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Abstract

We explore the solution to the scattering problem for the Jacobi operator on the half-line with
the Dirichlet boundary condition. Based on the work Inverse problems in scattering theory for
second-order self-adjoint difference operators, PhD Thesis in Russian, Lomonosov Moscow State
University, 1976 by G. Sh. Guseinov, we study the reconstruction of the Jacobi operator from
the scattering data. Among others, we also refer the paper Inverse problem with transmission
eigenvalues for the discrete Schrodinger equation, Journal of Mathematical Physics 56 (2015),
082101 by T. Aktosun and V. G. Papanicolaou.

Chapter 1 focuses on deriving scattering data from direct problems, while Chapter 2 develops
the solution to the inverse scattering problems.

Keywords: Jacobi operator, scattering, Hilbert spaces, asymptotic behavior, Parseval’s
equality.
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Resumen

Exploramos la solucién al problema de dispersion para el operador de Jacobi en la semirrecta con
la condicién de frontera de Dirichlet. Basandonos en el trabajo Inverse problems in scattering
theory for second-order self-adjoint difference operators, Tesis Doctoral en ruso, Universidad
Estatal de Moscii Lomondésov, 1976, de G. Sh. Guseinov, estudiamos la reconstruccién del
operador de Jacobi a partir de los datos de dispersién. Entre otros, también hacemos referencia
al articulo Inverse problem with transmission eigenvalues for the discrete Schrodinger equation,
Journal of Mathematical Physics 56 (2015), 082101, de T. Aktosun y V. G. Papanicolaou.

El Capitulo 1 se centra en la obtencién de datos de dispersion a partir de problemas directos,
mientras que el Capitulo 2 desarrolla la solucién a los problemas inversos de dispersion.

Palabras clave: Operador de Jacobi, dispersién, espacios de Hilbert, comportamiento
asintotico, igualdad de Parseval.
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Introduction

The theory of inverse problems originates from the need to determine an operator or system based
on observable data, such as spectra or asymptotics (scattering data). In the 20th century, inverse
problems were developed within the framework of spectral theory for differential and difference
equations, which were inspired by foundational studies such as those by Sturm-Liouville and G.
Weyl.

In 1929, V.A. Ambartsumian formally introduced the study of inverse problems, demonstrat-
ing that the spectrum alone is insufficient to define an operator. Researchers like Marchenko,
Gelfand, and Levitan developed effective methods to address these problems, especially in re-
constructing operators from spectral functions.

In quantum mechanics, inverse scattering problems focus on recovering a potential field from
the asymptotics of wave functions.

The theory was eventually extended to second-order difference equations to address discrete
analogs of inverse problems using spectral data, with significant contributions from Case, Kac,
and others. Challenges remain in establishing necessary and sufficient conditions for complete
solutions, however.

The primary goal of this thesis, which consists of two chapters, is to determine such condi-
tions.

In Chapter 1, we study the system

az y2 + b1 yr = Ay,

(0.0.1)
Ant1Ynt+1 + bnYn + G Yn—1 = AYn, n>2,
where {y,}22, is the desired solution, A is a complex parameter, and
oo
an >0, Tm(dy) =0, n>1, > n(ll—anl+[ba]) < 0. (0.0.2)
n=1
Equation (0.0.1)) is equivalent to finding the vector {y,}°2, that satisfies
An+1Yn+1 + by, Yn + GnYn—1 = )\yna n>1, a =1, (0.0.3)
with the initial condition
Yo = 0. (0.0.4)
Let A=z + 27!, where '
z=¢? 9o, (0.0.5)



2 Introduction

so that Equation (0.0.3]) becomes

U1 Yni1 +0nyn + anyn1 = (24271 yn, n>1, a;=1. (0.0.6)

The system allows a unique solution of the form
o
ful2) =D K2, n>0, (0.0.7)
n=n

The goal of the direct scattering problem is to establish fundamental relationships that allow the
scattering data to be obtained, such as the scattering matrix S(z) = fo(27!)/fo(2) and certain
parameters associated with the function fy(z).

Chapter 2 focuses on the inverse scattering problem, which consists of constructing a function
of the form ([1.1.10)) from the scattering data and determining its associated system .



Chapter 1

The direct scattering problem on the
half-line

This chapter is based on the PhD thesis work of Guseinov G. Sh. [13]. In this work, I reformulate
Guseinov’s results using my new parameter z. While Guseinov develops his results in the
upper half-plane of the complex plane, I present them in the unit disk centered at the origin.
Specifically, I further elaborate on the proofs of the necessary conditions for the scattering data
of the Jacobi system, established in [13], by introducing the parameter z related to A. This
approach provides a new perspective and enhances the comprehension of Guseinov’s results
within the framework of the unit disk.

1.1 Special solutions

Let us consider the infinite system of equations

azy2 +bryr = Ay,

(1.1.1)
Ant1Ynt+1 + bnYn + GnYn—-1 = AYn, n =2,
where {yy}2° is the desired solution, A is a complex parameter, and
oo
anp >0, Imb, =0, n>1, Zn(|l—an\—|—|bn|) < 00. (1.1.2)
n=1
Equation ([1.1.1) is equivalent to finding the vector {y,}7°, that satisfies the equation
A1 Ynt1 + bnYn + anYn—1 = An, n>1, a =1, (1~1-3)
with the initial condition
yo = 0. (1.1.4)
We define
o0
o(n) == > (11 = ap| + [by) (1.1.5)
p=n
In Equation (T.1.3)), let X := z + 2~!, where
z=¢e" 6el0,n]. (1.1.6)

3



4 Chapter 1. The direct scattering problem on the half-line

Thus, Equation (I1.1.3)) becomes
Uni1 Ynil + Ontn + antYn-1 = (2 4+ 271 yn, n>1, a =1 (1.1.7)

From Equations (1.1.7)) and ([1.1.2)), in the limit as n — oo, we obtain the recurrence relation

Yni1 +Yn1=(2+2"") U, (1.1.8)
which corresponds to a second-order linear homogeneous difference equation.
The general solution to Equation ([1.1.8]) is a linear combination of the two particular solutions

yr(g)(z) = 2", y,(f)(z_l) — 2| = 1. (1.1.9)

Theorem 1.1.1. Under condition (1.1.2)), Fquation (1.1.7)), where z is given by (1.1.6) has a

unique solution { fn(2)}22, given by

oo o
K
ful2) =D Kpp 2" = Kpp 2" (1 +y zm) ) (1.1.10)
u=n m—1 nn
where Ky, are real numbers with lim, oo Kyp = 1, limy, oo Kypym = 0 for n > 0, and

Kopnim/Knn =0 for m <0. Moreover,

A) Kyy and Ky pim satisfy the following relations:

0— 2 Kn+1,n+m+1 Kn,n+m Kn,n—i—m—H
= Qpy1 - + bn
K%+1m+1 K%n K%n
l(n—1n+an P@1n+nHQ
n , _2n . omym > 1, 1.1.11
}(nflnv—l }(nn ( )
K K, K
2 n,n+2 n—1,n+1 n,n+1
a2, =14 —2nt2 il p, ety > 1.1.12
et Knn anl,nfl " Knn ( )
}(nn+l }(nfln
by = —mtl o >, 1.1.13
" }(nn }(n—Ln—l ( )
}(nn
ap = — > 1. 1.1.14
" anl,nfl ( )

Conversely, if Kynim/Knn satisfies (L.1.11)-(1.1.13), and K., satisfies (L.1.14)), then
{fn(2)}0y given by (L.1.10)) is a solution to Equation (1.1.7)).

B) Ky and Ky pym for n >0 are determined by a,, and b, as follows:

-1
[e9)

Em=| ] | . (1.1.15)
p=n-+1

Kn,n+1 - _Knn bp, (1116)

(1-a)+ i i bpbg | (1.1.17)

p=n+1qg=p+1

Kn,n+2 = Knn

00
p=n-+1
[e%S)
p=n+2



1.1. Special solutions )

o0 k 00 K
D42
e S U D o
p=n+1+k g=1 p=n+1+k—q pp
k—1 00 K
1 — o2) —Lrt2atl k> 1 1.1.18
M M L s
q=0 p=n+1+k—q
o o0 o0 k— 00
Kn7n+2k: = Knn Z Z bp bq + Z 1 — CL Z Z b ,p+2q+1
p=n+k q=p+1 p=n+k+1 q=1 p=n+k—q
k—1 00 K
1—a2) —Lt2 k> 2. 1.1.19
+ Z Z ( ap) Kpp Y sl ( )
q=1 p=n+1+k—q
The following inequality holds:
K
i o (nt [3]). m21 (120
where [-] denotes the integer part, and c is a non-negative constant independent of n and

m.
C) The solution { fn(2)}22y has the following properties.

1. The function f,(z) is continuous in z, where z is as described in (1.1.6)), and can be
analytically extended to the region |z| < 1 given by

fa(2) = Kpn 2" <1+Z —nntm m) (1.1.21)

and, for each mn, fn(z) has the asymptotic behavior
fn(z) = Kpp 2" [1 4+ 0(1)], z— 0. (1.1.22)
2. For a fixed z, fn(z) has the asymptotic form
fu(z) =2"[1+0(1)], |z| <1, n— oo. (1.1.23)

Proof.
Part A) is verified by directly substituting (|1.1.10)) into ( . The formulas ([1.1.15])-
are derived from ((1.1.11])-(1.1.14)). To prove the Inequality m, we express Ky, pym/ K,m as
oo (1)

K K
=y S m 3, (1.1.24)
Knn =0 Knn
where

K(0)+2k+1 >
n,n J—

e > oby,  k>1, (1.1.25)

nn p=n+1+k
5© o0

M:_Z be+ Z (1-a), k>2, (1.1.26)

K p=n-+k g=p+1 p=n+k+1



6 Chapter 1. The direct scattering problem on the half-line

@ (=1

Kn n+2k’+1 L Z Z bp prpjﬂq

-1
K g=1 p=n+1+k—q KI(?P ) (1.1.27)
k—1 00 (-1 h
DIMNETE e
q=0 p=n+1+k—q Kpp
0 k—1 -1
nn+2k - b %
0 = p -1
KT(WL) q=1 p=n+k—q K;()p ) (]_ 1 28)
k—1 00 (l_l)2 -
2 p,p+2q
+ Z (1—ap) 1-1) k22 121

(
q=1 p=n+1+k—q KPP
We introduce the following notation:

o0 o0
n(n) ::Z m(n, k) = Z(p—k:)‘l—alﬂ, k<n,
p=n p=n
oo o0
= Ibl: nk) =3 (=Kl k<n
p=n p=n
By applying mathematical induction to [, we establish that
Kff)n x Kfll)n x ! LN ™+ 1,n)n"(n+1,n)
Kj(_Llf)L = ' 1;5512 < [n(n+ k) + s(n+ k) + 7 (n + k)] {g;o <m> : = m)!lm! } :

(1.1.29)
where (72) = Ww Since (I — m)!m! > [%]' for m > 0, Equation (1.1.29) can be
rewritten as
r(Ll)n+2k+1 Kr(zl)n+2k 9 mn+1,n)+n(n+1,n)]
: 0 ) 7(1) S[Tl(”+k)+3(n+k)+1 (n+k)] : 7 - .
Knn Knn [2]

(1.1.30)

From (1.1.30) and (1.1.24]), as well as by using (1.1.2), we obtain the estimate ([1.1.20]) for
Kpnim/Knn, m > 3. From (1.1.16) and (1.1.17), it is clear that this estimate also holds for
m = 1,2. Part C) follows from the estimate (|1.1.20) and the representation (|1.1.21)). |

1.2 The direct scattering problem

Definition 1.2.1. Let {1, (A\)}22 and {gn(X)}52, be two solutions to Equation (1.1.3|) for the
same value of A. The Wronskian of these solutions is defined as

W [0 (A), gn (V)] = angr [$n(A) gns1(A) = Pry1(A) gn(N)] - (1.2.1)
Lemma 1.2.1. Let {t,(A)}52 and {gn(n)}2, be two solutions of Equation (L1.3). The
identity
tn [Yn-1(X) gn (1) = ¥n(X) g1 ()] = ans1 [Pn(A) gns1 (1) = Ynsr(A) gn (1))
= ()‘ — ) %()\) gn(lu’) (1'2'2)
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holds forn > 1.

