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ABSTRACT

This thesis investigates the application of relativistic ideal hydrodynamics to simulate
the early-stage evolution of Quark-Gluon Plasma (QGP) in heavy-ion collisions (HIC).
The study aims to test the feasibility of using an ideal fluid approximation—neglecting
viscosity and employing a simple equation of state (EoS) to describe the thermody-
namic and hydrodynamic properties of QGP, a deconfined state of matter theorized to
mimic conditions of the early universe. The work leverages the CAFE code, a rela-
tivistic hydrodynamic solver, adapted to HIC scenarios by implementing Monte Carlo
Glauber initial conditions and interpolating energy density profiles from the ECHO-
QGP framework.

Keywords: Quark-Gluon Plasma; Finite Volume Method; Conservative variables,

Primitive variables; Impact parameter, Collision energy.

RESUMEN

Esta tesis investiga la aplicacion de la hidrodindmica ideal relativista para simular la
evolucion temprana del plasma de quarks-gluones (QGP) en colisiones de iones pesa-
dos. El estudio busca evaluar la viabilidad de usar una aproximacién de fluido ideal
despreciando la viscosidad y empleando una ecuacién de estado simple para describir
las propiedades termodindmicas e hidrodindmicas del QGP, un estado desconfinado de
la materia que se teoriza para imitar las condiciones del universo primitivo. El trabajo
utiliza el cédigo CAFE, un solucionador hidrodindmico relativista, adaptado a esce-
narios de colisiones de iones pesados mediante la implementacién de las condiciones
iniciales de Monte Carlo Glauber y la interpolacion de perfiles de densidad de energia
del marco ECHO-QGP.

Palabras clave: Plasma de quarks y gluones; Método de volumen finito; Variables



conservativas, Variables primitivas; Pardmetros de impacto; Energia de colision.



1 Introduction

Throughout the history of modern humans, questions about the origin of what we per-
ceive as the universe have arisen, independently of the culture and geographic position;
many theories have been constructed with the main goal of answering the former exis-
tential query and, in the best of cases, obtain a satisfactory understanding. This work
however, doesn’t aim to answer, let alone fully understand the nature of such great
inquiries, in fact, this work is intended to introduce and encourage concerned fellow
contemporary researchers to one of the most powerful topics humanity has developed
to describe early stages of the universe: Heavy-ion Collisions. This document has a
strong basis for ideal hydrodynamics since it has proven to be a simple yet powerful

introductory tool.

One of the important results from Heavy-Ion Collision experiments was detecting a new
state of matter: the Quark-Gluon Plasma. This phenomenon was theorized in the late
1970s, and the word plasma was used indicating the presence of free color charges, such
that baryonic matter would enter a deconfinement state given some extreme conditions
of temperature and pressure [1] . Later, evidence of the existence of QGP was obtained
in 2000 at CERN; the following results in the same matter were published by physi-
cists at the Brookhaven National Laboratory using the Relativistic Heavy-Ion Collider

in 2004.

The importance of studying QGP comes from cosmological models in which the con-
ditions of temperature and energy densities generated shortly after heavy-ion collisions
match those of early stages after the Big Bang, at time intervals around 10~'?s. This
way, at high collision energies, it was possible to reproduce what sometimes is called

“mini big bang” events at the Large Hadron Collider, making QGP a great tool to probe



the evolution right after ”the birth of the universe”.

Another essential feature of QGP is that it is a nearly ideal fluid with very low specific
viscosity (ratio of shear viscosity to entropy density). The picture of energy densities
or temperatures above the confinement energy scale leads to a state of matter in which
hadronic matter can’t exist. Instead, it is described by quarks and gluons strongly bound
to their neighbors [1]. Heavy-ion collisions have helped us to overview the state of
matter at high energies, precisely what is known as the QCD phase diagram, which
essentially covers matter above a specific energy scale (dependent on temperature and
baryon density/chemical potential) where hadronic (confined) matter cannot be present.

A scheme of this phase diagram can be seen in Figure 1.

