.4 Calculating the Inductances of the reactors 1 and 2

After calculating the voltage vector {U .}, by using finite element analysis, the total
voltage at each reactor is calculated by adding the voltage on each turn. The total voltage of
reactors 1 and 2 is calculated with (5.74) and (5.75), respectively.

=1 i=5 77(1
Uipes = 23U (5.74)
(2 i=10 77(2
030, = XE10TP (5.75)

Where Ué;)@f and Ug)@f are the total voltage at terminals of reactors 1 and 2. Since a rms

current of 1A has been injected and since the reactors total voltage at frequency f on each
reactor is known; it is possible to calculate the inductance of both reactors at each frequency
f using,

133



L(l) _ imag(ﬁ(clT)@f)

cadf = nf (5.76)
() imag(ﬁng)@f)
Liwor =27 (5.77)

Where L(CZ)@ s and L(Cza)@ s are inductances at frequency f of reactors 1 and 2, respectively. The
dc inductance for both reactors is calculated at frequency 0.1591Hz. It yields,

1) . —1
Lgd) =imag (U(CT)@0.1591) (5.78)
2) . —~(k
Lid) = tmag (U(CT)@0.1591) (5.79)

Where L(ctz) and L(Czd) are the dc inductance of the reactors 1 and 2, respectively.

5.3.1.5 Calculating the inductance Ratio

Once the inductance for each reactor is known, the inductance ratio is calculated as,

LC(l
r@ = L(l@;f (5.80)
cd
L(Z)@f
T(Z) = W (581)

Where r™ and r®® are the inductance of reactors 1 and 2, respectively. The inductance ratio
for both reactors will be determined for a frequency range from 0.15915Hz to 1000Hz. This
parameter can be calculated with the conventional FEM equation (5.65), the proposed
equation (5.70) and by the FEM software ANSYS. A comparison of results is discussed next.

5.3.1.6 Comparison results

In order to perform a first comparison, the voltages at some turns of the reactors 1 and 2
were calculated using ANSYS and the proposed equation (5.70) along (5.65) at frequencies
of 0.15915Hz, 500Hz and 1000 Hz, respectively. The voltage at turns of the reactor 1 is given
in Table 5.16.
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TABLE 5.16
VOLTAGES AT EACH TURN OF REACTOR 1

Frequency \t/l?:;aﬁeuir P,\:I%'zﬁ(s)%d ANSYS %Error
Ua 0.1099mV 0.1099mV 0.0000%

Ue 0.1099mV 0.1099mV 0.0000%

0.15915Hz Ucs 0.1099mV 0.1099mV 0.0000%
Ucs 0.1099mV 0.1099mV 0.0000%

Ucs 0.1099mV 0.1099mV 0.0000%

Ua 3.9159mV 3.9175mV -0.0408%

Uc 3.8359mV 3.8374mV -0.0391%

500Hz Ucs 3.6448mV 3.6463mV -0.0411%
Ucs 3.3169mV 3.3182mV -0.0392%

Ucs 2.8155mV 2.8167TmV -0.0426%

Ua 7.6282mV 7.6315mV -0.0432%

Uc 7.4744mV 7.4775mV -0.0414%

1000Hz Ucs 7.1223mV 7.1252mV -0.0407%
Ucs 6.5406mV 6.5433mV -0.0413%

Ucs 5.6975mV 5.7002mV -0.0474%

The same comparison is given in Table 5.17, but applied to the voltage at turns of reactor

2.
TABLE 5.17
VOLTAGES AT EACH TURN OF REACTOR 2

Frequency \t/lj)::]aﬁ eUz:t Pl\sgiﬁz%d ANSYS %Error
Ucr 0.1053mV 0.1053mV 0.0000%

Ucs 0.1076mV 0.1076mV 0.0000%

0.15915Hz Ucs 0.1099mV 0.1099mV 0.0000%
Uer 0.1122mV 0.1122mV 0.0000%

Uco 0.1145mV 0.1145mV 0.0000%

Uct 3.3309mV 3.3331mV -0.0660%

Ucs 3.4662mV 3.4664mV -0.0635%

500Hz Ucs 3.5503mV 3.5523mV -0.0563%
Uer 3.5872mV 3.5895mV -0.0641%

Uco 3.5729mV 3.5748mV -0.0532%

Uet 6.6171mV 6.6215mV -0.0802%

Ucs 6.8813mV 6.8856mV -0.0713%

1000Hz Ucs 7.0519mV 7.0560mV -0.0709%
Uer 7.1254mV 7.1296mV -0.1558%

Uco 7.0973mV 7.1074mV -0.1479%

By observing Tables 5.16 and 5.17, it can be noticed that the voltages obtained with (5.65)
and (5.70), are very close to those obtained with the FEM software ANSYS. A voltage
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percentage error (%error) was calculated. This error was obtained by using as a base the
voltages obtained with ANSYS, i.e.

UE'ltf)FEM _Ugi()l’rop
%ETrror = T (100%) (5.82)

ci,FEM

Where UC(:‘ ;EM is the voltage at turn i of reactor k, obtained with ANSYS; UC(:‘ z’rop is the
voltage at turn i of reactor k, obtained with (5.65) and (5.70). It can be observed that the
voltage percentage error, obtained with these equations is almost negligible, i.e. around 0.2%.
It can be concluded that (5.65) and (5.70) allow to calculate in an accurate way all the turn
voltages of both reactors at frequencies 0.15915Hz, 500Hz, and 1000 Hz, respectively. It is
clear that they can be confidently used to calculate the inductance ratio defined in (5.80) and
(5.81). The chart of the inductance ratio Lca/Lcd for that frequency range for reactors 1 and 2
is shown in Fig 5.14 and 5.15, respectively. The inductance ratio was calculated on frequency

steps of 20Hz. PropEq was obtained using (5.70) and (5.65) for each frequency.
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Figure 5.14. Inductances ratio of air reactor 1
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Figure 5.15. Inductances ratio of air reactor 2
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It can be observed that the charts obtained by ANSYS and by the proposed equation (5.70)
along (5.65), are almost identical for both reactors. These charts can be consulted in the
original case study (Preiss 1983). It can be concluded that the magnetic vector potentials 4;
have been calculated in an accurate way, by using the equation derived by the proposed
methodology.

5.3.1.7 Performance comparison

A finite element analysis using a conventional approach and the proposed equation is now
performed. Equations (5.70) and (5.65) are compared: for the case of reactor 1, the
conventional equation is of order 3520x3520; while the conventional equation of reactor 2
of 1668x1668. For the case of reactor 1, the proposed equation is of order 1260x1260; and
for reactor 2 of 220x220. The matrix equation derived from the proposed methodology can
obtain these voltages more efficiently, since their matrix equations are of smaller order.

In order to quantify the performance efficiency of the proposed equation for reactors 1
and 2, the computation time (CPU time) was measured. The conventional and the proposed
equations were solved in the frequency domain, in separated MATLAB programs. The
inductance ratio of reactors 1 and 2 are shown in Figure 5.14. A frequency range from
0.15915Hz to 1000Hz was considered, with a frequency step of 20Hz.

The CPU time of the programs was obtained using the MATLAB cputime function. A PC
with 1GB RAM, Windows®-XP 32 bits platform, and an AMD® Turion 1.90GHz processor
was used. The results of the total CPU time to determine the results shown in Figure 5.14 are
given in Tables 5.18 and 5.19, respectively. In order to quantify the CPU time (Comp. time)
in a more accurate way, the programs were run six times (#Sim). Timeing is the average CPU
time to obtain the inductance ratio for one frequency, and it is given in both tables. The
difference, in percentage (%diff) between the CPU time needed to solve the equations of the
two approaches for reactors 1 and 2 are given in Tables 5.18 and 5.19, respectively. The CPU
time required to solve the conventional FEM equation was used as a reference. An average
of all the variables mentioned before has been included in both tables.

TABLE 5.18
SIMULATION TIME TO SOLVE THE CONVENTIONAL AND THE PROPOSED EQUATION FOR REACTOR 1
Proposed Equation Conventional Equation
#Sim Timend CPU Time Timend CPU Time %diff
1 22.2616s 1135.34s 51.4062s 2622.72s -56.71%
2 23.1298s 1179.63s 51.3900s 2620.89s -54.99%
3 25.6179s 1306.52s 53.2755s 2716.95s -51.91%
4 22.9566s 1170.79s 53.7079s 2743.65s -57.32%
5 23.5788s 1202.52s 51.4975s 2626.37s -54.21%
6 23.4688s 1196.91s 53.0837s 2707.27s -55.79%
Average 23.5023s 1198.62s 52.3934s 2672.98s -55.15%
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TABLE 5.19
SIMULATION TIME TO SOLVE THE CONVENTIONAL AND THE PROPOSED EQUATION FOR REACTOR 2

Proposed Equation Conventional FEM Equation
#Sim Timend CPU Time Timend CPU Time %diff
1 1.5134s 72.00s 5.9063s 301.22s -76.10%
2 1.5592s 74.35s 6.1979s 316.09s -76.48%
3 1.4505s 69.27s 5.9818s 305.07s -77.29%
4 1.5698s 75.00s 6.2057s 316.49s -76.30%
5 1.5705s 74.87s 6.1953s 315.96s -76.30%
6 1.6043s 76.56s 6.2377s 318.08s -75.93%
Average 1.5446s 73.68s 6.1207s 312.15s -76.40%

By observing the Table 5.18 and 5.19, it can be seen than the proposed equation permits
to obtain a faster solution for reactor 1, i.e. it requires 44.8% of the time needed by the
conventional equation to obtain Figure 5.14. On the other hand, it can be observed from Table
5.19, that the proposed equation also allows the determination of a faster solution for the
reactor 2, i.e. it only requires 23.6% of the time taken by the conventional equation obtain
the solution shown in Figure 5.14. It can be concluded that the equation derived from the
methodology allows the determination of a significantly faster solution for both reactors.

5.3.2. Case study 5. Parallel solution of the air series reactors

5.3.2.1 Introduction

It consists on analyzing the air series reactors in the frequency domain, but using parallel
computing with CUBLAS. For the case of the conductor analyzed in 5.2.3, it was not possible
to get a faster solution using parallel computing. The reason is that the reduced and the
conventional equations of this conductor are of low order, i.e. 205 and 266, respectively. A
CPU time reduction cannot be achieved, since the advantage of using the parallel platform is
only evident when the size of the equations to be solved is considerable.