Proof.

Since
A1 Vnt1(A) + by U (A) + ap r—1(A) = App(A), n>1 and
an+1 Gn+1(1) + bn gn (1) + an gn—1(p) = pgn(p), n>1,
we can multiply the first equation by g¢,(u) and the second by 1, (\); we then subtract the

second from the first to obtain (|1.2.2)). [ |
By substituting g = X in (|1.2.2)), we obtain the corollary below.

Corollary 1.2.1. The Wronskian of two solutions to Equation (1.1.3|) is independent of n.
From ({1.2.1)), we can derive the following results.
Lemma 1.2.2. For the solutions {1, (X0)}52, and {gn(Xo)}22, of Equation (L.1.3)) to be linearly

n=0

independent, it is both necessary and sufficient that W [¢n (o), gn(Ao)] # 0.

Since a,, and b, are real, it follows that for |z| = 1 the sequences { f,(2)}72 and { f(2)}72 =
{fn(z71)}22, are both solutions to Equation (1.1.7). Since the Wronskian of the two solutions
is independent of n, this Wronskian remains constant as n — oo. Therefore, by considering
(1.1.23]), we obtain

w [fn(z),fn(z_l)] =—(2— 2_1)- (1.2.3)
Let {¢n(2)}52, denote the solution to Equation that satisfies the initial conditions
vo(2) =0, ¢i(z) =1 (1.2.4)
Lemma 1.2.3. For |z| = 1 with z # %1, the following identity holds:
-1
—————n(2) = fulz — 8(2)fn(z2), 1.2.5
n() = Fal) = S (1.25)
where fo(=1)
S(z) =105 1 1.2.6
(2) o) (1.2.6)
The function S(z) satisfies the following propertie.
1.
S(z)=S("Y=(Sk)". (1.2.7)
Proof.

From (|1.2.3) and Lemmal(l.2.2} it follows that for |z| = 1 with z # £1 the sequences { f,(2) }32,
and {fn (271}, form a fundamental system of solutions to Equation (I.1.7). Thus,

on(2) = c1 fu(2) + c2 fu(z71), (1.2.8)
By using and , we derive the following:
Wlen(2), fn(zil)] =—c1(z— 271)7
Wlpn(2), fu(2)] = c2 (z = 271,
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which leads to the coefficients ¢; and c2 in ((1.2.8)) as
_ _W[(Pn(z)afn(zil)] o — W[Son(z)afn(z)]

z—z1 ’ z—z1

Moreover,

Wen(2), fa(z™H)] = a1 [po(2) fi(z71) = ¢1(2) fo(z™)] = —fo(z™"), and
Wlen(2), fa(2)] = a1[v0(2) f1(2) = ¢1(2) fo(2)] = = fo(2)-

Thus, by using ([1.2.8), we obtain (1.2.5). Note fo(z) # 0 for |z| = 1 with z # +1, which follows
from the fact that fo(z) = fo(27!) and

fo()f1(z™) = ful2) fo(z7h) = =(z = 271).

Propertie 1 follows from (1.2.6]) and the condition fo(z) = fo(z71). [ |

Lemma 1.2.4. The function fo(z) for |z| <1 can only have a finite number of simple zeros lo-
cated in (—1,0)U(0,1). Furthermore, the function (z—z"1)/(fo(2)) is bounded in a neighborhood
of z==1, |z| < 1. The equation

1— 1L
22 1
M = 5 = ., j=1,2..N 1.2.9
T folz) Az) 2 fa(z) J (1.2.9)

holds, where the dot denotes the derivative with respect to z, and z; are the zeros of the function
fo(2) in the region |z| < 1.

Proof.

First, let us clarify the distribution of the zeros of the function fy(z) for |z| < 1. Suppose
fo(z0) = 0, where 29 = |20| € with |29| < 1. The sequence {f,(20)}°%, is a power decreasing
solution of Equation as n — 0o. Because of the symmetry of , Ao =20+ 72y D must
be real, leading to the equation

, 1 . 1
Xo =20+ 25" = |z20| e + ‘Z70|e—290 = |zp|[cos Oy + i sin bp] + w[coseo — i sin 6]

1 1
= <|zo + ) cosbpy + i (]z0| - > sin 6.
|20] |20

Hence, 0y = 0 or m. Therefore, the function fyo(z) can only have zeros in the intervals (—1,0)
and (0,1). Next we will show that these zeros are simple. From Equation (1.1.7)), we derive the
relations

Gn+41 fn+1(z) + by fn(z) + an fnfl(z) = (Z + Z_l) fn(z),
bt Fui1 () 4 b Fu2) + n Faa () = (1= 55 ) a0+ 570l

By multiplying the first equation by fn(z) and the second by f,(z) and then subtracting them,
we get

st [Fas1(Dfa(2) = Fasr () fa()] = o [Fal2) fa1(2) = Ful2) fua(2)] = =1 = )7202)
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By summing over n > 1 and noting that f,(z) — 0 and f,,(z) — 0 as n — oo, we obtain

@A) + A M = (1-5) X £e)
n=1

By setting z = 2y, we get

~ folz0) filz0) = —( 12) S £2(z0).
%) =

From this, we conclude that fo(zo) # 0 (since fi(z0) # 0. If not, given fy(z9) = 0, we would
have f,(29) = 0) and simultaneously, we obtain formula (1.2.9). Now let us demonstrate that
the number of zeros of the function fy(2) in the intervals (—1,0) and (0, 1) is finite. Let d denote
the infimum of the distances between two consecutive zeros of the function fy(z) in (—1,0) or
(0,1). It is sufficient to prove that d > 0. Conversely, assume that d = 0. We can then extract a
sequence of zeros {z;} C (0,1) of the function fo(z) such that limy_, (2}, — 2;) = 0, where 2, >
zp > 0. From (L.1.23), it follows that for sufficiently large ng the inequality f,(zx) > (1/2) z}!
holds uniformly for n > ng. Consequently,

if(z)f(z')>liz”z'”>0 (1.2.10)
n:nonknk 4n:n0kk . -
Since the eigenvectors of the symmetric Equation corresponding to different eigenvalues
are orthogonal, however, we have
no—1 ng—1 [e’s)
0= an 2) fa(21) Z Fa(zr) [Fa(zh) = fal2r)] Z FaGe) + > fal2k) fal2)-
n=no

By taking the limit as k — oo and since f,(z) as n — ng converges uniformly, we obtain
o0
0> I ). 1.2.11
= kggon;o fn(2k) fn(zg) ( )

The Inequalities and contradict each other. Hence, the assumption d = 0 is
incorrect, implying that d > 0. Therefore, the function fy(z) in (0,1) can only have a finite
number of zeros. The same holds for the interval (—1,0). Let us now prove that the function
®(2) = (2 — 271)/fo(2) is bounded in a neighborhood of z = 1, |z| < 1. The case for z = —1
can be proven with a similar argument. Consider the region D, = {z: [2| <1, |z —1| <r} for
a sufficiently small r. If fo(1) = 0 and r < (1/2)d, then within the region D, the function fy(z)
has no additional zeros. Thus, ®(z) is analytic at the interior points of D, and bounded on the
chord z=1—r+1ir, —/1-— 1—7“2<T<\/1— 1 —r)2. Since |S(z)| = 1, by setting n =1
in (L.2.), we get |®(z)| < |fi(2)|. Furthermore, because fl( ) is bounded on the arc of circle
defined by D,, ®(z) is then also bounded there. Since the continuity of ®(z) as z — 1 is not
established, we cannot apply the maximum principle to prove the boundedness of ®(z) within
the region D,.. Therefore, we now consider the system

41,8 Yn+1 +bn g Un + angyn—1 = (2 + z_l) Yn, N> 1, (1.2.12)
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where  is a natural number and

a ) n S /87 b ) n S B?
an,g = { 1” n> B bng = { O” n> B (1.2.13)
The system ([1.2.12]) converges to the system given in (1.1.7]) as 5 — oco. Moreover,
oo
fap(z) =D KW 2+ (1.2.14)
u=n

is the solution to (1.2.12)) and has the same properties as f,(z). Furthermore, f, g(z) = fn(2) as
f — oo. Therefore, there exist numbers 0 < ry < r such that for any 3 the function fy g(2) has
no more than one zero inside the region D,,, which is a neighborhood of z = 1. From (1.2.14)),
we have

0=fos() =Y K\ =0=Ky +Y K =Ky =S K.
p=0 p=1 p=1
Thus,
fop(2) = (2 — 1) Ag(2), (1.2.15)

where
00 pn—1
aste) = K+ 3 1ty S
p=0

It is easy to see that the functions
z— 2z} 22 -1 o2+

®(2) = (z—1) Ag(2) - 2(z—1)Ap(z)  zAp(z)

are continuous at z = 1. We now define
Pp(2) = Pp(2)

where 23 is the zero of the function fy g inside D,. If fy g has no zeros inside D,,,, we set zg = 1.

z— 2z
z+ 28

It follows that the functions Cf)g(z) are uniformly bounded on the boundary of the region D,
regular within D,,, and continuous on the boundary of the region D,,. In addition,

z— 23
z+ 2z

sup
ZE@DTO

Pps(z)

=c < 0o,

from which we obtain through the maximum modulus theorem for a regular function

Pp(2)

Z =z

sup =c < 0.

ZEDTO

z+ 23
Since limg_, 23 = 1, limg_,oc Pg(2) = P(2) for z # 1, and, by considering the limit in the
previous equality as 8 — oo, we obtain

sup |®(2)] <,
ZGDTO

which completes the proof. |
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1.3 Derivation of the fundamental equation

We define the following:

b1 as 0 0 0 Y1
Y2
Fola@ B e 00 (1.3.1)

Thus, Equation ((1.1.1]) can be rewritten as
Fy=2Ay.