Figure 1: Phase diagram of QCD matter includes energy scale areas that some ion-collider

facilities cover. Figure originally issued by Brett Mclnnes [2]

One crucial aspect in QCD is the concept of asymptotic freedom, although we won’t de-



velop the formalism behind this property, it is important to emphasize its significance in
QGP formation. As QCD is the framework to describe the interactions between quarks
and gluons, it is possible to quantitatively describe the strength of such interactions by a
coupling constant «vg; the important part is that this constant may change its magnitude
at different energy scales, specifically, low energy scales (long distances) imply a large
interaction coefficient; whereas at high energy scales (short distances), the interaction
coefficient becomes small. This feature describes weaker interactions between quarks
and gluons as they come closer (rising energy density or temperature), allowing them
to exist in a deconfined state, and creating the necessary conditions for QGP forma-
tion. Figure 2 depicts a graphical scheme of the running coupling as the energy scale

(momentum transfer () rises.

Figure 2: Asymptotic behavior of the QCD coupling constant as a function of momentum

transfer (). Image originally issued by Arman Margaryan [3].

The importance of asymptotic freedom for QGP description comes from empirical ev-

idence that supports the existence of the latter and, therefore, also confirms the role of
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the theoretical predictions around strong interactions at high energies [4]. In 2004, for
their contribution to the strong interaction theory, David J. Gross, David Politzer, and
Frank Wilczek were awarded the Nobel Prize in physics, after experimental results at

RHIC confirmed the existence of the new deconfined state of matter.

A helpful framework to work with is ideal relativistic hydrodynamics and some im-
portant aspects of QCD. Hydrodynamics makes it possible to simplify the complicated
track of individual quarks and gluons in the system. Furthermore, the formulation of
the relativistic Euler equations for fluid dynamics is quite simple, for conservation laws
and equations of state relating to the system variables to use are the main components

involved [5].

This project’s principal hypothesis is whether heavy-ion collisions can be accurately
simulated by stating initial conditions corresponding to an evolving continuous medium
using relativistic hydrodynamics rather than a discrete system using quasi-particles or
quantum molecular dynamics for the initial conditions. Taking advantage of the low
viscosity properties of QGP, the feasibility of using ideal hydrodynamics will be tested.
Finally, as the QGP evolves in a deconfined state such that there are virtually no inter-
particle interactions between neighbors in the medium, we will test the accuracy of

using the simple equation of state of an ideal gas.

The main goal of this project is to develop a code able to simulate the evolution of the
early stages in heavy-ion collisions using relativistic hydrodynamics; the initial con-
ditions of the incoming hadronic fluxes in these systems are intended to take similar

properties as the colliding nuclei in heavy-ion experiments.

It is intended to correlate the experimental evidence of the thermodynamic conditions at



which QGP forms, such as the temperature and energy density. [1] given certain initial
energies, impact parameters, and nucleus types. Additionally, it is expected to qualita-
tively estimate the usefulness of ideal hydrodynamics simulations as a base model of

heavy-ion collisions in early stages.

The first chapter in this text will focus on the formulation of the relativistic Euler equa-
tions of hydrodynamics in three dimensions and the numerical methods used to solve
them, as well to review some macroscopic scenarios in which ideal hydrodynamics is

well-established for its description.

In the second chapter, we will develop in more detail the relation between the ther-
modynamic variables the Euler equations work with an how they are related to the
temperature by a equation of state, as well we will implement the initial conditions for
a simplified scenario without nucleon interaction, and the energy density profile for the

Monte Carlo Glauber model.

The third chapter we synthesize the results of 13 simulations with variations of the im-

pact parameter, beam energy, nucleus type and initial condition’s profile.