The FEM equations derived from the finite element analysis of the air series reactors of
the study case 4 (Section 5.3.1) are of large dimension. Because of this, it should be possible
to obtain a time reduction using parallel computing if the parallel solution using the LU
method is used. This solution will be implemented in this study case.

5.3.2.2 Paralléel calculating process

The conventional FEM equation shown in (5.65) and the reduced equation (5.70) can be
solved by a parallel solution of CUBLAS. The conventional expression (5.65) can be also
solved in the frequency domain as,

[KI{X} +jr[6{X}=Ff (5.83)
Moreover, (5.83) can be also expressed by,
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[Al{X} = {b} (5.84)

For the case of the equation derived from the proposed method and defined in (5.70), it
can also be solved in the frequency domain and represented by,

[Ar]{Xr} = {br} (5.85)

The FEM equation (5.84) will be named conventional FEM equation, while the expression
shown in (5.85) will be named reduced FEM equation. The main characteristics of these
FEM equations are summarized in Table 5.20. Please notice that these equations are required
to be solved several times for the respective frequency range, in order to obtain the respective
inductance ratio for both reactors.

TABLE 5.20

FEM EQUATIONS TO BE SOLVED IN A FREQUENCY RANGE

. Number of
Device to be analyzed Convsnﬂg?iilnFEM Reduced FEM equation FEM equations

q to be solved

Air -COI‘ed Reactor 1 [A3520x3520]{£3520} f [AT,12705x1270]{£T,12'£0} =

bss20} {br1270} 51
Air-cored Reactor 2 [A1673x1673]{f1673} = [AT,IBSxIBS]{fT,IBS} =~
{b1673} {Br1g5}

Two specific steps in the process of calculating the solution in the frequency domain of
the equations (5.84) and (5.85) can be identified, i.e. a preprocessing and a calculating step.
The preprocessing step of the conventional FEM method consists on deriving the matrices
and vectors [K], [G] and {f} that form the equation shown in (5.84); while the preprocessing
step of the reduced FEM method consists on deriving sub-matrices and sub-vectors that form
the expression shown in (5.85). The calculating process of the conventional and the reduced
FEM equations, consists on solving both equations using the LU method. The preprocessing
and the calculating steps of the conventional and a reduced FEM equations were previously
covered in Chapter 3.

5.3.2.3 Performance comparison between the sequential and the parallel solutions

In order to measure the performance of the method implemented in CUBLAS, the
conventional and the reduced FEM equations were also solved in a sequential computing
platform. The preprocessing and the calculating steps were entirely implemented in the
sequential GSL platform (GNU Scientific Library 2013).

For the parallel solution, some stages of the preprocessing step were calculated by a
sequential computing in GSL (GNU Scientific Library 2013), while the calculating steps
were completely implemented in the CUBLAS computing platform (Barrachina et al. 2008),
(CUDA toolkit 5.0 2014). On the other hand, the calculating step of the conventional and the
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reduced FEM equation will be solved for each frequency by the LU method implemented in
CUBLAS. Specific details of the sequential and the parallel computing of the preprocessing
and calculating steps are described in Chapter 3.

Conventional and reduced FEM equations were also solved in the computing platforms
GSL and CUBLAS. The programs were implemented in the same computer and operative
system. A Dell Precision R5500 Rack Workstation, GPU NVIDIA® Quadro® 600 with 96
cores, | GB RAM and an Ubuntu Operative System were used.

The total computation time (CPU time) required to solve air core reactors in the
correspondent frequency range was measured. Figs. 5.16 and 5.17 show the CPU times
needed to solve the equations of the air core reactors 1 and 2, using the sequential and the
parallel computing platforms.

Figure 5.16. CPU time derived for reactor 1
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Figure 5.17. CPU time derived for reactor 2

It can be observed that the reduced FEM equation allows to derive a faster solution
compared to the conventional FEM equation solution. For the case of the reactor 1, when the
sequential computing was used; the CPU time of the conventional and the reduced equation
are 15298sec and 763sec, respectively. There is a large difference between these times.
Moreover, when the parallel computing was used for reactor 1, the CPU time of the
conventional and the reduced equation are 4365sec and 227sec, respectively. The proposed
equation implemented in a parallel computing, can be solved in 227sec, while the sequential
solution of the conventional equation requires of 15298sec, or almost 67 times more.

For the specific case of the reactor 2, when the sequential computing was used; the CPU
time of the conventional and the reduced equation are 1647sec and 13sec, respectively. There
is also a big difference between this times, i.e. nearly 127 times. When the parallel computing
was used for reactor 2, the CPU time of the conventional and the reduced equation are 505sec
and 7.15sec, respectively, or less than 4 and 2 times. Besides, the proposed equation
implemented by parallel computing, can be derived in only 7.15sec, compared to the
sequential solution of the conventional equation that requires 1647sec; the difference is really
huge.

For both reactors the parallel solution can provide a reduction of nearly one third of the
CPU time needed by the conventional FEM equation; and of almost one half of the time
required by the proposed equation. It can be concluded that the proposed equation can be
used in a parallel platform to obtain significantly faster solutions in the frequency domain.

The developed parallel form of solution can be verified by the ratio of sequential (ts) and
parallel cpu time (tp), for the conventional and the proposed method. Ratio ts/tp for reactors 1
and 2 can be seen in Figure 5.18 and 5.19, respectively.
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Figure 5.18. Ratio ts/tp derived for reactor 1

Figure 5.19. Ratio ts/tp derived for reactor 2

It can be seen that the ratio ts/tp indicates that the proposed parallel form of solution is
slightly more efficient for the conventional FEM equation. Nevertheless, the use of the
proposed methodology permits to use a lesser order equation, which permits to derive the
solution in a faster way than the conventional FEM equation. Specific details about the
parallel and the sequential solution of the reactors 1 and of this case study, can be found in
Appendix C.2.

5.4 Conclusions

The resulted matrix equation from the proposed methodology for FEM analysis has been
tested with several case studies. Three devices modelled by a finite element analysis derived
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from a planar symmetry assumption and two by an axisymmetric symmetry were analyzed.
The devices have been solved in the frequency and the time domain. A sequential and a
parallel solution has been considered.

The parallel solution was implemented using the CUBLAS platform. This platform
permits a fast implementation of parallel computing. Although several routines already
implemented in the platform were used, it was necessary to define a LU decomposition. Thus,
it was possible to perform a parallel computing in some of the case studies. The advantage
of using the parallel computing solution is evident when large equations are solved.

All the devices can be modeled by a conventional finite element analysis, but they can
also be analyzed by using the proposed methodology. This methodology permits to derive a
reduced equation that can be solved in the frequency and the time domain. The proposed
methodology consists on performing a renumbering of the magnetic vector potentials. Using
this reordering it is possible to associate the time varying variables, and after performing
some simple matrix operations, to obtain an equation that has several advantages, i.e.

e It can be applied to FEM-field equations and FEM-circuit coupled equations.

e It can directly calculate the time varying variables, i.e. the magnetic vector potentials in
the conductor regions and the conductor currents.

e [t can be solved by parallel computing, such as the CUBLAS platform.

Nevertheless, it is important to mention that several matrix operations are necessary to
derive the equation. In the analyzed cases, the advantage of using the methodology was
evident in the more complex problems

Finally, it is important to mention, that an excellent agreement between the results derived
with a conventional approach and the proposed method has been obtained. For all the case
studies, the FEM software ANSYS has been used, in order to validate the reported results.
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6 Conclusions

6.1 Summary of results

This investigation has covered the solution of a field equation by using FEM matrix
equations, derived from a finite element analysis; which has been simplified by a planar or
an axisymmetric symmetry assumption. A new form of solution of FEM field and a FEM-
circuit coupled equations has been proposed and solved. The fundaments and basic principles
of these equations have been widely explained in this investigation, along their respective
method of solution in the frequency and in the time domain.

In this investigation a new methodology, which consists on performing several steps that
lead to derive an alternative expression of a FEM field or a FEM-circuit coupled equation
has been proposed. The equation derived by the proposed method has the important feature
of being only defined in terms of the time varying variables; thus, these variables can be
directly calculated. The equation derived is of lower order than the conventional and can be
easier to solve in the frequency and in the time domain. For the case of the time domain
solution, several methods have been used in the solution of the proposed equation i.e., the
Euler, Backwards Euler, 4" order Runge Kutta and the ND Newton method. An effective
form for the solution of the FEM equations has been obtained.

Although the proposed method provides a faster solution of the FEM equations, it may
still require of considerable computation effort, especially if large equations need to be
solved. Because of this, it a parallel solution in CUBLAS has been implemented. The
CUBLAS-CUDA is a powerful platform that allows a fast and powerful parallel computing,
since it already contains several matrix routines that are very useful and efficient to derive
faster solutions from the conventional and the proposed equation. After having explained the
methodology, and after solving several case studies consisting on solving the ordinary FEM
equation, along the expression derived by the proposed methodology; it can be concluded
that the proposed method developed through this investigation has the following advantages:

1) It permits to directly calculate in an easier and faster way, the time varying variables of a
FEM field and a FEM-circuit coupled equations; by deriving a unique equation. Thus, it
is possible to calculate these variables in the frequency or the time domain, by using a
lower order matrix expression. For the specific case of the air series reactor 1 and 2
covered in Section 5.3.2, the use of the proposed methodology requires 45% and 24% of
the computing time required for the conventional FEM equation solution. Moreover, a
computing time reduction has been also obtained for the T-slot conductor covered in
Section 5.2.3, for this case the proposed methodology requires 45% of the computing time
of the conventional FEM expression. It can be seen the proposed method allows a
computing time reduction, even performing a sequential computing.
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2) It consists on a simple calculating process, i.e. it requires of a nodal renumbering of the
FEM field matrices equations in order to get a new FEM field equation; associating the
time varying variables; and finally, on performing some simple matrix operations. These
matrix operation requires computing time, but they are necessary to perform only time in
order to derive the matrices of the equation derived by the explained methodology.

3) It allows the solution in the time domain by using the Euler, the Newton and the 4™ order
Runge Kutta methods. Nevertheless, it is important to remark that an approximate solution
is achieved. Moreover, an accurate solution in the time domain can be achieved, if the
Backwards Euler method is used.