The matrix F is known as the infinite Jacobi matrix. Let ¢2(1,00) denote the Hilbert space of
sequences y = {y,}°°; such that Y °° | |y,|*> < co with the inner product (z,y) = > o0 17,
For finite sequences (i.e., sequences with a finite number of non-zero terms) we define the operator

Eo as
[ =b + a ,
{( Oy)l 1Y 2Y2 (].3'2)

(LoY), = Gnt1Ynt1 +bpyn + anYn—1, n>2.

The operator Ly is symmetric. Let the closure of this operator be denoted by £, which follows
the same formula as in . From , it follows that the operator L is self-adjoint (see
[7], page 501), and its domain D(L) consists of all y € £2(1, 00) such that Ly € £2(1, 00).

From the results of §1.2, it follows that the vectors {u,(2)}5>; and {un(z;)}02, for j =
1,..., N given by the formulas

un(2) = fa(z71) = 8(2) ful2), |2l =1, (1.3.3)
un(zj) = Mj fn(zj), 2z€(=1,00U(0,1), j=1,...,N. 1.3.4
are bounded solutions to Equation (|1.1.7)).

Definition 1.3.1. The set of quantities
{S(Z),Zl, PN ;ZN;MI; .. .,MN}
is called the scattering data of the Jacobi matriz (1.3.1) or Equation (1.1.1)).

The inverse scattering problem consists of determining the Jacobi matrix (|1.3.1]): reconstruct-
ing the Equation (1.1.1]) from the scattering data. An essential tool in solving this problem is
the Marchenko equation, which we will now derive. By substituting the expression (|1.1.10]) for

fn(2) into (1.2.5)), we obtain

1 00
z—z n_ n Knntk —(kin)
— )+ 2" =1-8R)] "+ Y —F—=z
s () 180 ="+ 3

K, k K, k
Z n,n+ k+n Z 1 S n,n+ k4n
K, i [ (2)] Kn “ '
k=1 k=1

By multiplying both sides of this equation by % Zmtn=1) " >0, m > 1, and by integrating

with respect to z over the closed curve T := {z € C : |z| = 1} in a counterclockwise direction,



12 Chapter 1. The direct scattering problem on the half-line

we get

1 z—Z 1 1
= s n__ ,—n (m+n—1) _ - _ n (m+n—1)
5 ?{ [ Ko 1o2) on(2)+ (2" =2 )} z dz = 5 [1—S(2)] "= dz

nn—l—k 1 —(n+k) (m+n—1) _
—i—Z K, % ]{r z z dz

nnJrk 1 . (n+k) (m+n—1)
+Z K. 2in T[l S(z)] = z dz.

o0

Knn 1 —_
ntk % S(ntk) (mtn=1) g
T

pt K., 2irw

Let us note that

1 1 0, k<m-—1,
—— ¢ (k) H(min—1) g, j(I{ R lg =01, k=m,
2im Jp 2im Jp 0. k>m+1
On the other hand,
1
?{ Z(nFk) L(min=1) g, — 0.
A% T
Thus, we obtain
1 z—z"1 K X K
- _ n_ _—n (m+n71)d _ F(l) n,n+m n,n+k F(l)
2% Jp [ Ko fol2) o(2) pn(2) + (2 z )] z z on+m T Ko +; K, = ktm+2n
(1.3.5)
where
1
F<1>:7{1— mldz,
=5 § =80 s
Now let us calculate the integral on the left side of (1.3.5))
1 z—2z71 1 z—2z71
- s n_ _—n (m+n—1)d = (m+n—1)d
2im Jp [ Kpn fo(2) onle) (" =2 )} : : 2im Jp Knn fo(2) onl2) 2 :
-1
Res 2 Z(m+n—1),z.> :
where
z—z7! z—271
Res n(z Z(m+"_1),z-) = lim (z — 2 n(z) 2mtn=1)
<K7mf0(z)<p ( ) ! Z—>ZJ( j)KnnfO(Z)SO ( )
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Here we use the fact that v, (z;) = fn(2j)/f1(2). Therefore,

1 z—z"1 n—ny| (m4n—1) (0) o~ Ktk (0)
. _ _ dz = —F — : F,
g e L | B IR W et
where
N
FO =>" M2
j=1
Thus, as a result of ([1.3.5)), we obtain
Ky n+m = Kn n+k
F: —_— — F =0 >1 >0 1.3.6
2n+m + Knn + ; Knn k+m+2n ’ m=1, n=V., ( )
where
Al 1
_ 0 1) 2 -1
Fm—Fr(n)+F7§1)—j;Mj z;"—l—ﬂ T[I—S(z)] 2" d 2. (1.3.7)

Let us note that the integral on the left-hand side of can be expressed as the sum of
two integrals. Since the points z; are located in (—1,0) U (0,1) and the distance between them
is greater than zero, there exists ¢ > 0 such that T, is the circle of radius e centered at 0, and
within 7% there are no points z;. Given that

ST fol2) LG foz™")

onlz) = z—z"1 z—z"1
when z — 0, we have
KO(]Z
on(z) = T2Z 01+ o(1)],
nn

Therefore, the integral on the left-hand side of (1.3.5]) equals

_ -1 m—1
! j{ { i on(2) + (2" — z")} AR P = [Z — zml} dz
T Te

%7 Jo | Knn fo(2) omi K2,
00 m—1
_ 0 Knntk 0) 1 z 1
— —F2n+m - — Knn k+m-+2n + 27{'2 T Kgn Z — 7271_2 e Zm dZ,

where the integral over the closed curve T, is taken in the counterclockwise direction. By
considering (|1.3.6]), from the last equality we obtain

1 m—1

1
: —— ¢ 2" ldy, (1.3.8)

9]

Kn,n+m Kn,n—l—k F .
k 2n = 5. T .

Ko 00 o Jrn K2, 2mi Jr,

Knn

F2n+m +
k=1

in which the right-hand side of (1.3.8) is zero for m > 1. If we set m = 0 in (1.3.8]), we obtain

= Kotk 1
By, + PR o von 1= —— 0 >0. 1.3.9
In this way, we obtain that Ky, p1m/Kny satisfies Equation ([1.3.6]), and F3, is constructed solely
from the scattering data. Equation (1.3.6]) is called the fundamental equation of the inverse
problem.
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1.4 Additional necessary properties of the scattering data

At this stage, we use the fundamental equation ([1.3.6)) to derive estimates for F,,.

Theorem 1.4.1. The sequence {F,}22 1, constructed by the formula (1.3.7)), satisfies the prop-
erties below.

1) Each F,, is real.

2) The following holds:
(FOYs (Ful, € 2(1,00) (1.4.1)

3) The following inequality holds:
|F| < co ([%D : (1.4.2)
where ¢ is a positive constant independent of m and o(n) is defined by the formula (L.1.5)).

4) The inequality

> m [Py — Fo| < o0 (1.4.3)
m=1
holds.
5) The following summations hold:
o [e.e]
> [ Fl| < o, Y mF? < . (1.4.4)
m=1 m=1

Proof.

1) In fact, from the nature of the values z; and by considering (1.2.7)), it follows that Fy, is
real.

2) The condition (1.4.1]) follows directly from ((1.2.7) and (1.3.7]).
3) To obtain the estimate ([1.4.2)), let us use the following lemma.

Lemma 1.4.1 (Gronwall’s inequality). Let g, > 0, ¥y, >0 for 1 <m < oo and

[e'¢) 00
Zwm<00, ng¢m<00-
m=1 m=1

If

oo
gm < c+ Z gk Uk, 1<m < o0, (1.4.5)
k=m+1

where ¢ is a positive number, then

gm < c exp ( Z ¢k> 1 <m < oo. (1.4.6)

k=m+1
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Now let us proceed to the proof of estimate ([1.4.2]). From the fundamental equation (|1.3.6|),

we have
Kn n+m > Kn n+s—m
Frpon = ——ndm _ SRS e
m42n Knn S:;H Knn s+2n
Therefore, by virtue of (|1.1.20]), we obtain
oo
m s—m
|Fyon| < co <n + [5}) te S;HU <n v [ 5 D | Fy o] - (1.4.7)

We demonstrate that the infinite sum on the right-hand side of ([1.4.7)) converges for each
n and m. Indeed, by the Bunyakovsky-Cauchy-Schwarz inequality, we have

(5 o(oe 52 ]) i) = 5 00| 552]) 5 o 09

s=m-+1
On the other hand,

i 02(n+[8_2m]><220 n+s)<20(n ian—l—s
s=0

s=m+1 s=0
n) > > (11— ap| + b))
s=0 p=n+s
Z (11 = apesre] + [bpsrl) (1.4.9)
:20( ) (k+1) (yl_an+k|+|bn+k|)
k=0
=20(n) Y (p—n+1) (1 - ap| + |by]) < 00
p=n

By virtue of (1.4.1]), we have

Z 2 on = i F? < o0, (1.4.10)

s=m-+1 p=m-+1+2n

consequently, the left-hand side of (1.4.8)) is finite. In principle, suppose that o(n) # 0 for
all n, n=1,2,3,.... From (1.4.7)), by dividing both sides by o (n + L%J% we obtain

Fnsoal 07 (n+ [5]) Scteo™ (n+[5]) Sgﬂa <n+ [S ;mD |Fysyo]
—cieot (n+ [2]) §(+ 5]V (v [3]) [anl o™ (n+ [2]))-

S=m

Since the sequence

o= (wr [5])o (o [57]) 7 ()
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and |Fyi2,| 071 (n+ [2]) 1s are summable with respect to s (s > m + 1) for each n and

m (as appear in ([1.4.8)—(1.4.10)) by applying Lemma to the last equality, we then
obtain

Frnonl o (n+ [%]) < exp ( i zp8> . (1.4.11)

s=m+1

On the other hand,

5 e (45D 35, o [5) o+ )

s=m+1 s=m+1

See the derivation of estimate . Therefore, from ,
s <o (4 |2]).

which is equivalent to inequality . Note that we have denoted positive numbers
for ¢, which are generally different and do not depend on n or m. Let us prove that the
estimate holds even in the case when o(n) vanishes. In fact, let o(n) = 0 for n > ng
and o(n) > 0 for n < ny — 1. Since o(n) =Y 2 (|1 — ap| + |bp|), this implies that a, = 1
and b, = 0 for p > ng. In this case, from it follows that Ky nim/Knn = 0 for
n + L%J > ng, and, from the fundamental equation , we conclude that Foyip =0
for n > ng and for all m > 1. Hence, it follows that there exists a natural number M
such that for m > M we have F,, = 0. Since for m > M the estimate will hold
and because the number of values F,,, 1 < m < M is finite, the estimate applies
to all F,,,. Finally, if o(n) = 0, then from we have Ky, pim/Knn = 0. Moreover,
from the fundamental equation we obtain F,, = 0, so the estimate also holds in
this case.

We prove the estimate (1.4.3)). From the fundamental equation (|1.3.6]), we easily obtain

(Fm+2(n+1) - Fm+2n) + (

Kn+1,n+1+m Kn,n—l—m) o Kn,n—l—l F
- - m—142(n+1
Kn+1,n+1 Knn Knn ( )

+Kn,n+2 5 i (Kn+1,n+1+k Kn,n+k+2> 7 (14.12)
Kom m+2(n+1) £ Kn+1,n+1 Knn k+m+2(n+1)- 4.