Finally, on the fourth chapter we will include the analyses of the results in chapter 3,
and we will check the hypothesis formulated in this chapter, explore its implications in
the state of the art, and make suggestions of tools and frameworks for possible improve-

ments in this research.
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2 Chapter I: Hydrodynamics

We are assuming that the medium moments after the collisions can be described via
hydrodynamic equations, in particular, the relativistic Euler equations that describe the
evolution of an inviscid fluid in terms of its density, pressure, velocity, and energy, all of
them dependent on space-time coordinates x*. Depending on the scenario, the system
of equations can go from 1 4+ 1 D to 3 + 1 D; these scenarios directly affect the velocity
field components. The next step is their construction according to the conservation of
mass and energy. Therefore, we will proceed to express them in their conservative form

directly, that is, using new conservative variables to simplify the numerical techniques.

2.1 Relativistic Euler equations

The basis for describing QGP dynamics will be the CAFE code in its enhanced version
in charge of Ivan Alvarez from our group at IFM-UMSNH [6]. This set of programs
deals with ideal Relativistic Hydrodynamic equations in 3 + 1 dimensions and solves
them over a fixed domain using numerical methods that will be described in this chapter.
As stated before, the formulation of the relativistic Euler equations for fluid dynamics
involves conservation laws and equations of state. test where implemented in 1+1,
2+1 and 3+1 dimensions with different configurations simulating various phenomena
. To construct the aforementioned hydrodynamic equations, we will use the continuity
equation of the stress-energy tensor 7" and the conservation of mass expressed in

terms of the rest mass density py:
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OxH ox?

where u* is the four-velocity of a fluid element, and the stress-energy tensor takes the

pou’*) =0, (") =0

form:

T = pohu'u” + pn™” (D
In this case, h = 1+ e + :40 is the specific enthalpy, e is the internal energy, and p the
pressure of a fluid element; on the other hand, 7,,, = diag(—1,1,1, 1) are the compo-
nents of the Minkowski metric at the space-time position of the fluid.

0 xl 22 2%) where the

Following the conservation of rest mass and noting that z# = (z
0 index indicates the temporal component such that 2° = ¢, we can develop the first
equation of the system taking into account that u® = W is the Lorentz factor and v* the

components of the three-velocity:

0 0
—(poW) +

o g PIV) =0

and by defining a new variable D = pyI/, we can get an equivalent expression

0 0
ot (D) + oxt

Let’s develop the next equations breaking up 7" by components, taking the spatial

(Dv') =0 (2)

index p = ¢ and the temporal index 1 = 0 separately:

0
oxv

() = S(r) 1

0
pr

T)

then, using equation (1) and the Kronecker delta 6/

9] , 0 - g
a(pghW%Z) + %(pohv%ﬂv[/2 +pd?) =0

defining a new variable S = pyI¥2v?, we obtain a second conservation equation
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For the last equation, we will take ;© = 0, add equation (2), and reduce the resulting

Sl + pd) =0 (3)

equation defining the new variable 7 = pghW?2 — p — D

0

0 0
T pre

@( Ou) — &<T00> 4

TOZ')
Looking at Equation (1), taking into account that 199 = —1 and 7, = 0, and adding

(2), we get

9 2 9 2,0 A
a(pohw —p—D)—f—%(poth DU)—O

Finally, taking 7 and S° the equation reduces to

Ory4 2
8257 oz’

(5% — Dvi) = 0 @)

Therefore, the set of equations (2), (3), and (4) conform to the relativistic Euler equa-
tions for the system to study, where D, S°, and 7 are the conservative variables. More
specifically, these equations represent the conservation of rest mass density, the three-

moment conservation, and the energy balance, respectively.

Finally, the initial value problem is expressed as follows:

13



(D) + 22 (Dv') 4 525 (Dv?) + 52 (Dv®) = 0
(Sl) 1(Slvl +p) + dmg(Sl 3+ e 0 (St =0
- (5%) 4+ 525 (S%0h) + 5% (S%0? + p) + 525 (S%0%) =0

(53) + Pra <SS 1) + Erel (SS 2) + e (S3U3 +p) =0 (5)

g g g o o

() + 525 (S" — Dvt) + 55 (5* — Dv?) + 52 (S* — Dv®) =0
With the following initial conditions in the primitive variables:

10,2t 22, 23), v3(0, 21, 22, 23), v3(0, 2, 22, 23) ..