4) It has been implemented on a parallel form of solution by using the CUDA platform. The
CUDA platform was created as a computing platform for the videogames industry.
Nevertheless, it has been extensively used in parallel computing, since it allows a faster
implementation using a known computing platform (CUDA C).

5) Since the proposed method requires of standard matrix-vectors operations; it has been
easily implemented in CUBLAS-CUDA. This parallel computing platform already
contains several tested routines, which have been used to derive the equations covered by
this investigation. For the air series reactor 1 and 2 covered in Section 5.3.2, the use of the
proposed methodology along the developed parallel solution, permit to get a faster
solution, it requires 1.48% and 0.5% of the computing time required for the GSL
sequential solution of the conventional FEM equation.

6) It allows a significant time reduction when a parallel computing with CUBLAS is used.
A significant reduction of CPU time to solve larger order FEM equations in the frequency
domain has been obtained. The CPU time for solving the equation derived from the
methodology by using CUBLAs it is several times smaller than the time required for
solving the normal FEM equation with GSL. Parallel computing permit to get a computing
time reduction, when the dimension of the FEM matrix involved are large, i.e., the air
reactor 1 and 2 are modeled by FEM matrix of order 3520 and 1673, respectively

An excellent agreement between the results derived with a conventional approach and the
proposal method has been obtained. Moreover, several study cases has been also simulated
by ANSYS. The FEM simulation helped to prove the accuracy of the proposed method. The
obtained results have been successfully validated.
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1)

2)

3)

4)

6.2 Recommendations for Further Developments

Although the method developed by this investigations provides a good alternative in the
solution of the FEM equations, the method has some disadvantages. For example, it
requires of performing several matrix operations. These operations could require of
additional computing time, which could eliminate the advantage of having to solve a
lower order matrix equation. Moreover, it could be proper to enhance the calculating
process of the methodology, in order to require of lesser computing times.

Another aspect to remark is that the non-linear properties of the materials have not been
considered. For example, the permeability of the magnetic materials of the electrical
machines or devices is clearly non-linear; and therefore, the FEM matrix equations are
non-linear too. In the final stages of the investigation, the FEM equations of devices with
non-linear parameters by using the Newton Method were solved; an interesting challenge
could be exploring the possibility of solving a non-linear time-varying equation. The
developed method of solution can be compared with others methods or forms of solution,
i.e. those results obtained with ANSYS. In theory, the solution of the non-linear time-
varying equation can be obtained, since the methodology permits to derive a recursive
equation which can be solved with the ND method. In theory this approach can be
implemented, since the Backwards Euler method can be used as an integrating method.

Another subject of possible future work is the possibility of analyzing other electric or
magnetic devices. Specifically, those devices with more complex geometry or
configuration. There are several elements that can be analyzed, such as induction rotating
machines, synchronous machines, some components of the transformers, etc.

A parallel form of solution of a matrix equation by using CUDA-CUBLAS has been also
developed. If the solution of non-linear equations is performed, it can be implemented,
by using a new parallel method of solution. Moreover, it can be possible to engage the
developed method in other sequential computing platform such as Matlab or GSL. Thus,
a performance comparison can be performed.

146



(ANSYS 2010)

(Arkkio 1987)

(Bastos 2003)

(Bianchi 2005)

(Brauer, Sadegui
and Oerterlei
1999)

(Butrylo et al.
2003)

(Chari and
Sylvester 1980)

(Cheng 1993)

(Cisneros-
Magana and
Medina 2013)

(CUDA toolkit
5.02014)

(Dlala and Arkkio
2010)

Bibliography

ANSYS. "Low-Frequency Electromagnetic Analysis Guide."
ANSYS Inc., 2010

Arkkio, A. . "Analysis of induction motors based on the
numerical solution of the magnetic field and circuit equations."
Docthoral thesis, Acta Polytechnica Scandinavica Electrical
Engineering Series No. 59. Helsiki University of Technology,
1987.

Bastos, J.A. . Electromagnetic Modeling by Finite Element
Method. Mercel Dekker, 2003.

Bianchi, N. Electrical Machine Analysis Using Finite Element
Method. Francis Group, 2005.

Brauer, J., H. Sadegui, and R. Oerterlei. "Polyphase Induction
Motor Performance Computed Directly by Finite Elements."
IEEE Transaction on Energy Conversion 14, no. 3 (September
1999): 583-584.

Butrylo, F. , F. Musy, L. Nicolas , E. Perrusel , R. Scorreti, and
C. Vollaire. "A survey of parallel solvers for the Finite Element
Method in Computation Electromagnetics." COMPEL The
International Journal for Computation and Mathematics in
Electric and Electronic Engineering 23, no. 2 (2003): 531-546.

Chari, M.V K., and P.P. Sylvester. Finite Elements in Electrical
and Magnetic Field Problem. New York: John Wiley & Sons ,
1980.

Cheng, D.K. . Fundamentals of Engineering Electromagnetics.
Reading MA: Addison-Wesley, 1993.

Cisneros-Magaia, R. , and A. Medina. "Parallel Kalman Filter
Based Time-Domain Harmonic State Stimation." Proceedings of
the North American Power Symposium (NAPS). 2013. 1-6.

CUDA toolkit 5.0. CUBLAS Library. 2701 San Tomas Express
Way Santa Clara CA: NVIDIA Corporation, 2014.

Dlala, E. , and A. Arkkio. "General Formulation for the Newton-
Raphson Method and the Fixed-Point Method in Finite Element
Programs." Proceedings of the 2010 XIXth International
Conference on Electrical Machines (ICEM). Rome, 2010. 1-14.

147



(Engleman and
Middendorf
1995)

(Escarela-Perez,
Melgoza and
Alvarez-Ramirez
2009)

(C. Fu 2008)

(Fu and Ho 2009)

(GNU Scientific
Library 2013)

(Ho, Shuangxia
and Fu 2011)

( (Ho, Li and Fu
1999)

(Ho, Fu and
Wong 1997)

(Iwano et al.
1994)

(Jafari-
Shapoorabadi,
Konrad and
Sinclair 2002)

(Jalili-Marandi,
Zhiyin and
Dinavahi 2012)

Engleman, R.H., and W.H. Middendorf. Handbook of Electrical
Motors. Mercel & Dekker Inc., 1995.

Escarela-Perez, E., E. Melgoza, and J. Alvarez-Ramirez. "A 2-D
Time-Harmonic Modified Nodal Analysis Framework." IEEE
Transaction on Magnetics 45, no. 3 (February 2009): 707-709.

Fu, Chaojiang. «Parallel Computing for Finite Element Structural
Analysis on Workstation Cluster.» International Conference con
Computer Science and Software Engineering. Wuhan, Hubei,
2008. 291-294.

Fu, W.N., and S.L. Ho. "Matrix Analysis of 2-D Eddy-Current
Magnetic Fields." IEEE Transaction on Magnetics 45, no. 9
(September 2009): 3343-3344.

GNU Scientific Library. "GNU Scientific Library." GNU
Project, 2013.

Ho, S.L., N. Shuangxia, and W.N. Fu. "An Equivalent Parameter
Extraction Method of Transient Electric Circuit and Magnetic
Field Coupled Problems Based on Sensitivity Computation of
System Equations." IEEE Transactions on Magnetics 47, no. 8
(August 2011): 4218-4219.

Ho, S.L., H.L. Li, and W.N. Fu. "Inclusion of Interbar Currents
in a Network-Field Coupled Time-Stepping Finite-Element
Model of Skewed-Rotor Induction Motors." IEEE Transaction
on Magnetics 35, no. 5 (September 1999): 4218-4219.

Ho, S.L.., W.N. Fu, and H.C. Wong . "Application of Automatic
Choice of Step Size for Time Stepping Finite Element Method to
Induction Motors." IEEE Transaction on Magnetics 45, no. 9
(March 1997): 1370-1371.

Iwano, K. , V. Cingoski, K. Kaneda, and H. Yamashita. "A
parallel processing method in Finite Element Analysis using
domain division." IEEE Transaction on Magnetics 30, no. 5
(September 1994): 3598-3601.

Jafari-Shapoorabadi, R. , A. Konrad , and A.N. Sinclair.
"Comparison of Three Formulation for Eddy-Current and Skin
Effect Problems." IEEE Transaction on Magnetics, March 2002:
617-620.

Jalili-Marandi, V. , Z. Zhiyin , and V. Dinavahi. "Large-Scale
Transient Stability Simulation of Electrical Power Systems on
Parallel GPUs." IEEE Transaction on Parallel and Distributed
Systems 23, no. 7 (August 2012): 1255-1266.

148



(Jianming 2002)

(Kiss et al. 2012)

(Konrad 1982)

(Konrad 1981)

(Konrad, Chari
and Csendes
1982)

(Kwon and Bang
1997)

(Lavers, Boglaev
y Sirotkin 1996)

(Li, Ho and Fu
2012)

(Lubin, Mezani
and Rezzoug
2011)

(Manna and
Marwaha 2008)

(MATLAB 2010)

(Mihai and
Benelghali 2012)

Jianming, J. . The Finite Element Method in Electromagnetics.
John Wiley & sons, 2002.

Kiss, 1., Badics, Z., Gyimoth, S., & Pavo, J. (2012). High locality
and increased intra-node parallelism for solving finite element
models by novel element-by-element implementation. |IEEE
Conference on High Performance Extreme Computing (HPEC),
(pp. 1-5). Walthan MA.

Konrad, A. . "Integrodifferential Finite Element Formulation of
Two-Dimensional Steady-State Skin Effect Problems." IEEE
Transaction on Magnetics 18, no. 1 (January 1982): 284-286.

Konrad, A. . "The Numerical Solution of Steady-State Skin
Effect Problems -An Integrodifferential Approach." IEEE
Transaction on Magnetics 175, no. 1 (January 1981): 1149-1150.

Konrad, A. , M.V.K. Chari, and Z.J. Csendes. "New Finite
Element Techniques for Skin Effect Problems." IEEE
Transactions on Magnetics 18, no. 2 (March 1982): 450-455.

Kwon, K. , and H. Bang. The Finite Element Method using
MATLAB. CRC Press, 1997.

Lavers, D. , I. Boglaev , y V. Sirotkin. «Numerical Solution of
Transient 2-D Eddy Current Problem by Domain Decomposition
Algorithm.» IEEE Transaction on Magnetics 32, n° 3 (May
1996): 1413-1416.