We estimate the difference K11 4146/ Knt1,n+1 — Knntkt2/Knn. From (1.1.18]) we ob-

tain

o
Kniinyivoer  Kp n+2k+3 B Z by pp+2 Bpprakry) Z (1-a

— ) Kpptari1
Kn—l—l,n—H

2
P K ’
p=n+1 p=n-+2 pp
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and then, by considering (|1.1.20f),

Kopinsi42k41 Kongorts

<c > bploptk+)+c Y [1-allo(p+k)
p=n+1 p=n+2

Kn+1,n+1 Knn

<con+k+2) | D |bl+ Y [1-dl

p=n+1 p=n-+2
<con+k+2)o(n)<con+k)o(n). (1.4.13)

Similarly, from (1.1.19)) we obtain
Kniinyivor Ky n+2k+2 Z 1 2%k+1 > Ky prok
, B _ b, ,p _ Z (1-a2) Zr
P

Knn p=n+1 p=n-+2 Kpp
from which
Knpinsie2e Ky n+2k+2 ,p+2k+1 Z 11— a2 ,p+2k
p
Knn p=n+1 p=n+2
o0
Z bylo(p+ k) +c Z 11— a2lo(p+k)
p=n-+ p=n-+2
<con+k)o(n). (1.4.14)
From (1.4.13)) and ([1.4.14)), it follows that
Kniiniive  Kongkt2 < [k])
: — - <col|ln+|= on). 1.4.15
Kn—l—l,n—l—l K’rm 2 ( ) ( )

Now, from (|1.4.12)) and by using ((1.1.20), (1.4.2)), and (1.4.15)), we have

F F Kn+1,n+1+m Kn,n+m
( m+2(n+1) m+2n) + Knyin41 K
Kn n+1 Ja Kn,n+2 F
\ m—1+2(n+1)| + K | m+2(n+1)‘
nn
n+1 n+1+k Kn,n+k+2 F
K ’ k+m+2(n+1)‘
n+1 n+1 nn

m—1

gca(n)a<n+1+ [2}) +ca(n+1)a(n+1+ [%D
+ca(n)§:a <n+ [;‘CD o <n+1—i— [k;mD <con)o (n+ [%D (1.4.16)

k=1

In (1.4.16)), by assuming m = 1 the first time and m = 2 the second time, as well as by
taking into account (1.1.13)) and (1.1.12)), we obtain

|(Fonts — Fant1) + bt | < co®(n), (1.4.17)

K
Sntbnd2 < g2 (p). (1.4.18)

’(F2n+4 - F2n+2) + a%+2 -1+ bn—i—l K
n+1n+1
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From (1.4.17)) we obtain
(0.0 o0
> (n+1) | Fongs — Fangrl = _(n+1)|Fants — Fang1 + buy1 — b1
n=0 n=0
o (o]
<D (4 1) [Fangs = Fonga + boya| + Y (n+ 1) byl
n=0 n=0
[o¢] o0
<) (n+1)0’(n)+ Y (n+1)|bps| < o0 (1.4.19)
n=0 n=0
since

o0 (o] (e.]
Y (n+1)o?(n) =Y o(n) |(n+1) Z (11 = ap| + |by))
n=0 n=0 p=

oo o o o

Z Z (p+1) (11— ap| + [by) < Zp+1 |1—ap|+|bp|)20(n)

n=0 p=n+1 p=1 n=0

o o
Zo(n) =3 D (1 —ap|+1bl) = Z(p+ 1) (11 = ap| + [bp]) < o0
n=0 n=0p=n p=0

Similarly, from (1.4.18)) and by taking into account (|1.1.20]), we obtain

o

D (n+2) [Fonta — Fanya
n=0

(o)
K
SZ("+2)’(F2n+4—F2n+2)+a%+2—1+b Dntlnt2
n=0

n+
Kn+1,n+l

Kniinta

+Zn+2\an+2 1!+Zn+2\bn+ll ra—
n n

o
<c) (n+2)oi(n)+ Z(n +2)|aZ, 1]+ CZ(n +2)|bpy1]o(n+1) < oco. (1.4.20)
n=0 n=0
Both estimates (1.4.19) and (|1.4.20)) are equivalent to the estimate (|1.4.3).

5) The estimates (1.4.4)) follow from (|1.4.2)). In fact,

Simized o ([3]) <2y om
Somri ey me ([5]) < §<m+1>az<m><oo_

Corollary 1.4.1. According to , since Fy, diﬁers from F,(nl) by a term that decreases as
m — 00, the estimate in also holds for F
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Lemma 1.4.2. If fo(£1) =0, then
fo(z) = (2 —1) Ax(2), |z] =1, (1.4.21)

where the function Ag(z) is continuous for |z| = 1,is periodic with a period of 2w, admits an
analytic continuation to |z| < 1, and satisfies Ax(£1) # 0.

By using the fundamental equation (|1.3.6]), we can establish the continuity of the function
S(z) for |z| = 1.

Theorem 1.4.2. The function S(z) is continuous for |z| =1 and

S(£1) :{ ;’1’ i fpggiiig (1.4.22)

Proof.
The continuity of the function

foz"")
S(z) =
(2) 002
for any |z| = 1 and z # +1 follows from the fact that the function fo(z) is continuous for |z| =1
and can only have zeros at the points z = £1. If fy(£1) # 0, it is clear that the function S(z)
is continuous at z = +1, and, because of periodicity,
S(+1) =1.

Now let fo(£1) = 0. In this case, according to Lemma the function S(z) is also continuous
at the points z = +1 and

SE) = lm —— @ - T
|
Theorem 1.4.3. The equation
Bm + i mEY =0, m>1 (1.4.23)
k=1
has N linearly independent solutions in the space £%(1,00), where
F = i %r [1—S(2)] 2" dz. (1.4.24)

Proof.

Let h = {h,,}*°_; be a solution to Equation (1.4.23)) in ¢?(1,00). Since Y s real, without
loss of generality, we may assume that h,, is real. We extend h to the entire space £2(—o0, 00),
by setting ho = h_1 = h_s =--- =0, and define

H(z) := io: B 2™ (1.4.25)
m=1
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The function H(z) admits an analytic continuation to |z| < 1, and we obtain

dz
h2 = Mf |H(2)|? (1.4.26)

By multiplying both sides of m ) by h,, and summing over m from 1 to oo, we have

ZhQ +ZZh hi FLY =0,

m=1 k=1

By substituting the expression for F,(n) from (|1.4.24) and using (|1.4.26)), we get
d
¢ (HEE - s E) <o
T z

or, by using (T27),

|H(="") = S(2) H(2)
T z
Since the integrand is periodic, we conclude

H(z"') = S(z)H(z) =0, |z| = 1. (1.4.27)
Given that S(z) = f(}gz(;)l), from ((1.4.27)), we obtain
H(z"') H(z)
folz71)  folz)’
From (|1.4.28)), it follows that the function
{ H(z), for |z| <1,

2] = 1. (1.4.28)

Y(z) =< P (1.4.29)

NGk for |z| >1

is periodic and meromorphic within the contour Tr., where R is a sufficiently large number
such that it contains the zeros of fo(z7!) and ¢ is a sufficiently small number; see Figure
Moreover, within this region, 1(z) has a finite number of simple poles at the zeros of the functions
fo(z) and fo(271), specifically at the points z; € (—1,0), zj_l € (—o0,—1), 7 =1,2,3,..., No,

€(0,1), zj_l €(1,00),j=No+1,...,N. Now for a fixed z consider the function

2¢(¢—¢™Y
900 = g ¥O  ceC (1.4.30)
This function is meromorphic with respect to ¢ and periodic with a period of 27. Inside the
contour T, g(¢) has a finite number of simple poles at ( = £z, z; € (—1,0), zj_l € (—o0,—1),
J=1,2,3,..., Ny, z; € (0,1), z;l € (1,00), 5= No+1,...,N. Therefore, we have

N
3= 9(0)dC = Res(g(€).) + Res(g(0). — +2Res )o2) + 3 Res(g(0), )
N 1
. B Z zj B zz 'H(zj o
=—2lema +]:1 (z 4 2j)(z — 2j) (z+2; )(z—zj’l) f;()(ZJ (i =57
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Figure 1.1: Contour Tg

where the integral over the closed curve Tg. is taken in the counterclockwise direction. On
the other hand, since ¢({) is periodic with period 27 and ¢({) — 0 as ¢ — oo, the function

(¢ — ¢/ fo(¢) through Lemmal[l.2.4]is bounded near ¢ = +1:
1
lim — d¢ = 0.
Rl_r%o v %rR,sg(C) ¢
From this, together with (1.4.31) and by considering (|1.4.29)), we obtain
N T -1
1 1 H(z)(z; — z.
H(z) =Y _ |- i)z —27) fO(z)_l . (1.4.32)
zz; —z7lzj zzj—z7lz fo(z5) z(z—2z71)

j=1L7""J J J
Thus, we have shown that if h = {h,,}>°_; is a solution to Equation , then its Fourier
expansion @ is represented by the form . Now we prove the converse: any function
of the form @, where H(z;) = c; are arbitrarily chosen, is the Fourier expansion
of a solution {hm }5°_; to Equation (1.4.23). Indeed, since H(§ + 2r) = H(6), this function can
be expanded into a Fourier series

H(z) = ihm 2™, {hm}>, € £2(—00,0). (1.4.33)

On the other hand, from (|1.4.32)), it follows that H(z) — 0 as z — 0. Therefore, the series
(1.4.33)) must vanish for m < 0, meaning that

oo
H(z) =Y hm2™ {hm}oo_, € £3(1, 00).
m=1
A direct verification shows that H(z) satisfies Equation (1.4.27]), and hence {hy, }7°_; is a solution

of Equation (|1.4.23). From this analysis, it follows that the number of linearly independent
solutions of Equation (T.4.23)) in £(1, o) is equal to the number of linearly independent functions
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of the form

1 1 ¢j(z—2;")
-1 _ - _ —1 ; )
zz; —zlzy 2z -2l fo(zj)
where ¢;j for j = 1,..., N are arbitrary constants. Therefore, this number is equal to N, as can
easily be seen. |

Theorem 1.4.4. The system of equations

m=0

Z g EY =290, Y gmE\y=g0  —co<n< -1 (1.4.34)

—00

where F7(nl) is given by (1.4.24)), has only the zero solution {g,, }™=0 in the space £%(—o0,0).