po(0, 2, 2%, 23), p(0, 2t 22, 23), e(0, 2!, 2%, 23)

2.2 Finite volume method

We will use the finite volume method to solve the previous system of equations; this nu-
merical technique allows us to write the PDEs in their conservative form, performing a
flux balance through a control volume, making it a suitable method for hydrodynamics
involving conservation laws. The FVM also assumes that the distribution of a general
quantity u; expresses a discontinuity at the interface between neighboring cells, thus
manifesting a sequence of local Riemann problems to be solved. In this text, we will
use only the HLLE Riemann Solver (section 2.3) to perform the time integration be-
cause it’s simple and only requires the eigenvalues of the Jacobian matrix of the flux

formula.

To describe the FVM step by step, we will illustrate it in 1+1 dimensions, and later on,
we will take a generalized formulation for the 3+1 dimension case. The main idea is

to perform a discretization of the PDEs and integrate them over a control volume (see
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figure 3) to obtain algebraic equations in terms of the fluxes.

Figure 3: Control volume V' = [z;_1 /9, Z141/2] X [t", t"*1] (Luciano Rezolla, 2018)

In 1+1 dimensions, the conservative form of the Euler equations is expressed as:

Ou N OF(u)
ot ox

where u is the vector conformed by the variables D, S and 7, whereas F is the flux

=0 (6)

vector in the x-direction. These vectors take the following form:

D Dv
u=1951, F'=| Sv+p |,
T S — Dv

The integral form of equation 6 can be written by first performing a space integration,
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such that:

d Tit1/2

pr u(x,t)de + Fa(xi11/2,t)) — Fla(zi_1/2,t)) =0

Ti—1/2
following by a time integration from ¢" to ¢"*+1

T141/2 T141/2
/ u(z, " dr — / u(x, t")dr =

Ti—1/2 Ti—1/2

tn+1 tn+1

_ (/tn F(u(wig1/2,t))dt — /tn F(u(xi—l/Q,t))dt) _

Now, we can re-write the integral forms of these equations by defining the two new

quantities
1 T141/2
u = — u(zx,t")d
7 AQ? . (x7 ) €z
i—1/2
and ) i
Fit1)0= F(u(zity/2,t))dt

Kt tn

finally obtaining the semi-discrete form of equation 6:

wt—u ou Fiapn—Fp 7
At Ot Ax

In terms of the primitive variables (pg, p, v* and e), this system happens to be undeter-

mined; six variables related by five equations.

Thermodynamical properties have to be stated to solve the previous equations; we must

use an equation of state correlating three variables, being the ideal gas the simplest one:

p = poe(y —1)
where v = C,/C, is the ratio between constant pressure and constant volume heat

capacities. Since the ideal gas equation relates the pressure with the other primitive

variables, we can close the previous system of PDEs:
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TD(1 —W) +p(qg— W?)

p=po(y—1)

Furthermore, taking W in terms of 7, p, D, and S?, this transcendental equation can be

approximately solved using the Newton-Raphson method of finding roots.

We can rewrite equation (6) applying the chain rule as follows:

Ju n OF Ou ®)
ot Oudxr
From this equation, the terms % correspond to the Jacobian Matrix of the flux vector.

The next step is to obtain the step their three eigenvalues [7]:

U+ Cq UV — Cq
Al=v, A= A
1 ) 2 ].+UCS’ 3

where the constant c; = 4 /g—;z /po is the speed of sound. To implement it, we will have

1 —vle,

to express ¢ in terms of the primitive variables p and py; to do so, we must rewrite the

specific enthalpy as h = 1 + pﬁoﬁ and take the following relation:

h02_8P+(£) opP

* Opo \py) Oe
p(y — 1)y
N . (9)
po(y —1) +py

Moreover, taking a look at equation 8, we can interpret that, physically, the eigenvalues

of F represent the speeds of a wave-like propagation.

It’s worth noting that equation 7 assumes the knowledge of the averaged flux vector F.