Li, HLL. , S.L. Ho, and W.N. Fu. "Application of Multi-Stage
Diagonally-Implicit Runge-Kutta Algorithm to Transient
Magnetic Field Computation using Finite Element Method."
IEEE Transaction on Magnetics 48, no. 2 (February 2012): 279-
280.

Lubin, T., S. Mezani, and A. Rezzoug. "Analytic Calculation of
Eddy Currents in the Slots of Electrical Machines: Application to
Cage Rotor Induction Motors." IEEE Transaction on Magnetics
47, no. 11 (November 2011): 4650-4651.

Manna, M.S., and A. Marwaha. "Eddy Current Analysis on
Induction Machine by 3D Finite Element Method." IEEE Power
India Conference. 2008. 1-3.

MATLAB. "MATLAB." Matworks Inc., 2010.

Mihai, A.M. , and S. Benelghali. "Design and FEM Analysis of
Five-Phase Permanent Magnet Generators of Gearless Small-
Scale Wind Turbines." Proceedings of the XXth International
Conference on Electrical Machines (ICEM). Marseille, 2012.
150-156.

149



(Mukades and
Uragani 2008)

(NVIDIA 2012)

(Okamoto,
Fujiwara and
Ishihara 2010)

(Owens , Houston

and Luebke 2008)
(Preiss 1983)

(Reddy 1984)
(Reece and

Preston 2000)

(Semlyen and
Medina 1995)

(Shen et al. 1985)

(Silvester and
Ferrari 1983)

(Stratton 1941)

(Tsukerma et al.
1993)

(Wang and Xie
2009)

Mukades , A.M.M. , and A. Uragani . "Parallel performance of
domain decomposition method on distributed computing
environment." 11th International Conference on Computer and
Information Technology. Khulna, 2008. 617-622.

NVIDIA. NVIDIA CUDA API reference manual Version 5.0.
NVIDIA Inc., 2012.

Okamoto, Y. , K. Fujiwara, and Y. Ishihara . "Effectiveness of
Higher Order Time Integration in Time-Domain Finite-Element
Analysis." IEEE Transaction on Magnetics 46, no. 8 (August
2010): 3321-3322.

Owens , J.D. , M. Houston , and D. Luebke. "GPU Computing."
Proceedings of the IEEE 96, no. 5 (May 2008): 879-899.

Preiss , K. . "A Contribution to Eddy Current Calculation in Plane
and Axisymmetric Multiconductor Systems." IEEE Transaction
on Magnetics 19, no. 6 (November 1983): 2397-2399.

Reddy, J.N. . An Introduction to Finite Element Method. New
York: McGraw-Hill, 1984.

Reece, A. , and T. Preston. Finite Element Method in Electric
Power Engineering. UK: Oxford University Press, 2000.

Semlyen, A., and J. Medina. "Computation of the Periodic Steady
State in Systemsn with Nonlinear Components Using a Hybrid
Time and Frequency Domain Methodology." IEEE Transaction
on Power Systems 10, no. 3 (August 1995): 1498-1501.

Shen, D. , G. Meunier, J.L. Coulomb, and J.C. Sabonnadiere.
"Solution of Magnetic Fields and Electrical Circuits Combined
Problems." IEEE Transaction on Magnetics 21, no. 6 (November
1985): 2288-2289.

Silvester, P.P., and R.L. Ferrari. Finite Element Analysis and
Design of Electromagnetic Devices. Cambridge, England:
Cambridge University Press, 1983.

Stratton, J.A. . Electromagnetic Theory. New York: McGraw-
Hill, 1941.

Tsukerman, I.A. , A. Konrad , G. Meunier, and J.C.
Sabonnadiere. "Coupled field-circuit problems: trends and
accomplishments." IEEE Transactions on Magnetics 20, no. 2
(March 1993): 1701-1704.

Wang, X. , and D. Xie. "Analysis of Induction Motor Using
Field-Circuit Coupled Time-Periodic Finite Element Method
Taking Account of Hysteresis." IEEE Transaction on Magnetics
45, no. 3 (March 2009): 1740-1741.

150



(Wang, et al. Wang, Y., J. Jiaming, T. Krein, and P. Magill. "A Finite Element-

2014) Based Domain Decomposition Method for Efficient Simulation
of Non-Linear Electromechanical Problems." IEEE Transaction
on Energy Conversion 29, no. 2 (June 2014): 309-317.

(Wenliang et al. Wenliang, C. , L. Yujing , J. Islam, and D. Svechkarenko.

2012) "Strand-Level Finite Element Model of Stator AC Copper Losses
in the High Speed Machines ." Proceedings of the 2012 XXth
International on Electrical Machines (ICEM). Marseille, 2012.
477-482

151



AppendIX A FEM matrices and

vectors derived by Finite Element Analysis

A.1 Planar symmetry’s FEM matrices and vectors
A.1.1 Finite elements

A.1.1.1 Triangular linear finite element with three nodes
Azj(x' y)={N1 N; N3}{4, Ap Az} (Al)

The values of N, N2, N3 of (A.1) are defined by,

X2Y3—X3y2 Yy2—Jy3 X3—Xx2
N, = x A2
P P T ( (A-2)
X3Y1-X1)3 Y31 X1—X3
N, = x A3
2 =T T XY (A-3)

X —X - xX2—X
Ny = X022y y1yz ) T, (A.4)
Agq A4 Agq

The variable 4, is calculated using,

Ay = X1y — X¥1 + X2¥3 — X3Y2 + X3Y1 — X1Y3 (A.5)

A.1.1.2 Triangular linear finite element with six nodes

A,(x,y) ={Ny Nz N3 Ny N5 Ng}{Ay Ap Apn Ay Ai Akl (A.6)

The values of L;, L, and L; of (A.6) are defined by N;, N> and N3, respectively. N;, N> and
N;sare defined in (A.2), (A.3) and (A.4), respectively. N4, N5 and Ns are given by,

Ny = 4L,L, (A7)
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Ng = 4L,L, (A.8)

Ng = 4LsL, (A.9)

A.1.2 Field equation with current density as the forcing function

)55 - (A10
A.1.2.1 Matrices and vectors derived from applying FEA
[Dirichlet B.C.] + [S|{A} = {f4;}(J2) (A.12)

The matrices and vectors of (A.11) are defined by,

[s] = [fm v (a{gi}T T+ A ) ‘”] (A.12)
o = |[, (NI dq] (A.13)

A.1.1.2.1 Matrices and vectors for finite element of three nodes

02— y3)2 4+ (X3 — %)% 12— ¥) 03—y + (s —1) (X1 —x3) (72 — 23) (¥ — 25) + (X3 — %) (%, — %)

[S]3xs = i sym (3 = y1)? + (1 — x3)? 3 =y @1 —y2) + (x5 —x1) (xz — x¢)
sym sym 1 —y2)* + (2, — x4)?
(A.14)
Fohe="20 1 1) (A.15)
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A.1.1.2.2 Matrices and vectors derived for finite element of six nodes

Slec = v A16
Sles = V|5, Sy Sus Sis Sss Suc (A.16)
Ss1 Ssz2 Ss3 Ssa Sss Sse
IS¢: Sez Ses Ses Ses Seel
Fs=20 0 0 1 1 1) (A.17)

The elements of (A.16) are defined by,

S11 = [(a11)? + (a12)? + (a21)? + (a22)* + 2a41015 + 2a3105,]/(24,)

S12 = S21 = [(@11)? + (@21)* + ay1a4; + az1a;,]/(64,)

S13 = S31 = [(a12)% + (az2)? + ay1a4; + A2105,1/(644)

S14 =S4 = —4S513; S15 =S51=0; S15= Sg1 = —4S13; Szz = [(a11) + (az1)?]/(244)

S23 = 832 = —[@11A12 + A2102,]/(644); S24 = S42 = —4S12; S25 = S52 = 4523, 526 = Se2 = 0
S33 = [(@12)? + (a22)%1/(244); S34 = Saz = 0; S35 = S53 = —4S33; S36 = Se3 = —4S13

S4a = 4[(a11)? + (a12)? + (az1)? + (a22)* + Q11042 + A2105,]/(344); S4s = Ssa = —4513

Si6 = Sea = —4S23; S55 = Sa4; S56 = Se5 = —4S12; Se6 = Saa

The variables a;1, a2, az21, az2 are defined by,

A1 =Y3— Y1, Q12 =Y1— Y2

Qz1 = X1 —X3; Q3 = X2 — X3 (A.18)
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A.1.3 Field equation with voltages as the forcing function

C 2 (%) - 2 (p2) 4 g2 _ gl (A.19)

ax\ ax/) ay\ ay at 1

A.1.3.1 Matrices and vectors derived from applying FEA
[Dirichlet B.C.] + [S1{A;} + [T]5-{A,} = {f u} (V) (A.20)

The matrix [S] was defined in (A.12). Matrices [7] and the vector {f..} of (A.20) are defined
by,

11 = [f, oNJT{N;} dd] (A21)
Foud = [, TN 1] (A.22)

A.1.3.1.1 Matrices and vectors for finite element of three nodes

The matrix [S]sx3 was defined in (A.14). Matrix [T]s.; and vector {fqu}3.s are defined by,

4 2 11
1 1 2
Foha =721 1 1) (A.24)

A.1.3.1.2 Matrices and vectors for finite element of six nodes

The matrix [S]sxs was defined in (A.16). The matrix [T] sxs and the vector {f;.}:xs are defined
by,

6 -1 -1 0 -4 0

1 6 -1 0 0 -4

_ M4|-1 -1 6 -4 0 0
Mexs =93l 0 0 -4 32 16 16 (A.25)

4 0 0 16 32 16

0 -4 0 16 16 32

Fodie =720 0 0 1 1 1)7 (A.26)
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A.1.4 Field equation with currents as the forcing function

a [ o4, a ( o4, 94, _ U
~(05) =5, (o) re =0 (A-27)
-1 04, _
(RC) UC - fr O'; dr = IZ (A28)

A.1.4.1 Matrices derived from applying FEA and the Newton Cotes
[Dirichlet B.C.] + [S1{A;} + [T]5-{A,} = {f u} (V) (A.29)
(R W) — {fpa} 5L =1, (A.30)

dt

The matrices [S] and [T] of (A.29) were previously defined in (A.12) and (A.21). The vector
{fza} is defined by,