Proof.
Let g = {gm}™<" be a solution of Equation (1.4.34)) in £2(—00,0). We extend g to the entire
space £%(—o00,00) by setting h1 = hy = ... = 0, and we define

m=0
= gm2™ (1.4.35)
—0o0

The function G(z) is analytic on the set |z| > 1. By using Parseval’s identity, we have

i dz
2 z 2
E : 1.4.36

By multiplying the first equation in ((1.4.34) by go and the second by g, as well as by summing
the latter over n from —oo to 0, we get

n=0 m=0

YDPIFFHCERF TN g
—00 —O0 n=—oo
By substituting FY from (1.4.24) and by using (|1.4.35) and ([1.4.36]), we arrive at
1 dz dz
— ¢ [1-S(2)] G* = — ¢ |G(z)]? —. 1.4.37
5w § 151 () 741 »e (1.437)
From (|1.4.35)), it follows that
1% G2(z)% = g2
2im Jp PR

Thus, from , we obtain
$(GEE+ s 626) =0
which, by using , leads to
# 16 +5e)60)

Since the integrand is continuous and periodic with a period of 2, it follows that

G(z™Y + S(2)G(z) = 0, |z] = 1.

|2ﬁ:0.
<



1.4. Additional necessary properties of the scattering data 23

Given that S(z) = fo(271)/fo(2), we derive from the last equation that
fo(2)G(z™Y = —fo(zHG(2), |z = 1. (1.4.38)
The function v(z) = ifo(2)G(271) is holomorphic in |2| < 1 and real on |z| = 1 because of
(1.4:38). Since fo(z) — Koo as z — 0, and G(2~') — go, we have
¥(z) =i Koo o,

which implies
fo(2)G(z7") = Koogo- (1.4.39)

Equation (1.4.38) shows that the function fo(2)G(271) is antisymmetric, while (1.4.39) contra-
dicts this. Therefore, G(z) = 0, and thus g, = 0 for m = 0,—1,—2,..., as required. [ |



Chapter 2

The inverse scattering problem

This chapter is based on the PhD thesis of Guseinov G. Sh. [13]. Using the scattering data and
their properties provided by Guseinov and presented in the previous chapter, we develop his
results by incorporating our new parameter z. Specifically, Guseinov constructed an equation
of the form from these scattering data, and in this work, we extend his analysis by
considering the new parameter z.

2.1 The solution of the inverse problem from scattering data:
Fundamental theorem

From the results obtained, it follows that the scattering data
S(Z), Z1y+++3”N; Ml?"'vMN

of Equation (1.1.7)), where z; € (—1,0) for j = 1,...,No; z; € (0,1) for j = No+1,...,N;
M; > 0 for j = 1,...,N and under the condition (1.1.2)), contain the conditions described
below.

I. S(z) is a continuous function on |z| = 1 and

S(z) =8(z"Y) = (S(2) . (2.1.1)
II. We have
S m ‘F,E}i% - F,S})‘ < o0, (2.1.2)
m=1
where .
.= _— - m=1qz. 2.1.
F = 5 2 [1-5(2)] 2 z (2.1.3)
III. The equation
hn+ Y b E) =0, m>1 (2.1.4)
k=1

in the space £?(1,00) has exactly N linearly independent solutions.

24
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IV. The equation
m=0 m=0
1
ngF&l)ZQQO, ngFy(nln:gna —oo<n< -1
—00 —o0
in £2(—00,0) has only the zero solution {g,,}™=°.
Theorem 2.1.1 (Fundamental theorem). Consider the data
{S(Z), 21,725+ +-32N5 M1>M2>"'7MN}>
where
e z; € (—1,0) forj=1,..., Ny,
e 2;€(0,1) forj=No+1,...,N,
e M; >0 forj=1,...,N, and the values M; are distinct positive constants.
For this data to be scattering data for the problem
Ant1 Yni1 +bnYn +anyno1 = (z+2 Nys, n>1 a; >0, 2.1.5
3o =0, (2.1.6)
where the coefficients belong to the class
oo
an >0, Imb, =0 forn>1, > n(|l—an|+|bs]) < o0, (2.1.7)
n=1

it is necessary and sufficient that the given data satisfy conditions 1-1V as stated above.

Outline of the proof.

The necessary part of the conditions I-IV has already been proven in Chapter 1. We outline
the proof of the sufficient part. Consider the data {S(2); z1, 22, ..., 2n5; M1, Ma,..., My} that

satisfy conditions I-IV. From this data, we construct F), via
N

1
o 2 -1
Fp = Z;Mj 4t o A [1—S(2)] 2™ 'dz
]:
and consider the equation
K K
Fonym + %ﬂn + [r;:nJrk Frimaon =0, m>1

with the unknowns Ky, i/ Knn.
1. We must show that the Equation (2.1.8]) has a unique solution for each n > 0.

2. It can be shown that

[e.9]
K,
L+ Fon ) =% Fiion >0, n >0,

k=1 nn

where Ky, y,4m/Knn is a solution of the fundamental equation (2.1.8)).

(2.1.8)
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3. Next we define Ky, a,, b,, and g, by

o iip +§:MF,€ 5
K72m n e Knn +2n
o= o2 g Bt Hncin
Ky 1pn1 K Ky 1n-1

on =1+ KTMH-Q _ Kn—l,n+1 _ (Kn,n—i-l . Kn—l,n > Kn,n-{—l
" Knn Kn—l,n—l Knn Kn—l,n—l Knn .
We will show that

On = a?prl-
4. We define the function
o0
fu(z) = Z Ky 2t
pu=n

We must show that {f,(z)}>2, satisfies the equation
ant1 fot1(2) +bn fu(2) +an fa-1(2) = (z + z_l) fa(2), n =1
5. Next we must show that a, and b, satisfy the conditions (2.1.7)).

6. It must be shown that the functions
un(2) = fa(271) = S(2) ful2), |2 =1,
un(zj) = M; fn(Zj), Zj € (-1,0)0u(0,1), j=1,...,N.
satisfy the boundary conditions ([2.1.6)).
7. Finally, we must show that the given data are scattering data for the constructed problem.

Therefore, we need to show that {w,(2)}72;, {un(2j)}52, 7 = 1,..., N, generate the
Parseval’s equality, which is equivalent to

N
1 (7 Ly ———
Snm = 3 tn(2) tm(25) + = / (@) u(P)dO,  mm > 1,
= 2 0
where 0y, is the Kronecker delta and for n — oo possesses the following asymptotics
un(z) = 27" = S(2) 2" 4+ o(1), |z| =1,
un(z5) = Mj 23 [1 + o(1)], zj € (=1,0)U(0,1), j=1,...,N.

2.2 Solvability of the fundamental equation

With the data {S(z); z1,...,2n; Mi,..., My}, we construct F,, as

Fp:=F9 + FD, (2.2.1)
N
FO =" M? 2, (2.2.2)

j=1
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1

1 _

FM = %in 7{11[1 —S(2)] 2" d 2, (2.2.3)
where the integral over the closed curve T is taken in the counterclockwise direction and we
consider the equation

K K
Fongm + ;;"*m Y b Feimizm =0,  m>1 (2.2.4)

with the unknowns K, ;4m /Ky, for each fixed n > 0. From the properties of z;, M;, and
(2.1.1)), it follows that F), is real. Let us define

n(m) == > |Frra — Fil, (2:2.5)
k=m

and, because of (2.1.2)) and (2.2.1)), this series converges.

Lemma 2.2.1. The following inequalities hold:

1)
Z n(m) < oo, (2.2.6)
m=1
2)
Z mn*(m) < oo, (2.2.7)
m=1
3)
|F| < m(m), (2.2.8)
4) oo o0
> P < oo, > mF2 < o (2.2.9)
m=1 m=1
Proof.

1) By virtue of (21.2) and @21), £2),
oo

0o oo oo
nm) =YY |Fepa — Fil = Y _k|Fiys — Fi| < 0.
m=1 m=1k=m k=1
2)
oo oo oo ) oo
mn(m) = 3 n(m) [m S B — Bl | <3 nm) S k| Fia — B
m=1 m=1 k=m m=1 k=m

< Zk | Fiyo — Fi| Z n(m) < oo.
k=1

m=1
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3) By taking the limit as m — oo in (2.2.3)), we obtain
lim F{) =0.

m
m—0o0

On the other hand, from the form of the numbers z; and (2.2.2)), it follows that lim,;, £ =
0, so limy, 400 Fin = 0. Consequently, we can express F;, as a telescopic series

o

Fn== (Fmtok — Frgare1)) -
k=1
Thus, by considering (2.2.5)),

o) e}
Fonl < | Fonyok = Frngoe—ny | < D [Frya — Fi| = n(m).
k=1 k=

m
Now (2.2.9) follows from the inequalities ([2.2.6)), (2.2.7), and (2.2.§]).

We introduce the notations

Kn,n+1 F
Knn 2n+1 Fonto Fopngys Fopya

a™ — Knn f(n) — 1;:27“'2 , F) . Fonys Fonta  Fongs
K., 2n+3 Fonta Fonys Fongs
We rewrite Equation (2.2.4) in operator form:

£ () Fmgm) (2.2.10)

Let ¢P(1,00), for p = 1,2, denote the normed linear space of infinite sequences y = {yx}32, in
which the norm is defined by

o0 ’
lyllp, = (Z ka!”> < 00. (2.2.11)
k=1

The operator norm for A = (aij)ioj.:l in the spaces ¢P(1,00), for p = 1,2, is defined by

2

o0 oo
IA]ly = sup > lai], 1Al = | > lagl* | (2.2.12)
J =1 ij=1

Lemma 2.2.2. For each fized n, the operator F™ s a compact operator in 12(1, 00).

Proof.
From ([2.2.12]) and by virtue of (2.2.9), we have
oo o o0
IFOh < sup Y [Frpmian| =sup D> [F| < Y |F| < oo,
m21 k=1 m21 s=1+m-+2n s=2n+2

(2.2.13)

IF™]l < (Z Z Fk2+m+2n> = (ZZ Fs2+2n+1)

k=1m=1 k=1 s=Fk
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N =
N =

= (ZSFHW) = <Z(k:—2n—1)Fk2) < o0.

s=1 2n+2

Thus, for each n, F™ is a bounded operator in ?12(1,00). Let us now show that this operator
is compact in /12(1,00). In fact, consider in ¢?(1, 00), for p = 1,2, the unit ball |y||, < 1, and
denote by IC the set of all ¢ of the form

v=F"y  ylp <1
We must prove that K is a compact set in ¢P(1,00). To do this, let us use the compactness
criterion in £P(1,00); see [I5]. Because F(™ is bounded in ¢P(1, 00), it immediately follows that
K is bounded. Moreover, Ve > 0 and for m > mg, where mg is a sufficiently large natural
number, by virtue of (2.2.8) and (2.2.6]), we obtain

STl = D0 ) | Fongirkuel < >0 D n(@n+ i+ k)|l

i=m+1 i=m+1 k=1 i*m-i—l k=1
oo oo
< Z 2n+1i+1) Z|yk|< Z n2n+i+1)= Z n(s) < e,
i=m+1 k=1 i=m+1 s=2n+m+-2
[e.@] oo o oo o0
Dol < D > Ptk < Y PCn+i+ 1) |wl
i=m+1 i=m+1 k=1 i=m-+1 k=1
oo oo
< Z P(2n+i+1) = Z n?(s) < e.
i=m+1 s=2n+m+-2

|

Now consider the operator equation . By virtue of ( - fm e 121 ,00). There-

fore, Equation can be considered as an operator equation with a compact operator in

?*(1,00) and £?(1,00). Let us prove that this equation in £1:2(1, 00) has a unique solution. For

this, it is sufficient to prove that the corresponding homogeneous equation in £1(1,c0) has only
the zero solution.