To follow through this scheme, it is necessary to make approximations and assumptions

17



over F to perform a time evolution. In the following section, we will explore a method
to obtain the fluxes given the direction of propagation of information over the control

volume.

2.3 HLLE approximate-flux Riemann solver

In the context of hydrodynamics, the Riemann solver developed in 1983 by Harten,
Lax, and van-Leer and five years later enhanced by Einfeldt (HLLE) is widely used
for its simplicity and balance between computational efficiency and accuracy. The core
idea of this solver is that two waves propagate in opposite directions with velocities Ag
and )y, respectively, after the decay of the initial discontinuity and generating one state

u’LLE in between:

(
uy, if ;U/t < AL

u=q gLl if AL < l’/t < AR (10)
up if x/t > Ag

\

where \;, and A\g are the largest speeds moving to the left and moving to the right re-
spectively.

HLLE

To obtain an expression for u we must perform an integration of equation 6 over

the control volume shown in figure 4. The integration over the time interval [0, 7] is:

u(z, T) = u(z, 0) — /T Wdt

0

Now integrating over the space interval [T, I'], the equation becomes

/F u(m,T)dx:/F u(x,O)dx—l—/oTF(u(—F,t))dt—/OTF(u(F,t))dt. (n

-r I
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Figure 4: Control volume diagram to approximate the HLLE flux, figure taken from [7]

We can express the right-hand side in terms of u;, and ug using equation 10 and split

the first term:

r 0 r T T
/ u(x,T)dx:/ uLd:c—l—/ uRd:c/ F(uL)dt—/ F(ug)dt
-T -T 0 0 0

Taking F(ug) = Fg, F(u,) = F, and evaluating, we obtain

r
/ ll([L‘,T)dZE = F(UR + llL) + T(FL - FR) (12)
-I

Now, given the conditions in 10 we can split the left-hand side of equation 11 to obtain:

r TAL TAr r
/ ll(l‘, T)dZL’ = / llLdl‘ + / UHLLEdl’ + / llel’
_r T TAL TAr (13)

= UL(TAL + F) + uHLLE(>\R — )\L)T + UR(F — T)\R)
Comparing the righ-hand sides of equations 12 and 13 we find
)\RuR — )\LuL +FL — FR

= 14
UHLLE A — AL (14)
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Now we have to obtain the numerical flux Fy 1 g, to do so, we have to integrate equa-
tion 6 either in the volume [—I",0] x [0,7] or [0,T"] x [0,7] as shown in figure 4.
Following the latter:
r r
/0 u(z, T)dx — /0 u(z,0)dx +T(Fr — Frrre) =0
—  T(ugrre —ug) +T(Fr —Fyrrp) =0

Solving for Fy ;1 and noting that I' = T'\ g, we get

Furie = Aruprre — Agur +Fp (15)

Finally, plugging equation 14 into equation 15 gives

FHLLE _ ArFp — AFr+ AgpAL(ug —uyp)
AR — AL

(16)
Where Ag and Ay are defined by:

Ar = max(0, B, AE. AE AL AL AL

Ap =min(0, AR, AR AR AL AL ML)

Where )\Z-L " are the eigenvalues of the Jacobian matrix of the left-hand side of equation

8 evaluated at the left and right boundaries of the intercell.

An analogous approach can be done for the 3 + 1 dimensional case taking advantage of
the linear nature of equation 6 we can add the two flux vectors along y and z directions,

generalizing the former differential equation:

ou  OF'(u) OF%(u) +8F3(u)

- =0 17
ot + Ox! + 0x? ox3 17
The semi-discrete form of this system is then expressed as:
=1 =1 =2 =2 =3 =3
Ju _ _F¢+1/2 -F_) B Fip—F ) B Fiiyo—Fi po (18)
ot Azt Ax? Ax?
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As in the 1 + 1 dimensional case, equation 18 assumes the knowledge of the averaged
flux vectors F', F~ and F', to construct these, we will rely again on the chain rule to
rewrite equation 17 as:

ou OF' Ou OF*0ou OF° Ou

o wor  owor T ouos " (19)