{Fa = |[,, 0N a1 (A31)
A.1.4.1.1 Vectors for finite element of three nodes

{foal, =021 1 1 (A.32)

A.1.4.1.2. Vectors for finite element of six nodes

fgahe =02{0 0 0 1 1 1) (A.33)
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A.2 Axisymmetric symmetry’s FEM matrices and vectors
A.2.1 Finite elements

A.2.1.1 Triangular linear finite element method with three nodes
A,i(r,z) ={N1 Nz N3}{Ap1 Ap Ay}’ (A.34)

The values of N;, N2, N3 of (A.34) are defined by,

N, = r223A_{322 ZZA_;T N rgd_{zz (A.35)
N, = r”j{m + Zj;l r+ rj; z (A.36)
Nj = ”’2’2’1 + “A‘;Z r+ ’j{l z (A.37)
A.2.2 Field equation with current density as the forcing function
a1 (o) vt (A3
A.2.2.1 Matrices derived from applying FEA
[Dirichlet B.C.] + [S1{A,;} + [Su){A,;} = {f;}(J ) (A.39)

Where the matrices of (A.39) are defined by,

[s] = [f,m (v 2T AN 00T 2U) )drr] (A.40)
[Su] = [f,rD v{N}"{N;}dz, ] (A.41)
U=/, W7 dz (A42)
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A.2.2.1.1 Matrices and vectors derived for finite element of three nodes

R (r3—1)* + (22— 23)* (r3—1)(r1—13) + (22— 23)(23 —21) (r3 —1)(ry —11) + (22 — 23) (21 — 22)
[S]3.3 = % sym (r1—13)%*+ (23— 24)* (ry—13)(ry —11) + (23 — 21) (21 — 25)
‘ sym sym (ry = 1)? + (21 — 2,)*
(A.43)
. 2 1 1
[Sil3x3 = m[l 2 1] (A.44)
“l1 1 2
13 = i—;{(zﬁ +ry+713) (rp+2rp+713) (1 + 713+ 213)) (A.45)
The variable 4, of (A.43) and (A.45) is calculated using,
AQ =112, — Tz + YoZ3 —T3Z, + Y3z, — 1 Z3 (A46)
A.2.3 Field equation with voltages as the forcing function
a4 aA A a4 .
—%%(vra—r”)—%%(vra—;’)+vr—z”+aa—:=a’% (A.47)

A.2.3.1 Matrices derived from applying FEA to the partial differential equation
[Dirichlet B.C.] + [S1{A,;} + [Sul{A,} + [T) 5 {4y} = {f gu Ve (A.48)

Where the matrix [S] and [Sx] were defined in (A.43) and (A.44). Matrix [T] and vector {f..}
are defined by,

[T =/, oN}"{N;} dz] (A.49)
Uod=[l,, 0L ] (A.50)

A.2.3.1.1 Matrices and vectors derived for finite element of three nodes

The matrix [S]sx3and [Si]z.; were defined in (A.14). The matrix [7]s: and the vector {fzu}ixs
are given by,
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711
[Tl3x3 = GA—d[l 2 1] (AB1)
1 1

Fpdis =01 1 1) (A52)
A.2.4. Field equations with currents as the forcing function

1Dy 2) 12 (1 ) 0 o0y U (A.53)

ror ar roz 0z at 2nr

@)Wy -, eZtdr =1, (A.54)
A.2.4.1. Matrices and vectors derived from applying FEA
[Dirichiet B.C.] + [S1{A,} + [So)){4,} + (115 {4,} = {£,.} W) (A.55)

d{Ap]}

(A7) ~ {fga} =

(A.56)

Where the matrix [S] and [Sx] were defined in (A.43) and (A.44). Matrix [T] and vector {f..}
were defined in (A.49) and (A.50), respectively. The vector {f..} is defined by,

Uoad =), 2L 4q) (A57)

D 2mr
A.2.4.1.1. Vectors for finite element of three nodes

Foadis =0%{1 1 1 (A58)
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Ap pend iX B Solution of FEM equations

In the frequency and time domain

The FEM equation to be solved could correspond to a FEM field equation with voltage or
currents known, or to a FEM-circuit coupled equation. These equations can be represented
in a general form given by,

(KX} + [6] 5 (X} = {F} (B.1)

For the case of the expression which corresponds to a FEM field equation where the
voltages are known, the variables of (B.1) will be defined by,

X} = {4}

{F} = {fx}{Uc}

[G] = [T,] (B.2)

For the case of the expression that corresponds to a FEM field equation where the currents
are known, the variables of (B.1) are defined by,

x}={{a} WH"
{F}={0 {1}’

:[zx] _{fx}]

6] = ,;‘, 0] (B.3)

For the case of a FEM-circuit coupled equation, the variables of (B.1 are defined by,
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x}={43 I3 W

{F}={0 (v} o}

[[s.] 0  —{fi}
[K]=| 0 [R] {1}
[0 {1} [4,]"

([T,] 0 o
Gl=| o [L] 0‘ (B.4)
0

The equation defined in (B.1) can be solved in the frequency domain or in the time
domain. The solution in the frequency domain is simple, since implies to calculate a simple
matrix equation (Bastos 2005). For the specific case of a time domain solution, the mostly
used method is the Backwards Euler method (Arkkio 1987), (Ho, Li and Fu 1999), (Ho,
Shuangxia, and Fu 2011). If the equation to be solved is non-linear, the Newton Method can
be used (Okamoto, Fujiwara and Ishihara 2010). The solution on both domains will be
discussed next.

B.1 Frequency domain solution

The purpose of this section is to explain how is solved the FEM equation (B.1) in the
frequency domain. The equation to be solved is defined by,

(KX} + [6] 5 (X} = {F) (B.5)

However, if the excitation contained in {F} is sinusoidal and the materials are linear, we
can use complex variables in {X}. On the FEM equations used in this investigation, {X}
could contains complex magnetic vector potentials or complex currents or voltages. The
excitation {F} could have current or voltages sources, thus this vector can be defined by
(Bastos 2003), (Shen, et al. 1985),

{F(D)} = {F; cos(wt + B)} (B.6)

Where g; represents the phase angle known of each excitation source contained in {F}. If the

complex notation j = v—1 is used, (B.6) can be redefined by (Bastos 2003), (Shen, et al.
1985),

{F(t)} = Re({F;e/™t*h0)}) (B.7)
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Where w is the angular velocity. The system’s response to this excitation is also at stead state
sinusoidal and out of phase, therefore,

{X(t)} = Re({X,e/WttaDy) (B.8)

Where {X,e/*} is the solution of (B.4) and «; is the phase angle of {X(1)}. Thus, (B.5) can
be written as (Bastos 2003), (Shen, et al. 1985),

[K1{X,e/"tee} + [G] & (X e/tee} = (Fe/t+iFy) (B.9)

If the term with derivative respect to ¢ is developed on (B.9), yields, (Bastos 2003), (Shen,
et al. 1985),

[K1{X e/} + jw[G]{X e/} = {F elfi} (B.10)

The equation (B.10) can be written as (Bastos 2003),
[K1(Xse/“} + jw[GI{X s/} = (FselFi} (B.11)

The vector {X,e/*} contains complex variables denoted as {X}. The excitation vector

{F,¢”} also contains complex variables {X}. It can be seen that the equation (B.11) can be
written as,

(IK] + jw[6D{X} = {F} (B.12)
Where the excitation vector {F} is defined by,

{F} = {F,e#1} (B.13)
After solving {X}, it can be seen that the components of this vector are defined by,

(X,ei*}) = {X) (B.14)

The vector {X,¢*} contains each magnitude and angle phase solution of the harmonic
variables. It is possible to express (B.14) in a simpler way as,
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[4]{X} = {B) (B.15)

After solving a single matrix system, the real and the imaginary parts of {X} can be
derived, and therefore its magnitude and phase angle in relation to {b}. However, we cannot
include nonlinearity. If ferromagnetic materials are present, it is necessary to know a priori
if the excitation current is low enough to avoid nonlinear effect such as saturation in the
structure under study (Bastos 2003). If these conditions are not satisfied, the time
discretization formulation can be used. For the latter, the time required for computation is
longer (because an iterative calculation is performed for each step), the time discretization
method is the only way to obtain results for nonlinear problems of this kind (Bastos 2003).
The main results obtainable with the complex variables formulation are: a) Penetration
effects can be seen graphically. b) Impedance calculation.

B.2 Time domain solution

The periodic behavior of an electrical network or a FEM equation can be calculated in the
time domain, integrating the differential equation set that describe the dynamic of the system.
They can be described in terms of a differential equation (Semlyen and Medina 1995), ,

== fx0) (B.16)

The numerical method for the solution of (B.16) can be classified in explicit and implicit
methods. They will be explained next.

B.2.1 Explicit methods

The solution of these methods depends on the solution of an earlier step. There are several
implicit methods, the most widely used will be explained next. It is possible to employ several
finite difference schemes to discretize x in the time domain. The explicit methods used will
be explained next.

B.2.1.1 Euler method (forward difference) (Jianming 2002)

The Euler method is widely used. The method consists on dividing the time axis uniformly
into a number of time intervals. A function X(r+4¢t) can be expanded into a Taylor series
about ¢ as follows (Jianming 2002),

X(e+ 48 = X(0) + D ar + X4 4 91207 (B.17)

Where Ol(4t)’| denotes the sum of all the remaining terms containing (4¢)” with p>3. From
(B.17), we can obtain,
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dX _ X@ran—X@ 2
- T 0|(4t)“| (B.18)

The equation (B.18) can also be written as (Jianming 2002),

dX _ X@+ran—X@
dt At (B.19)

This approximation is of first order accurate in the sense that the truncation error contains
(4t)f with p>1. Using the notation X(t)=X(n At)=X,, we can rewrite (B.19) as follows ,

ax ~ Xni1—Xn
e (B.20)

Taking into account (B.20), (B.16) can be written by,
Xn+1 = Xn + (ADf (X ty) (B.21)

Where x, represents the vector that contains variables stored in the time step »; t, represents
the time in that step; and 4 is the integration step. The calculating process of the Euler
method can be seen in Figure B.1

|. OBTAINING INITIAL
CONDITIONS x;

!