Theorem 2.2.1. For each n > 0, the fundamental equation (2.2.4]) has a unique solution in
42(1, 00).

Proof.
Let us consider the homogeneous equation
oo
hm + > g Figmieon =0,  m>1 (2.2.14)
k=1

First, we will prove that this equation has only the zero solution in ¢2(1,00) for each n > 0.
Let us assume the contrary. Suppose that for some n Equation has a non-zero solution
h = {hy,}2_; in £2(1,00). Since F,, is real, without loss of generality, we can assume that A,
is real. Extend h to the entire space £?(—00,00) by assuming hg = h_1 = h_y = ... = 0, and
denote
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= hpm 2™ (2.2.15)

The function H(z) admits an analytic extension in |z| < 1. By Parseval’s equality,

> dz
> hl = Mf |H(2)| (2.2.16)
m=1

By multiplying Equation ([2.2.14]) by h,, and by summing over m from 1 to oo,

Zh2 + Zzh hi Fvmyon = 0.

m=1 k=1
By substituting F;,, for its expression - and using , we obtain
N 1 dz
SO MP T (z) + 5 ]{ (HE) - S() 2 H (=) 22 = 0.
= i z
Therefore, by virtue of ,
N
ZMz 20 /2 (2 7{ ‘ ) )ZQnH(Z)‘Q %:0.
j=1

Since all terms in this expression are positive, and by considering the continuity and periodicity
of the function under the integral, we conclude that

H(z)=0, j=1,...,N, (2.2.17)
H(z") = 5(2)z*"H(z) =0,  |z|=1. (2.2.18)
Let us set
H(z) :=2"H(z); (2.2.19)
from (2.2.17)) and ([2.2.18]), we then obtain
H(z) =0, j=1,...,N, (2.2.20)
M) = SEH() =0, | =1. (2.2.21)

Since the function H(z), because of (2.2.15)) and (2.2.19)) admits an analytic extension to |z| < 1
and H(z) — 0 as z — 0 and is periodic with a period of 2,

= hm2™, {hm}o, € £2(1,00). (2.2.22)

From ([2.2.21)) and (2.2.22)), it follows that {Em}%zl is a solution to Equation (2.1.4)) in £2(1, c0).
Moreover, consider the functions

4H(z)
(z+zj)(z —z;) + (271 + zj_l)(z—1 - zj_l)
for j =1,...,N. Since H(z) is analytic in |z| < 1, from (2.2.23)) and (2.2.20) it follows that the
functions H;(z), j = 1,..., N + 1 are holomorphic in |z| < 1. Since these functions are periodic

with a period of 27 and tend to be zero as z — 0, then

Hi(2) = H(z), Hjp(2) = -

(2.2.23)
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Hi) = @ =", (Wl € PLis),  j=1,...,N.

m=1

The functions H;(z) thanks to (2.2.23) and ([2.2.21) satisfy the equality
Hi(z~1) — S(2)H,;(z) = 0, 2| =1, j=1,...,N+1,
from which it follows that {h%) *_1,j=1,...,N+1 are solutions to Equation (2.1.4). These

m=1>

solutions are linearly independent if H(z) # 0. Because of III, though, Equation (2.1.4) has
exactly N linearly independent solutions in £?(1, 00). Consequently,

H(z)=2"H(z) =0,

from which H(z) = 0: h,, = 0. Thus, the homogeneous Equation (2.2.14)) for each n in £2(1,c0)
has only the zero solution. Since every solution of this equation in ¢!(1, 00) belongs to £2(1, o),
it follows that it also has only the zero solution in £}(1, co). [ |

Corollary 2.2.1. The operator I + F™ for each n > 0 in ?12(1,00) has a bounded inverse
operator.

2.3 Important estimates

Theorem 2.3.1. For K, pim/Knn, the following estimates hold:

1.
K
n’ner‘ <ecn2n+m), n>0, m2>1, (2.3.1)
KTLTL
2.
Kn n+m Kn—l n+m—1
: — : F — Fo
' < Knn Kn—l,n—l * ( anm 2n 1)+m)
<cn@n—1)n(m+2n—1), n,m>1, (2.3.2)
3.
K K,
‘( nontl  _Anoln > + (Fons1 — Fon_1)| < en(2n — 1) n(2n), n>1, (2.3.3)
Knn anl,nfl
4.

‘(Kn,n—l-Z _ Kn—l,n—l—l

F: — F:
Knn Kn—l,n—l) +( a2 2n)

<en2n—1)n2n+1), n>1, (2.3.4)

where ¢ is a positive number independent of n and m and n(n) is defined in (2.2.5).

Proof.
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1. By virtue of Corollary the operator (I + F (”)) ~! exists for each n > 0 and is bounded
in £(1,00). We will show that this family of operators is uniformly bounded with respect
ton >0:

-1
[ (1 + ]—"(”)> h<e n>o0. (2.3.5)

In fact, by virtue of ([2.2.13)), ||.7-"(n) i = 0 as n — oco. Consequently, there exists a natural
number ng such that for n > ng we have | F™||; < 1 and consequently

(n) -
I (I‘f‘.} ) I < =7, < 2, n > ng.

There remains only a finite number of operators (I + F ("))_1, 0 < n < ng, each of which

is bounded. From ([2.2.10)), we obtain
—1
a™ = _ (I + ]:(n)) ),
Therefore,

-1
la™ =1 (1 +F) I,

or, by taking into account (2.2.11f) and ([2.3.5)), m

o
3 ""+m‘<cz|p2n+m_c 3 \F,<Z\F\_cl<oo (23.6)
m=1 s=2n+1

Thus, from the fundamental equation (2 and by considering (|2 , we obtain

K
' ””+m‘<n( Bnntk n(k +m+2n) <n(2n+m)
Knn Knn
o
+n ”"*’“ < can(2n + m).
k nn
In other words, inequality (2.3.1)) holds.
2. From the fundamental equation (2.2.4)), we have
K, n+m Kn n+m—1 - K, n+k
J — d F - F F)
< K Kn—l,n—l ( 2ot 2n=1) +m kz Ko, Fbme2n

nanrkl
Y Sty =0 w2l
h—1 n—1ln—1

By subtracting and adding » ;% | Kpn nyt/Knn Frim2(n—1), We obtain

(Kn,n+m Kn—l,n—i—m—l)

Knn anl n—1

(o]
K,
+(Fontm — Fon—1)1m)+ E 7;;”% (Frtm+2n — Frtm+2(n-1))
k:1 nn

K, _
n Z < nntk Ir; 1,n+k 1> Fk+m+2(n—1) =0, n>1. (2.3.7)
n—1n—1
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By denoting

d(n) _ {Kn,n+m . anl,nerfl }OO 7 (2.3.8)
Knn anl,nfl m=1

. > Ko -
f(n) = {(F2n+m - F2(n—1)+m) + Z K77+k (Fk+m+2n - Fk+m+2(n—1)) } (239)
k=1 T m=1

for n > 1. We rewrite in the form of an operator equation:
")+f +FrDaM™ =0 p>1.

Therefore,

MO (H;(n—l))*l O}

and, by considering (2.3.5)), we have
—1 R R
™) < | (I+f<”*l>) I 7™ < el 7
Hence, by virtue of notations and -, we obtain

(o]
Kn n+m Kn—l n+m—1
) _ ’ FE _
m=1 Knn anl,nfl Z ’ 2n+m (n—1 +m‘ +
-Hc
Ko | Fietmt2n — Framta(n-1) \)
m=
(2.3.10)
for n > 1. On the other hand,

[o.¢] o

> | Ponim = Fsn-tysm| = D [Fora— Fs|=n(2n—1), (2.3.11)

m=1 s=2n—1

and, through (2.3.1), we have

o0
BKnntk
K | Fietmt2n — Frameom-1)| < CZ 120+ k) |Frymion — Fitms2mn-1))|
k= Konn k=1
o0
<cen@n+1) Y [Faa— Ff=cn@n+1)n(m+2n—1). (2.3.12)
s=m-+2n—1

By substituting (2.3.11)) and (2.3.12)) into (2.3.10) and by virtue of (2.2.6]), we obtain
o
m=

n n+m _ Kn—l,n+m—1
Kn—l,n—l

<c (77(2n —1)+en2n+1) i n(m +2n — 1))
m=1

=c (n(2n —1)4+cen(2n+1) Z 77(5)) <ec1n2n—1), n>1. (2.3.13)

s=2n
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Now, from ([2.3.7)) and by taking into account (12.3.1)), , and (2.3.13), we attain

oo

Kn n+m Kn—l n+m—1
) _ k) F _ F B
mz:1 < Knn Kn-1n—1 + (Fontm = Fan1)+m)
ko Kn—1nik-1
<CZ’I] (2n+k) ‘Fk+m+2n_Fk‘+m+2n 1 ‘_i_z IT;—n+ [7; n+ n(k+m+2n—2)
k=1 =1 nn n—1,n—1
ot o
<en@n+1) > [Fea- nn+k [Z Lntk—1
s=m-+4+2n—1 k nn n—1,n—1

<ecn@n+1)nm+2n—1)+cnim+2n—-1)n2n -1) < 027](271 —1nim+2n-1),
and inequality (2.3.2)) holds.

By substituting (2.3.2]) for m = 1 and for m = 2, we obtain inequalities (2.3.3) and (| ,
respectively.

2.4 Construction of the Jost solution

Theorem 2.4.1. The following inequality holds:

o0
K
1+ P+ Y %H“FMH >0, n>0, (2.4.1)
kzl nn

where K, ik /Knn ts the solution to the fundamental equation (2.2.4)).

Proof.