This time, we will obtain five eigenvalues for each Jacobian matrix [7]:

o =0l =l Ng=el A= B b=
& . =02 Np=02 Ag =0t A= N\ = e
Ou ’ ) ) 1+v2cs? 5 1—v?cs
& . M=% h=0%, A=, M= UEe )= o
Ou ’ ’ ? 14+v3¢s? 5 1—v3cs

(20)

If we follow the same steps for the 1 4+ 1 dimensional case, for the flux vectors in each

direction separately, we end up obtaining the following expressions

;

F! _ ArF} —ALFL+ARAL (ug—ur)
HLLE AR—AL
ArF2 = ALFZ 4R\ —
Fipp = ot fR+_fL plun—ur) (21)
F3 _ ArFS —ALF%+ARgA (up—uy)
| MHLLE AR—AL

Where A and Ay are given by the eigenvalues of the Jacobian matrices in each direction

given in equation 20 as:

Ar =max(0, M, AN NEDNED N ML) A A A

Ap =min(0, AR, AR AR AR AR NL AL AL AL AL
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It’s important to note that fluxes FZR ; 1n the right-hand side of equations 21 are obtained

in terms of the conservative variables, unlike the eigenvalues in 21 which are written

in terms of the primitive variables; moreover, the discrete nature of the finite volume

method, which assumes a piece-wise constant behavior of u as shown in equation 7,

loses any information of the variables in the cell interfaces. To address this problem we

will improve the solutions by using the minmod reconstruction technique. The minmod

reconstructor assumes a linear behavior of the solutions within cells, defined in each

direction as follows:

1 . R _ 1 1

for " : W = W12k T Oig1/2(T; — Tigq/o
L o 1 1

Wi = Wi1/25k + Uifl/z(xi - $i—1/2
2. R _ 2

for = : W = W12k + 0j41/2(T5 — Tipq)0

L
Wi = Wij_1/2k + 0j-1/2

3. R _
for z° : ui,j,k =W 5 k+1/2 + Ok4+1/2

L

Uk

(25
(7
mi - :viﬂ/z

(
(

3 3
=W jk—1/2 T Ok—1/2(T — Tp_1/2

where o is also defined for each direction by:

Wik — W15k Witljk — Wik

for ' : 0; = minmod (—5—— : : i
T, — i q Tip1 — &
. Wik —Wi—1k Witk — W k
for 22 : 0; = minmod (—25——F—= = =
Ty — T Tip1 — 2
. Wi — W ik—1 Wijr+1 — Wi ik
for 2% : 0; = minmod (—L5——4=— o =
T3 —x T3 —x
k k—1 k+1 k

the minmod function which defines the slope inside the cell is:

¢

minmod(a, )

\

(07

p
0

if |al <|Blandaf >0
if |f| <|alandaf >0

if aB8<0

22

)
)
)

(22)

(23)
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Using the set of equations in 20 it is now possible to perform an integration over time
using the Runge-Kutta method of order 3, addressing the discontinuities in equation 17.
Finally, after the time step evolution, we need to recover the primitive variables in terms

of the conservative ones as: A
SZ

v=—

T+p+D

po = DV1—1?

remembering that the pressure p was written in terms of D, 7 and W to be obtained by

%

the Newton-Raphson method.

2.4 Characteristic simulations

Three main simulations were tested to check the viability of the code, one was made
with a 1D head-on stream configuration; in a 2D domain, the relativistic Riemann prob-
lem and the relativistic Emery wind tunnel system; finally, in a 3D domain, we include

the relativistic Kelvin Helmholtz instability.

The head-on stream configuration is probably the simplest approximation to head-on
interactions, as two main streams at high velocities in opposite directions, come into
contact at the center of the domain, creating a shock that propagates in both directions.
The shock generates a sudden deceleration of the medium.