. CALCULATING
X=X,

:

IIl. CALCULATING VECTOR
™ XM.I

Xnit = Xn + (A)F(x,,T)

¥
V. SET
n=n+1

¥

V. UPDATING VECTOR
R a1 @
as $ V1. DEFINING VECTOR x,
e no X!-Xm

Figure B.1. Calculating process of the Euler method

The Euler Method can be used to solve the partial differential equation defined by,
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[KI{X} + (6] 5. (X} = (F} (B.22)

If the term with derivate respect the time of (B.22) is isolated, it results on,

d{X}

= [6]7'({F} - [KI{XD) (B.23)

The equation (B.23) can be approximated by the Euler method results on,

{X}(t+A;)t—{X}(t) — [G]_l({F}(t) _ [K]{X}(t)) (824)

Finally (B.23) can be written by,

{X}tra0 = AO[GI ' ({F}p — [K1{X} ) + (X3p) (B.25)
If the notation shown of (B.21) is used on (B.25), it results on (Jianming 2002),

{X}n+1 = (At) [G]_l({F}n - [K]{X}n) + {X}n (826)

B.2.1.2 Backwards Euler (backward difference) (Jianming 2002)

The Backwards Euler method is widely used for solving an equation which has the form
of (B.1). For this method, a function x(z-4t) can be expanded into a Taylor series about ¢ as
(Jianming 2002),

d2x (At)

X(t— At = X(t) - Zar + 2

=+ 0|(4t)?| (B.27)
From which we can obtain,

ax _ Xo—X(t-ap 2
o T + 0|(4t)~| (B.28)

Finally (B.28) can be defined by,

aX _ Xo—X@-a
dt At (B.29)
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This approximation is called the backward difference representation but it is also known
as the Backwards Euler method. Using the notation X(z)= u(n4t)=X,, we can rewrite (B.29)
as,

dX _ Xp—Xn_1

7 = (B.30)

Taking into account the notation used in (B.21), (B.30) can be written by,
Xn=Xn1+AOfXn_1,tn-1) (B.31)

Where X, represents the vector that contains variables stored in the time step #; ¢, represents
the time in that step; and Az is the integration step. The vector X,.; contains the vector in an
earlier step #,.;. The calculating process of the Backwards Euler method is detailed in Figure
B.2.

|. OBTAINING INITIAL
CONDITIONS x;

|

Il. CALCULATING
XFX,

I

1Il. CALCULATING VECTOR

» LoV
Xn = Xp1 t (at)f(xn—it‘)

IV. SET
n=n+l

L

V. UPDATING VECTOR x =x,,,, End

3

as Ns tota V1. DEFINING VECTOR x;
points no XX,

Figure B.2. Backwards Euler Method

The equation (B.22) can be approximated by the Backwards Euler Method. It results on,

{X}(t)‘jf}(t—m) _ [G]_l({F}(t—At) _ [K]{X}(t—At)) (B.32)
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Finally (B.32) can be written by,

-1
Ko = (K1 +2) " ((Fleman + DX -ay) (B.33)
If the notation shown in (B.31) is used on (B.33), yields,

X = (K1 + D) ((FY oy + DXy (B.34)

B.2.1.3 Fourth order Runge Kutta method (Jianming 2002)

Another useful method is the fourth order Runge Kutta method. The method consists on
calculating the variables in the time #+4¢ using,

Xue1 = Xn + (3) Uey + 2k + 2k + ky) (B.35)

Where the components of (B.35) are defined by,

ky = (ADf (X, ta) (B.36)
ky = (AOF (Xy + 2,6, +5) (B.37)
ks = (AOf Xy + 2ty +5) (B.38)
ky = (A f (X, + k3, t, + AL) (B.39)

After calculating X,+;, the calculating process for the next process implies that the value
of X,.+; will be become the value X, which is necessary to derivate the value for the next step.
The calculating process of the fourth order Runge Kutta method is shown in Figure B.3.
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1. OBTAINING INITIAL
CONDITIONS x;

11. CALCULATING
X=X,

!

1. CALCULATING
Ky Kz ks Ky

:

IV. CALCULATING VECTOR {

Xpt1 = Xpy1 +

Ar
B 4 2kpa2kstiy)
Xpeg Using ky ks ks, kg 6 (ks s

!

V. SET
n=n+1

I

VI. UPDATING VECTOR @
xﬂ=xﬂi’

VII. DEFINING VECTOR x;
H=Xpeq

Figure B.3. Fourth order Runge Kutta method

The equation (B.22) can also be approximated by the Runge Kutta method. The values &,
k2, k3 and k4 will be defined by,

{ki}n = At[G] ' ({F},, — [K]{X},) (B.40)
(K2} = (b +DI617 ((Fheny — (K] {X, +22}) (B.41)
(K3l = (b +DI61 ((FYeny — (K] {X,, +2}) (B.42)
{ka}n = (ty + AD[G] ({F} ) — [KI{X,, + k3}) (B.43)

After calculating {ki/}n, {k2/n, {k3}» and {k4/n, it is possible to calculate the vector {X}n+1.
It yields,

Khner = %n + 3 (kedn + 20z} + 2{Ks}n + {kadn) (B.44)

If the notation shown in (B.21) is used on (B.44) results on,
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X} = @O[6] ' ({(F}n-1 — [KI{X}n-1) + (X}n-a (B.45)

B.2.2 Implicit methods

The method described in the section B.2.1 are known as “A-stables” because the
convergence does not depend of the choice of the integration step Az. Because of this, these
are mostly used for the analysis of stiff systems. The modified Euler method known as
trapezoidal rule, is an example of an implicit method. The trapezoidal rule can be calculated
using,

Xn+1 = Xn + (%) (f(tn+1'xn+1) + f(tn' xn)) (846)

From (B.46) can be seen that it is necessary to use a solution method to find an
approximate solution to f{#,+1, x.+1) which is a feature of all the implicit methods. A good
approximation to f{,+1, x»+1) can be obtained using the Euler method or the Backwards Euler
method.

B.2.2.1 Newton method (Semlyen and Medina 1995)

The traditional method to determine the stationary state of an equation, can be determined
by integrating the set of differential equations that represent the dynamic of the system, over
a period of time, using as a base the initial conditions. In a given period of time, the maximum
error calculated between the vector of the variables at the beginning of the period and the
vector of variables at the end of the period is compared against a tolerance for convergence.
If the maximum error is larger, the process should be performed again. The process should
be performed several times to obtain the stationary periodic time of the system. This process
is named brute force. The method follows the steps that can be seen in Figure B.4.

|. OBTAINING INITIAL

CONDITIONS x;
|
"

1. CALCULATING Integratlon process using

XFX, - 4% order Runge Kutia
l - Buckwards Euler
Ko=X,
- . CALCULATING
MAXIMUM ERROR

ne

Figure B.4. Brute force method
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There are several methods that permit to derive a fast solution of the periodic stationary
state of a set of equations that model the dynamic of a system. This techniques can be
classified as a shooting methods (Semlyen and Medina 1995). The main objective of these
methods, is finding an solution x(7) =x(0), this condition implied that the initial conditions
x(0) must be integrated into the equation set defined by x=f{(x,7) over a period of time
(Semlyen and Medina 1995).

On this investigation, because of the nature of the FEM equations to be solved, the
numerical differentiation method (ND) was applied, since it is amenable to the use of the
Backwards Euler method.

The impulse functions of the differential equations to be solved are represented by voltage
or current sources. These sources are assumed to be periodic. Because of this, the stable state
solution x(z) is also periodic and can be represented as a limit cycle for xx in terms of another
periodic element of x, or in terms of the periodic function, for example sin(wt).

The cycles of a transient orbit are near to the limit cycle before reaching it. The position
can be properly described by a representation in the Poincare plane (Medina and Ramos-Paz
2010). A single cycle maps the starting point x; to the final point x;+; and maps a perturbing
segment Dx; to Dx;.;. This can be seen in figure B.5. All the maps near from the limit cycle
are quasi-linear. This permits to use the Newton methods to reach the point at the beginning
of the limit cycle x.. (Semlyen and Medina 1995). The periodic steady state solution is
irrespective of the stability of the system

Transient
Orbit

One cycle

Figure B.5. Orbit of a vector X

It is possible to use linear property of the regions located near from a base cycle. Thus,
the main equation can be considered to be linear in a solution x(z) from ¢; to ¢;+T. This can be
represented by a variational problem (Semlyen and Medina 1995),

Ax = Af(x(t),t) = D, f(x,, t)Ax = J(t)Ax (B.47)
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Where J(t) is a Jacobean matrix. The initial condition is defined as,
Ax(t;) = Ax; (B.48)

The equation (B.47) is a linear ordinary differential equation which is time varying. Its
solution is given by,

Ax(t) = exp (ftti](t)dt) Ax; (B.49)

It can be seen that (B.49) is a solution of (B.16). For the case of the expression r=t;+T,
(B.49) can be defined by (Semlyen and Medina 1995),

Ax,-+1 = (pri (BSO)
Where @ is defined by,

@ = exp (ftti”](t)dt) Axt (B.51)

i

It can be seen that @ remains almost equal for a value of #, if the mapping near the limit
cycle presents almost a linear behavior. The equation (B.51) shows that the input segments
are mapping to correspond to the output segments using the matrix defined by @. According
to the Poincaré map, it can be seen that,

Ax; = X, — X; (B.52)
If (B.52) is isolated in terms of x., results on

Xeo = AX; + x; (B.53)
Because of this, it can be concluded that,

AXi1 = X — Xjgq (B.54)
If (B.54) is isolated in terms of X, results on

Xeo = AXj1q + Xiyq (B.55)
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If the equations (B.53) and (B.54) are used, it can be concluded that,
Ax; — AXjpq = Xpy1 — X; (B.56)

If (B.54) is substituted in (B.56) and the result is isolated in terms of the variable 4.;,
yields,

Ax; = (I = @) (x40 — X)) (B.57)

If (B.52) is substituted in the left side of (B.57), and the result is isolated in terms of x,
yields,

Xoo =X+ (I — D)7 (xi41 — X)) (B.58)

The equation (B.58) represents an approximate solution of the limit cycle location. It
permits to get a Newton solution if matrices @ and (/-&)™* are updated on each iteration. This
action leads to a linear convergent process if the matrix (/-®)? is kept constant, or if it is
updated during a state of the iterative process after the first evaluation (Semlyen and Medina
1995).