Let us denote
o

K
An(z) == %*m 2 >0 (2.4.2)
nn

m=1

oo
Because of Theorem [2.2.1 {%} . € 12(1,00) and the function A,(z) is defined and
nn m=

admlts an analytlc extension in the |z| < 1. By considering that K, y4m/Kpn = 0 for m <0,
from and by virtue of the usual Parseval equality, we have

i (K}‘{”er) 22777{ A ()2 L2 (2.4.3)

m=1

Let us multiply both sides of m 2.2.4) by Kn ntm / Km and sum over m from 1 to ooc:

[e o]

K K,,
1 nn Knn i Bon e

We substitute in the third sum of this equality its expression (2.2.1)-(2.2.3) instead of F},, and
additionally use (2.4.2) and ([2.4.3]) to obtain

& N
Knn m n 1 . dZ
D g Fvon = = 3 M AL () - 7{ (1n()? = S(2) 242 (2)) 2. (2.44)

- 2
m=1 7=1
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On the other hand, by using (2.2.1))-(2.2.3]), we have
0 N

K d
S %ﬁn Frson =Y M? 22" Ay( o % S(2)2*" A ( )— n=0. (2.4.5)
= nn = 1T

By multiplying both sides of (2.4.5) by 2 and by subtracting (2.4.4]) from the resulting equation,
we obtain

0o N
Kn,n m n
D T Fgan = ) M (24n(2) + A7(%))
m=1 nn j=1
(28022 A0(2) 1 A=) - 5(2)22A2(2) L2 mm0. (2.46)
2im Jp z
Moreover,
al dz
2 2n L _ 2ny 2~
1+F2n_;M +3 f (1+[1-5(2)]2 )Z. (2.4.7)
By adding (2.4.6) and (2.4.7), we attain
LBy e Y B SO (14 Ay(sy)
m=1 nn j=1
d
| (14 1= S(2)]2" = 28(2)22" An(2) + [ An(2)[? — S(2) 57 42(2)) =,
2im Jr z
N
1 zZn
20 I S
Z:: 227 (14 An(z)))” + 5 b dz
+ % (1= 8(2)2*" — 25(2)2" Ap(2) + [An(2)|* — S(2)2*" A2 (2)) %, n>0. (2.4.8)
TJr

By considering

1= S(2) 2% + An(271) = 5(2) 22" An(2) ]
=1-8(EN2 "+ A,(2) =S N2 A (27 = S(2) 22" +1 = 5(2) 22" Ay (2) + Ap(z7h)
+ A, (27 =S 2 A () 4 |An(2))P = S(z7Y) 272 A2 (27
— 8(2) 22" A (2) + An(2) — S(2) 22" A%(2) + |An(2)]?.
Equality is rewritten in the form

1 Z2n

n Hn,nt+m 2
1+F2n+z K, Fm+2n—ZM 1+ A, (Zj)) Jrﬂ Tjdz
2n 2n 2 dz
+ 5 7{ 11— + A (271 = S(2) 22" Ap(2)| — (2.4.9)
From the form of the numbers z; and Equation (|2 , Equation - ) follows. |

By using the solution K, s, /Kpy, of the fundamental equation (|2 , we construct K,
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an, by, and o, as follows:

1 K
L m Y Bakg s (2.4.10)
KTLTL

4, = s 2.4.11
" Kn—l,n—l ( )

Kn n+1 Kn—l n
by, = - — — n>1, 2.4.12
" Knn anl,nfl ( )

K, K, _ K,

on =14 —ment2 _ ntlndl g Znntl o >, (2.4.13)

n )
Knn Kn—l,n—l Knn

By virtue of (2.4.1)) and (2.4.10)), we have K, > 0 for n > 0. Since K, pi+m/Kny is real, then
b, and p,,, which are defined by ([2.4.12)) and ([2.4.13|), respectively, are also real. Furthermore,
from (2.4.10) and (2.4.11)), we have a,, > 0. Let us prove that the inequality

(e 9]

> 0 (|1 = on| + [bal) < 00 (2.4.14)
n=1
is valid. In fact, from (2.4.12)) and by considering ([2.3.3)), we have
nlb. | = n nnt+l n—1n
nzz:l ‘ n| Z: Knn Kn—l,n—l

> K K
1 -1
Knn Kn—l,n—l

o
Knn+1 Kn—ln
< . — : F: — Fy,_
fzn < Ko Kn—l,n—1> + (Font1 n—1)

o0
+ Z’n | Font1 — Fop—1]
n=1

00 0
< CZ”U@”‘ 1)77(277‘)—1_2” ‘F2n+1 _F2n71’ <0

n=1
(2.4.15)
because, by virtue of condition II and (2.2.1)),
o0 (o.9)
Zn |Fon1 — Fap—1| < 2(271 — 1) [Fopng1 — Fap—1] < o0,
n=1 n=1
and, by (2.2.7),
o0 oo
Znn@n—l Z 2n—-1)n*(2n—1) < oo.
n=1 n=1
Additionally, from (2.4.13)), we have
i |1_Q _ ‘Knn+2_ n—1n+1 _b Kn,n+1
n—1 " n 1,n—1 " Knn
o0
n n+1

‘Kn n+2 n 1n+1

nlnl nn

n=1
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On the other hand, by virtue of (2.3.4), (2.2.7)), and condition II,

> K K
2 —1,n+1
= Zn ‘ < nnts _ —nolnt > + (Fon+2 — Fop) — (Fopqo — Fayp)
Knn Kn—l,n—l

’Kn n+2 n 1,n+1

nlnl

B . .
2 ~1n+l

Z < nt Kn s > + (Fant2 — Fon)| + Y n|Fang2 — Fan
n—1n—1

n=1 n=1

[e.e]
< cZnn(Qn— n2n+1) +Zn]F2n+2 — Foy| < 0.

n=1 n=1

Because of ([2.3.1)) and (2.4.15)),

oo o0 o0

Z Bnn+i §cZn|bn| n(2n+1)§cn(3)2n|bn|<oo.
n=1 n=1 n=1
Consequently,
oo
Zn\l—gn\ < 00. (2.4.16)
n=1
From (2.4.15)) and ([2.4.16)), the Inequality (2.4.14)) follows. From ([2.4.10), it follows that
lim K, = 1. (2.4.17)
n—oo
Now we define the function f,(z) as
Fa(2) 1= Kpn 2" (1 + Z Ernm m) . n>0. (2.4.18)

Theorem 2.4.2. The function f,(z) has the following properties.

1. fu(2) is continuous on |z| =1 and allows an analytic extension to |z| < 1 given by

fn(2) = Knn 2" <1+ Z Knim m) 2] < 1, (2.4.19)
and, for each fized n >0, f,(2) has the asymptotic behavior
fn(2) = Kun 2" [1 + 0(1)], z—0, (2.4.20)

and this estimate is uniform with respect to n > 0.

2. For |z| < 1 with respect to n, fn(z) has the asymptotic behavior
fa(z) =2"[140(1)], n— oo, (2.4.21)

with o(1) — 0 as n — oo, which is uniform with respect to z.

Proof.
By virtue of (2.3.1]) and (| m, we have
o oo
nn+m‘ Z (2n +m) Z n(s) < 0277(5) < 0. (2.4.22)
m= m= s=2n+1 s=1
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From ([2.4.22)) and (2.4.18)), it follows that f,(z) is continuous on |z| = 1 and, by (2.4.19)), admits
an analytic extension inside |z| < 1. Clearly,

o)
Z Kn,ner Lm Kn,ner
_ Knn Knn
m=1

therefore, the asymptotic relation ([2.4.20f) follows from (2.4.19) and (]2.4.23|). From ([2.4.19)),

o

5>

m=1

n n+m n n+m

=y

m=1

2™ <

;o (2.4.23)

‘ o

fa(2) = 2" |14 (Kpn — 1) + K Z ;(::m m] (2.4.24)
Because of (2.4.17), Ky, — 1 as n — oo and for |z <1
o o o
Kn n+m m Kn n+m '
DEETIRIPS I LTI PR SRR
m=1 Knn m=1 nn s=2n+1
as n — oo. The asymptotic relation (2.4.21f) follows from (2.4.24)). |

2.5 Derivation of the equation for the Jost solution
Through the fundamental equation (2.2.4]), the lemma below can be proven.

Lemma 2.5.1. The following equality holds:

K K K K, K
on n+1n+m—+1 _ Anntm +bn n,n+m+41 + n—1n+m-+1 _ n,n+m-+2 _ 0’ n,m > 17 (251)
Kn+1,n+1 K’rm Knn Kn—l,n—l Knn

where on, and by, are defined by (2.4.13) and (2.4.12), respectively.
Theorem 2.5.1. The function f,(z) defined by (2.4.18)) satisfies the following equality:
Uit froa1(2) +bn fr(2) + an foo1(2) = (2 + 271 ful2), n> 1. (2.5.2)

Furthermore, the equation

2
Kn+1,n+1
2 )
Knn

holds, where Ky, an, by, and o, are defined by (2.4.10)-(2.4.13), respectively.

On = n>1 (2.5.3)

Proof.
By using (2.5.1)) with a direct substitution, it is verified that {f,(z)} 2, defined by formula
(2.4.18) satisfies the equality

g (2) + b fn<z>+gnK—fn+1<z> Gt ), >l (254)
n—1n—1 n+1n+1

Moreover, by substituting (2.2.1] into ( , we obtain

Q)  Knnt +k 2 2 +k _k
rf et 3 wa2%4w@+2”"]ynnmﬂ»1

(2.5.5)
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where
1

2im

F = 7{ [1-S5(2)] 2™ dz. (2.5.6)
T

By taking into account ([2.4.19), Equation (2.5.5) can be rewritten as the formula

Y+ "”*m Z Knnt F,&mﬂﬁzf( M2 2020 fo(z) =0, n>0, m>1. (25.7)

Knn
Let us define
oo
— () Knny Kpnik (1)
Gnm = Fyp o + ﬁ + Z In(:n Fyfmions meZ, n>0. (2.5.8)

k=1
By comparing (2.5.7)) and ([2.5.8) and realizing that K, 5,4 /Kn, = 0 for m < 0, we obtain

N
— Y s MP 2R fulz)  for m>1,

Gm = @ . ) (2.5.9)
Folim + > ore I"(:: Byl yon for m <0, n>0,
from which we can obtaln
0 K . 1
nn nn

k=1
Additionally, a functlon of the form

PYn(2) =

m=—1
—n -m m=—1 2
o z (1 + _EOO Apm 2 ) , {Anm s € 47(—o0,—1) n>0 (2.5.11)

can be constructed to satisfy (2.5.4)):
K K _
" hp—1(2) + bp Y (2) + 0n M ppr1(2) = (2 4+ 27 ) n(2), n>1. (25.12)
Ky 1pn-1 Kni1n1

By substituting (2.5.11)) into (2.5.12) and comparing the coefficients of z on both sides of the
equation, we obtain

Ky _ 1 0> 1
Kﬁﬂ n+1 Ko’ 7
which leads to
K2
+1,n+1

Thus, the Equality (2.5.3)) holds. By substituting (2.5.13) into (2.5.4) and taking into account
(2.4.11]), we obtain the equality (2.5.2)). |

Corollary 2.5.1. From (2.4.14), (2.5.3), and (2.5.4), it follows that
oo
> n (|1 = an| + |ba]) < oo

n=1
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2.6 Derivation of the boundary condition

Theorem 2.6.1. The following equalities hold:
fo(zj) =0, j=1,...,N, (2.6.1)

foz"1) = 8(2)fo(2) =0, [o] =1. (2.6.2)

Proof.

1. By the fundamental equation (2.2.4]) for n = 0, we have

Kom KOk
Fn+ — F =0 > 1.
Lo Z him =0,  m>
By substituting F;,, by using its expression from Equations (2.2.1)-(2.2.3|) and by applying
Equation (2.4.19]), we obtain

Ko Kok
ZKO M2 27 fo(z;) + m Z F,ng)m -0, m>1 (2.6.3)
By Condition III, the equation
o
hn+ > b E) =0, m>1 (2.6.4)
k=1
in £2(1,00) has exactly N linearly independent solutions h(?) = {h p)}m Lp=1,...,N.