The main problem to find the limit cycle in an efficient way resides on the identification
of the matrix @ (Semlyen and Medina 1995). The ND method is now concisely described

B.2.2.2 Numerical Differentiation Method (Semlyen and Medina 1995)

The method uses the increment defined by Af instead of J(¢)4x . This action implied that
is easy to integrate the equation defined in (219) using initial conditions x; to get the base
cycle x(z). At the same time, it is necessary to integrate using an initial perturbation value
defined by x;.+ee; where e; is the i-column of the identity matrix 7, ¢ is a small value, i.e. 1x10°
®. If the difference between the two values of X is calculated in the end of the cycle, it is
possible to obtain the columns of AX;.;. For this case, the calculating process of the matrix
@ calculated requires m steps. This is the case of Jacobean matrix calculating processes.
Figure B.6 shows the flux diagram of the ND method.
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Figure B.6. Diagram of the ND Method.

It can be seen that the FEM field and the FEM field equations can be solved in the
frequency and the time domain using the methods of solution explained in this section.
Nevertheless, the FEM equations may consist on matrices of larger order, may be difficult to
obtain, or it may need of a considerable computation time. It is possible to overcome this
situation, by using the parallel computing platform. The CUDA parallel computing platform
enables to solve these equations in an easy and efficient way.
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AppenC“X C Main features of the

CUDA programs used in case study 2 and 4

C.1 Case study 2
C.1.1 GSL program

// Programer: Raul Dominguez

/I December 2013

//Program name: VM185F45_6g.cu

I

IDESCRIPTION

/l This program calculates the T-Slot Conductor.

/I 1t is used the reduced equation, dimensions: 205x205

I

IPREPROCESSING STAGE:GSLAND C ROUTINES
INNICALCULATING STAGE:GSLROUTINES
I

Il PREPROCESSING STAGE
/1'1. INPUT DATA:

/1.1 ELEMENTS I

I ELEMENTS NUMBER OF ANSYS MESHING: numel=457

1l 1.1.1 Element Data File: VM185F45_4 elem.txt

1 Element File Structure:

1 (ELEM No.) (Element Type) (NODE 1 No.) (NODE 2 No.) (NODE 3 No.)
1.2 NODES 1

1 Total Nodes of ANSYS Meshing: numnod=265

1 Node number of conductor region: K11_wh=205

1 Node number of non-conductor region: K22_wh=60

1 1.2.1 Nodes Data File: VM185F45_3_nod.txt

1 1.2.2 Node Data File Structure:

1 (NODE No.) (Coordinate X) (Coordinate Y)

1.3 BOUNDARY CONDITIONS //

1 Boundary conditions: numnodZ=9

1 1.3.1 Boundary Condition Structure: Node and Magnetic Vector Potential
I NODE 206---- Az(206)=0; NODE 212---- Az(212)=0

" NODE 218---- Az(218)=0; NODE 219---- Az(219)=0
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Il NODE 220---- Az(220)=0; NODE 221---- Az(221)=0

I/ NODE 222---- Az(222)=0; NODE 223---- Az(223)=0

I NODE 224---- Az(224)=0;

2. USE OF FEM ROUTINES /I

1 2.1 C Routine: felp2d1

1 It calculates the Finite Element Matrix of Three Nodes

" S[3,3] Plane Symmetry (SEE APPENDIX A, EQUATION A.14)
1l 2.2 C Routine: felp2d2

1 It calculates the Finite Element Matrix of Three Nodes

1l T[3,3] Plane Symmetry (SEE APPENDIX A, EQUATION A.23)
1 2.3 C Routine: felp2d4

1 It calculates the Finite Element Matrix of Three Nodes

" F[3] Plane Symmetry (SEE APPENDIX A, EQUATION A.24)

//3. DERIVING GLOBAL MATRICES AND VECTORS
/ Global Matrices of Plane Symmetry

// kk[numnod,numnod], gg[numnod,numnod], fflnumnod]

/14, CALCULATING UNCOUPLED EQUATION

1l 4.1 Deriving submatrices based on Global Matrices

" kk_11[K11_wh,K11 wh], kk_12[K11 wh,K22_wh], kk_21[K22_wh,K11_wh], //
I kk_22[K22_wh,K22_wh]

" gg_11[K11 wh, K11_wh], gg_21[K22_wh, K11_wh]

I ff_1[K11_wh], ff_2[K22_wh]

1 4.2 Deriving matrices of Uncoupled Equation

1l kk_11[K11 wh, K11_wh] (Use of GSL ruotine gsl_blas_dgemm)

1 g9_11[K11 wh, K11_wh] (Use of GSL ruotine gsl_blas_dgemm)

1l ff_t[K11_wh] (Use of GSL ruotine gsl_blas_dgemv)

1 4.3 Forming complex Uncoupled Equation

1l freq: frequency

1 A_matrix[K11_wh]

1l X_vector[K11_wh] (Magnetic vector potentials of conductor region)
1 B_vector[K11_wh]

I

I CALCULATING STAGE [/

/I 1. Calculating (A_matrix)(X_vector)=B_vector

I/ 2. GSL routines used

/I gsl_permutation *p, gsl_linalg_complex_LU_decomp, gsl_linalg_complex_LU_solv

// 3. Calculating voltage on Conductor Uc
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C.1.2 CUBLAS program

// Programer: Raul Dominguez

// December 2013

//Program name: VM185F45_6gC.cu

I/

/IDESCRIPTION

Il This program calculates the T-Slot Conductor.

/I 1t is used the reduced equation, dimensions: 205x205

"

/IPREPROCESSING STAGE:GSLAND C ROUTINES
IICALCULATING STAGE:CUBLASROUTINES

I

' PREPROCESSING STAGE

/1. (SEE VM185F45_6c.cu)

/12.(SEE VM185F45_6c.cu)

/13. (SEE VM185F45_6c.cu)

/14, CALCULATING UNCOUPLED EQUATION

1 4.1 Deriving submatrices based on Global Matrices

" kk_11[K11_wh,K11_wh], kk_12[K11_wh,K22_wh],

I kk_21[K22_wh,K11_wh], kk_22[K22_wh,K22_wh]

" gg_11[K11 wh, K11 _wh], gg_21[K22_wh, K11_wh]

I ff_1[K11_wh], ff_2[K22_wh]

1 4.2 Deriving matrices of Uncoupled Equation

1l K11_cpu[K11l_wh, K11_wh] (Use of CUBLAS routine CublasSgemm)
1 G11 cpu[K11l_wh, K11 wh] (Use of CUBLAS routine CublasSgemm)
1l FT_cpu[K11 wh] (Use of CUBLAS routine CublasSgemv)

1 4.3 Forming complex Uncoupled Equation

1l freq: frequency

1 kkC_cpu[K11_wh,K11_wh] (Matrix to be decomposed in L and U)

1 bc_cpu[K11_wh]

' CALCULATING STAGE [/

/I 1. Performing LU decomposion: kkC_cpu=(Lc_gpu)*(Uc_gpu)

/1 2. Solving [(Lc_gpu)*(Uc_gpu)]*X =bc_cpu

1 2.1 Solving (Lc_gpu)*Y=bc_cpu (Use of CUBLAS routine cublasctrsv)
1l 2.1 Solving (Lc_gpu)*Y=bc_cpu (Use of CUBLAS routine cublasctrsv)
// 3. Calculating voltage and current density on Conductor

C.2 Case study 4

C.2.1 Air series reactor 1
C.2.1.1 GSL program

// Programmer: Raul Dominguez

// December 2013

// Program name: Preiss_237_53.cu

I/

/IDESCRIPTION

Il This program calculates the 10 turns Air Series Reactor

/I 1t is used the reduced equation, dimensions of reduced equation: 1260x1260
I/

I/IPREPROCESING STAGE: GSL AND C ROUTINES
IICALCULATING STAGE: GSL ROUTINES

I

' PREPROCESING STAGE [/

/I 1. INPUT DATA:
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11 ELEMENTS
ELEMENTS NUMBER OF ANSYS MESHING: numel=6918
1.1.1 Element Data File: Preiss2372_elem.txt
Element File Structure:
(ELEM No.) (Element Type) (NODE 1 No.) (NODE 2 No.) (NODE 3 No.)
1.2 NODES
Total Nodes of ANSYS Meshing: numnod=1668
Node number of conductor region: K11_wh=1260
Node number of non-conductor region: K22_wh=2250
1.2.1 Nodes Data File: Preiss2372_nod.txt
1.2.2 Node Data File Structure:
(NODE No.) (Coordinate X) (Coordinate Y)
1.3 BOUNDARY CONDITIONS /I
Boundary conditions: numnodZ=100
1.3.1 Boundary Conditions Data File: Preiss2372_nodZ.txt
1.3.2 Boundary Conditions File Structure:
(NODE No.) Az(NODE No.)=0
USE OF FEM ROUTINES /
2.1 C Routine: felpaxt31
It calculates the Finite Element Matrix of Three Nodes
S[3,3] Axisymmetric Symmetry (SEE APPENDIX A, EQUATION A.43)

2.2 C Routine: felpaxt31_d
It calculates the Finite Element Matrix of Three Nodes
SI[3,3] Axisymmetric Symmetry (SEE APPENDIX A, EQUATION A.44)

2.3 C Routine: felpaxt33_a
It calculates the Finite Element Matrix of Three Nodes
T[3,3] Axisymmetric Symmetry (SEE APPENDIX A, EQUATION A.51)

2.4 C Routine: felpaxt30N
It calculates the Finite Element Vector of Three Nodes
F[3] Axisymmetric Symmetry (SEE APPENDIX A, EQUATION A.52)

//I3.DERIVING GLOBAL MATRICES AND VECTORS
I/ Global Matrices of Axisymmetric Symmetry

I
I/
I
I/
I
I/

4.

kk[numnod+10,numnod+10], gg[numnod+10,numnod+10]
fg1l[numnod+10], fg2[numnod+10], fg3[numnod+10], fg4[numnod+10],
fg5[numnod+10]

fg6[numnod+10], fg7[numnod+10], fg8[numnod+10], fg9[numnod+10],
fg10[numnod+10],

CALCULATING UNCOUPLED EQUATION

4.1 Deriving submatrices based on Global Matrices
kk_11[K11_wh,K11 wh], kk_12[K11 wh,K22_wh], kk_21[K22_wh,K11_wh],
kk_22[K22_wh,K22_wh]
gg_11[K11 wh, K11 _wh], gg_21[K22_wh, K11_wh]
ff_t[K11_wh]
4.2 Deriving matrices of Uncoupled Equation
kk_11[K11_wh, K11_wh] (Use of GSL ruotine gsl_blas_dgemm)
gg_11[K11 wh, K11_wh] (Use of GSL ruotine gsl_blas_dgemm)
ff_t[K11_wh] (Use of GSL ruotine gsl_blas_dgemv)

4.3 Forming complex Uncoupled Equation

freq: frequency
A_matrix[K11_wh]
X_vector[K11_wh] (Magnetic vector potentials of conductor
region)
B_vector[K11_wh]
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' CALCULATING STAGE [/l

/I 1. Calculating (A_matrix)(X_vector)=B_vector

I/ 2. GSL routines used

/I gsl_permutation *p, gsl_linalg_complex_LU_decomp,

/I gsl_linalg_complex_LU_solve

/ 3. Calculating voltage on each turn Uci, Ucl, Uc2, Uc3, Uc4,
/I Uch, Ucb, Uc7, Uc8, Uc9, Ucl0

/' 4. Calculating total voltage on Air Series Reactor

/I Uct=Ucl+Uc2+Uc3+Uc4+...+Uc9+Ucl0

C.2.1.2 CUBLAS program

// Programer: Raul Dominguez

// December 2013

// Program name: Preiss_237_61.cu

"

/IDESCRIPTION //

/l This program calculates the 10 turns Air Series Reactor

/I 1t is used the reduced equation, dimensions: 1260x1260

I

IPREPROCESSING STAGE: GSL AND C ROUTINES
IICALCULATING STAGE: CUBLAS ROUTINES
I

' PREPROCESING STAGE [/

1. (SEE Preiss_237_53.cu)

2. (SEE Preiss_237_53.cu)

3. (SEE Preiss_237_53.cu)

/14, CALCULATING UNCOUPLED EQUATION

1l 4.1 Deriving submatrices based on Global Matrices

I K11_cpu[K11_wh,K11_wh], K12_cpu[K11l_wh,K22_wh]

1 K21_cpu[K22_wh,K11 wh], K22_cpu[K22_wh,K22_wh]

" G11_cpu[K11_wh, K11_wh], G21_cpu[K22_wh, K11_wh]

1 FT_cpu[K11 wh]

1 4.2 Deriving matrices of Uncoupled Equation

1 K11_cpu[K11l_wh, K11_wh] (Use of CUBLAS routine CublasSgemm)
1 G11 cpu[K11l_wh, K11 wh] (Use of CUBLAS routine CublasSgemm)
1 FT_cpu[K11l wh] (Use of CUBLAS routine CublasSgemv)

1 4.3 Forming complex Uncoupled Equation

1 freq: frequency

1 kkC_cpu[K11_wh,K11_wh] (Matrix to be decomposed in L and U)

1 bc_cpu[K11l_wh]

I

' CALCULATING STAGE [/

Il 1. Performing LU decomposion: kkC_cpu=(Lc_gpu)*(Uc_gpu)
/1 2. Solving [(Lc_gpu)*(Uc_gpu)]*X =bc_cpu

1 2.1 Solving (Lc_gpu)*Y=bc_cpu (Use of CUBLAS routine cublasctrsv)
1 2.1 Solving (Uc_gpu)*X=bc_cpu (Use of CUBLAS routine cublasctrsv)
// 3. Calculating voltage on each turn Uci, Ucl, Uc2, Uc3, Uc4, Uc5, Ucé,

1 Uc7, Uc8, Uc9, Ucl0

/I 4. Calculating total voltage on Air Series Reactor /

1 Uct=Uc1+Uc2+Uc3+Uc4+...+Uc9+Ucl0

C.2.2 Air series reactor 2
C.2.2.1 GSL program

// Programmer: Raul Dominguez
/I December 2013
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I

// Program name: Preiss_218 345.cu

I

IDESCRIPTION //

/l This program calculates the 5 turns Air Series Reactor
/I 1t is used the reduced equation, dimensions: 205x205
IPREPROCESSING STAGE: GSL AND C ROUTINES
I

I CALCULATING STAGE: GSLROUTINES
Il PREPROCESSING STAGE [/
/I 1. INPUT DATA:

11 ELEMENTS I

" ELEMENTS NUMBER OF ANSYS MESHING: numel=3210

1 1.1.1 Element Data File: Preiss21831_elem.txt

1 Element File Structure:

1 (ELEM No.) (Element Type) (NODE 1 No.) (NODE 2 No.) (NODE 3 No.)
1.2 NODES 1

1 Total Nodes of ANSYS Meshing: numnod=1668

1 Node number of conductor region: K11_wh=180

1 Node number of non-conductor region: K22_wh=1488

/1 1.2.1 Nodes Data File: Preiss21831_nod.txt.txt

1 1.2.2 Node Data File Structure:

1 (NODE No.) (Coordinate X) (Coordinate Y)

1.3 BOUNDARY CONDITIONS //

1 Boundary conditions: numnodZ=125

1 1.2.1 Boundary Conditions Data File: Preiss21831_nodZ.txt

1 1.2.2 Boundary Conditions File Structure:

I (NODE No.) Az(NODE)=0

"

//2. USE OF FEM ROUTINES /I

1 2.1 C Routine: felpaxt31

1 It calculates the Finite Element Matrix of Three Nodes

1l S[3,3] Axisymmetric Symmetry (SEE APPENDIX A, EQUATION A.43)
1 2.2 C Routine: felpaxt31_d

1 It calculates the Finite Element Matrix of Three Nodes

" SI[3,3] Axisymmetric Symmetry (SEE APPENDIX A, EQUATION A.44)
1l 2.3 C Routine: felpaxt33_a

1 It calculates the Finite Element Matrix of Three Nodes

1l T[3,3] Axisymmetric Symmetry (SEE APPENDIX A, EQUATION A.51)
1 2.4 C Routine: felpaxt30N

1 It calculates the Finite Element Vector of Three Nodes

/i F[3] Axisymmetric Symmetry (SEE APPENDIX A, EQUATION A.52)

//3. DERIVING GLOBAL MATRICES AND VECTORS

1 Global Matrices of Plane Symmetry

1l kk[numnod+5,numnod+5], gg[numnod+5,numnod+5]

1 fg1l[numno+5], fg2[numnod+5], fg3[numnod+5], fg4[numnod+5], fg5[numnod+5]
/4. CALCULATING UNCOUPLED EQUATION

1 4.1 Deriving submatrices based on Global Matrices

I kk_11[K11_wh,K11 wh], kk_12[K11 wh,K22_wh], kk_21[K22_wh,K11_wh],
I/ kk_22[K22_wh,K22_wh]

1l gg_11[K11 wh, K11 _wh], gg_21[K22_wh, K11_wh]

I/ ff_t[K11_wh]

1l 4.2 Deriving matrices of Uncoupled Equation

1 kk_11[K11_wh, K11_wh] (Use of GSL ruotine gsl_blas_dgemm)

1l gg_11[K11 wh, K11_wh] (Use of GSL ruotine gsl_blas_dgemm)

1 ff_t[K11_wh] (Use of GSL ruotine gsl_blas_dgemm)

/I 4.3 Forming complex Uncoupled Equation

1 freq: frequency

1l A_matrix[K11_wh]
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1l X_vector[K11_wh] (Magnetic vector potentials of conductor region)

1 B_vector[K11_wh]

' CALCULATING STAGE [/l

/I 1. Calculating (A_matrix)(X_vector)=B_vector

/1 2. GSL routines used

/I gsl_permutation *p, gsl_linalg_complex_LU_decomp, gsl_linalg_complex_LU_solve
// 3. Calculating voltage on each turn Uci, Ucl, Uc2, Uc3, Uc4, Ucs

/' 4. Calculating total voltage on Air Series Reactor Uct=Uc1+Uc2+Uc3+Uc4+Ucb

C.2.2.2 CUBLAS program

// Program name: Preiss_218 347 6.cu
// Programer: Raul Dominguez
/I December 2013

/IDESCRIPTION /

/l This program calculates the 5 turns Air Series Reactor

/I 1t is used the reduced equation, dimensions: 205x205
/IPREPROCESSING STAGE: GSL AND C ROUTINES
ICALCULATING STAGE: GSL ROUTINES

"

' PREPROCESSING STAGE |/

1. (SEE Preiss_218 345.cu)

2. (SEE Preiss_218_345.cu)

1'3. (SEE Preiss_218 345.cu)

/4. CALCULATING UNCOUPLED EQUATION

1 4.1 Deriving submatrices and subvectors based on Global Matrices

1l K11_cpu[K1l wh,K11 wh], K12_cpu[K11l wh,K22 wh]

/i K21_cpu[K22_wh,K11_wh], K22_cpu[K22_wh,K22_wh]

1l G11 cpu[K11l_wh, K11 wh], G21_cpu[K22_wh, K11 wh]

1 FT_cpu[K11 wh]

/ 4.2 Deriving matrices and subvector of Uncoupled Equation

1 K11_cpu[K11l_wh, K11_wh] (Use of CUBLAS routine CublasSgemm)
1 G11 cpu[K1l wh, K11 wh] (Use of CUBLAS routine CublasSgemm)
1 FT_cpu[K11l wh] (Use of CUBLAS routine CublasSgemv)

1 4.3 Forming complex Uncoupled Equation

1 freq: frequency

1 kkC_cpu[K11_wh,K11_wh] (Matrix to be decomposed in L and U)
1 bc_cpu[K11_wh]

' CALCULATING STAGE [/

I/ 1. Performing LU decomposion: kkC_cpu=(Lc_gpu)*(Uc_gpu)

/1 2. Solving [(Lc_gpu)*(Uc_gpu)]*X =bc_cpu

1 2.1 Solving (Lc_gpu)*Y=bc_cpu (Use of CUBLAS routine cublasctrsv)
1 2.1 Solving (Uc_gpu)*X=bc_cpu (Use of CUBLAS routine cublasctrsv)
// 3. Calculating voltage on each turn Uci, Ucl, Uc2, Uc3, Uc4, Ucs

/' 4. Calculating total voltage on Air Series Reactor Uct=Uc1+Uc2+Uc3+Uc4+Ucb
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