By extending these vectors to non-positive indices with zeros, we have
o
2)i=> hPz" p=1,... N (2.6.5)

The function Hy(z) allows an analytic extension to |z| < 1. By multiplying both sides of

Equation (2.6.3]) by h,(f;), summing over m from 1 to oo, and using Equation (2.6.5)), we
get,

Kom >
ZKTOM folzj) Hy(z; +ZF<1>h<p>+Z 0 (h,(ﬁ)JrZh( F,ﬁfm>:o.
k=1

Since {hm }o>°_, is a solution of Equation ([2.6.4), from the last equality we obtain

N
S M2 fol) Hy(z +ZF p=1,...,N. (2.6.6)
= Koo

Furthermore, since {h,(ﬁ) >°_, is a solution of Equation ([2.6.4]), we have

Hy(271) — S(2) Hy(z) = 0, |z| =1, p=1,...,N.



2.6. Derivation of the boundary condition 41

Thus, by considering Equation (2.2.3]), we obtain

Consequently, from Equation ([2.6.6]),
N
ZM]Zfo(Zj)Hp(Zj):O, le,...,N.
j=1

or, in matrix form,

Hi(z1) Hi(z2) Hi(zs) -\ (M fo(=1)
Hy(z1) Ha(z2) Ha(zs) - | | M3 fo(z2)
Hy(z1) Hs(z) Ha(zs) - | | M3fo(zs) | =0
R
To complete the proof, it remains to verify that the determinant of the matrix R is non-
zero. If this determinant were zero, then there would exist constants c,, p = 1,..., N, not
all zeros, such that
N
> e Hy(z) =0, j=1,...,N.
p=1

Then function
N
H(z) =) ¢y Hy(z)
p=1
would then satisfy the equalities
H(Zj):(), j:1,...,N,
H(z7') = S(2)H(z) =0, |2 =1,

which means the vector {hp,}o0_; = {Z;];V:1 cphsﬁ) o_, would be a non-zero solution of
the homogeneous Equation (2.2.14) for n = 0. By Theorem however, this is not

possible; therefore,

det R # 0.
Thus, Equation (2.6.1]) holds.
2. By setting
o0
KOm
A(z) = — 2™, 2.6.7
(0= T 2:6.7)
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we have

Jo(z) = Koo <1+ Z [[((007: m> = Koo [1+ A(2)].

Therefore,
fo(z"1) = 8(2)folz) = Koo (1 = S(2) + A(="") = A(2) + A(2) [1 = 5(2))) ,
and thus, Equation is equivalent to
1-8(z)+A(") —A()+ A(z)[1 - S(2)] =0, 2| = 1. (2.6.8)
By , we have
1-S(z)= Y FPz (2.6.9)

m=—00

By substituting (2.6.9) and (2.6.7) into (2.6.8) and considering that K,,/Kop = 0 for
m < 0, we obtain

o0 o0
K Ko Kor 1) |
I B R e D 0 "=,
( Koo Koy * Koo Ftm ] ©

m=—0oQ

Thus, by setting

Ko Ko —m Kok (1)
= p) 4 Z0m 2 § R Z 2.6.10

we see that Equation (2.6.2)) is equivalent to the equality
gm = 0.
From the fundamental equation (2.2.4), by setting n = 0, and by using fo(z;) = 0 for
j=1,...,N, we obtain (as seen in (2.6.3])) for m > 1
Kom |~ Kok

1 n  _
Fr(n)JrKier Ko [rtm =0

while Ko /Koo = 0 for m > 1. Hence,
gm =0, 1<m < cc. (2.6.11)

It remains to prove that g, = 0 for —co < m < 0. We multiply both sides of (2.6.10))
by F (lin and sum with respect to m over the limits from —oo to oo, and, by considering

1|2.6.11 we obtain

K Ky
1) 0 0, 1)
Z gm F, m+n_ Z Fr(n m—i—n—'_z KOT(r)L Z T{)mFm-l—n
meTee meTe - meTee (2.6.12)
Kok (1)
; Koo mzoo Fk+m Fmin:

We will show that

o0

S RO ED, = Y 4 B, (2.6.13)

n n
m=—0o0
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In fact, by denoting

m=—0Q

and by taking into account (2.6.9) and (2.1.1]), we have
o [e.e] o) [e.e] [e.e]
S = 3| S AL e S A 3 A

=[1-SEH-A-SEI=0-SE]+[1-S5E]

—n—1

By multiplying both sides of (2.6.14) by % z and then by integrating over T and
considering (2.2.3)), we obtain (2.6.13). In view of (2.6.13), we have

1 1
Z FY L FY, = Z FOEWD  =FD +FY, (2.6.15)
m=—oo p=—00
By substituting (2.6.13) and (2.6.15)) into (2.6.12)), we get
Kb 1) > Bb 1
Z Im m+n_F 1)+Z mF’rEH—n ZKivastn
m=—00 m=1 00

By adding and subtracting Ko,/ Koo—Kon / Koo on the right-hand side of the last equality
and by considering ([2.6.10f), we obtain

0
S g ENn=9-ntgn nel (2.6.16)

m=—00

In view of (2.6.11)), g_,, = 0 for n < —1. Therefore, by (2.6.16)), we have

0
1
Z g ED =290, Y gnFoly=gn,  —co<n< -l (2.6.17)

m=—0Q0 m=—0Q

It remains to show that {g,, }™<° € £2(—00,0). By Condition IV of (2.6.17)), we then have
gm = 0 for —oo < m < 0. From (2.6.10) and by noting that Ko,,/Ko = 0 for m <0, we

have
() 0 —m Kok
gm = + Z P —so<m< —1. (2.6.18)
* Koo
From (2.3.1)),
Ky —
O’m’ < en(—m), —oco<m < —1,
Koo
where, by virtue of (2.2.7)), it follows that { Ko _m/Koo} i, € £>(—o0, —1). Additionally,
[e.e] o0
Koy, (1) 1 Kog k dz
—F =—¢¢[1-5 mn — —
2 Koo [Ftm = 357 p 11502 > Koo = | =2
k=1 k=1
1 ndz

=— ¢ [1-5(2)]A(2) =

2im Jr z
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Therefore, by Parseval’s equality, it follows that {> "2~ | (Kox/Koo) Féfm}icgo € (*(—00,00)
and in particular, {3 7> (Kox/Koo) F,gfm}r_”;_l € (%(—o0,—1). By virtue of ([2.6.9), we
have that {Fr(nl)}‘iooo € ¢*(—o0, 00). Consequently, from (2.6.18), it follows that {gm,}% ., €

/%(—00,0).
|
2.7 Derivation of Parseval’s equality
Let us denote
un(2) = fu(z71) = S(2) fal2), J2zl=1, n>0 (2.7.1)
un(zj) = Mj fn(zj), 2z€(-=1,00U(0,1), j=1,...,N, n>0. (2.7.2)

By the results of previous sections, it follows that these sequences are solutions to the boundary
problem:

Ant+1 Yn+1 + bn Yn + an Yn—1 = A yn, A=z+2"1 n>1, (2.7.3)
Yo =0, (2.7.4)
where a,, and b,, are defined by formulas (2.4.11)) and (2.4.12)), respectively, with
oo
an >0, Imb, =0, n=1,2,3,..., Zn(u—an\ + |bn]) < oo.
n=1

Furthermore, they have the asymptotic behavior

up(z) = 27" = 85(2)2" + o(1), n—oo, |z|=1 (2.7.5)
un(25) = Mj 2 [1 4+ o(1)], n — oo, j=1,...,N, z € (-1,0)U(0,1). (2.7.6)

To assert that the sequence {S(z); z1,29,...,2n; M1, Ma, ..., My} constitutes the scattering

data for the boundary problem ([2.7.3)4(2.7.4)), we must show that {u,(z)}22; and {u,(z;)}52;
for j =1,..., N fulfil a Parseval’s equality.

Theorem 2.7.1. Parseval’s equality

N
1 " g
Gum = > nle) o) + 5 [ wale?)un(ed0, =1
=1 0
holds.
Proof.
By using the fundamental equation, we can obtain
= N 1 2271
FaZ )+ =S fa(2) = Knn 2" | 14+ Y Gum 2™ =Y =M} 27 fulz) ———
~ o Kon 1—22

(2.7.7)
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where Gy, is given by (2.5.9). By multiplying both sides of ([2.7.7)) by (1/2i) fm(2) 271, m > n,
by integrating over the closed simple curve T in a counterclockwise direction and considering

the notations (2.7.1]), (2.7.2)), and the easily verified formulas
d
%f"(z)fm(z)ZZO, n,m > 1,
T z

1 ndz [0, it m>n
K””mfifm(z)z z_{K2 it m=n,

-1 —9(z z zﬁ:} Un(2) U zil%
F ) ) = 5 1) ) 2 = 3 (=)

z
1 2T O T S
=3 / U (€) U (e9) i d O = / U (€) U (€9) i d 6,
0 0
dz 0 if m>n
—(n+k) )
KnnZGnk ]{fm p { K2 Gno if m=n,
1 27" 2; f ()dz_ 2" fm(25), if m>n
2w Jp1— z] z—1 |l K + z;" fn(z;) if m=mn,
we obtain
> nlz) () + 5 [ anle) un(d
i=1 ™ Jo
0, if m >
{ s s LT ars)
Knnzj 1 M 27 fo(zy) + Ky + K5y Gro if m=n,
By considering ([2.5.10)) and (2.4.10), we have
N
Kon Y M; 2 fu(z) + Kpy + K2, Gro = 1.
j=1
Consequently, from (2.7.8) and by taking into account that u,(z;) are real, we obtain
1 g .~
Zun (zj)u )+ o ), U (€) U (€0)d 0 = b, m > n > 1. (2.7.9)

By conjugating and noting that w, and u,, are equal, we find that the equation holds
for m < n. |

Thus, we have completely proven the fundamental theorem[2:1.1] From the unique solvability
of the fundamental equation, it follows that the inverse problem is uniquely solvable from the
scattering data.

Example 1. Consider the set of magnitudes

1

1l—az" 1
{S(Z):l_aazz, lea, (I>1, M>0}
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It is clear that this set satisfies condition I of the fundamental theorem |2.1.1. Additionally, by
applying the contour integration method and using residue formulas, it is easy to calculate that

M? 1 M?2 1
Fl:T_‘_a’ Fm:a7m+a7m_am’ m22,
where .
1 1—az™
F,=M?"— _— R I

2im Jp 1—az

It is evident that condition II is also satisfied. The fundamental equation (2.2.4]) is solved
explicitly, yielding
Ko Kom Kopim (a2 —1)(M? — a2 + 1)a—@n+m)

— g, 20 gy > Dnndmo >1
Koo " Ky e Kom 1+ (M2—a2+1)g2n > W=D

1

o] K .
7:1+F2 + n’in"'Fk 9
K72m " ; Knn e

(a2 _ 1)(M2 — g2 + 1)a—(2n+m)
(1—a2)[a?2 -1+ (M2 —a2+1)a2)’ "=
After this, the coefficients a, and b, are determined by the formulas
Knn Kn,n+1 Kn—l,n

o b, = — n > 1.
Kn—l,n—17 " Knn Kn—l,n—17

=14 (M?—a*+1)a™?" -

QAp —
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