Given a domain of —1 < x < 1 this configuration has the following conditions:

(1.0, 0.001, —0.99) if x>0
(,00, b, ,Um) =
(1.0, 0.001, 0.99) if x <0
In heavy-ion collision experiments, an essential consequence of head-on nuclear inter-

actions is the hydrodynamic expansion of the media, this simulation can give us a rough

idea of what to expect in more complex configurations.
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Figure 5: Rest mass density and velocity distributions in a [—1, 1] domain. We show snapshots
at different evolution times: at ¢ = 0.005 (top left) where we observe a peak given a sudden
increase of the rest mass density; at £ = 0.4 (top right), showing a medium expansion over
the domain; and t = 2.5 (bottom left) where the medium almost covers all the domain. The
velocity distribution (bottom right) shows a sudden decrease in the velocity in the center, the

domain covering the expansion in the latter figure corresponds to the deceleration range.

Next, we include the relativistic 2D Riemann problem which involves different initial
conditions in four quadrants inside the domain [—1.0, 1.0] x [—1.0, 1.0]. The initial

states are defined by the following configuration:
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(0.1, 1.0, 0.99, 0) if z<0 and y >0

(0.1, 0.01, 0, 0) if x>0 and y >0

(p, p, v", VY) =

(0.5, 1.0, 0, 0) if <0 and y<0

(0.1, 1.0, 0, 0.99) if x>0 and y <0

PO

Figure 6: Relativistic 2D Riemann problem at different evolution times. The snapshots corre-
spond to the rest mass density at ¢ = 0 (top left), ¢ = 0.45 (top right), ¢ = 0.91 (bottom left)
and t = 1.83 (bottom right).

In figure 6 we can observe four snapshots of the evolution of the system, specifically the

evolution of rest mass density over time. It is worth noting that the nature of the initial
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conditions made it possible to reproduce characteristic phenomena in fluid dynamics

such as a bow shock in the fourth quadrant and a jet flowing in the opposite direction.

To test the implementation of specific boundary conditions, we include the configura-
tion of the Emery wind tunnel problem in the domain —1.5 < z < 1.5and —0.5 <y <
0.5. It has an incoming flow in the z-direction with p = 1.0, pg = 1.4, v* = 0.99 and

vY = 0, and a reflecting step starting at one-fifth from the vertical and horizontal axes.
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Figure 7: Rest mass density evolution in the relativistic Emery wind tunnel in a domain defined
by [—0.5, 0.5] x [=1.5, 1.5]. The snapshots correspond to times ¢t = 0.1 (top left), t = 1.4 (top
right), t = 2.8 (bottom left) and ¢ = 4.2 (bottom right)
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The snapshots above show the system’s evolution from ¢ = 0.1 to ¢ = 4.2 (from top
left to bottom right). From this simulation, it is possible to note that the code deals with
standard flow discontinuities; it can be seen how the flow reflects away from the step
at t = 0.1, expands, and generates a bow shock with the incoming stream at ¢ = 1.4,
bounces to the left in the right boundary at ¢ = 2.8 and bounces back to the right in
t=4.2.

For the 3D test, we show the relativistic Kelvin Helmholtz instability. This phenomenon
occurs when there is a perturbation in the initial conditions across the interface between
two fluids. This test, in particular, shows a [—0.5, 0.5] x [—1, 1] domain filled with

gas, and a strip in the middle with a different state gas. The configuration for reads:

(
po + p1tanh[(z — 0.5)/al, if 2z>0
ply) =
[P0 — 1 tanh[(z + 0.5)/a], if 2<0
Vstanh[(z — 0.5)/a], if 2>0
v(z) =
\VStanh[(z +0.5)/a], if 2<0
)
AoV, sin(2my) exp[—(z — 0.5)% /o], if 2>0
vi(y, 2) =
\—AOVS sin(27y) exp[—(z +0.5) /o], if 2<0
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Figure 8: Rest mass density evolution in the relativistic 3D Kelvin Helmholtz in a domain
defined by [—0.5, 0.5] x [—1, 1]. The snapshots correspond to times ¢t = 0.5 (top left), t = 1.5
(top right), t = 2.5 (bottom left) and ¢ = 3.5 (bottom right)

Where pg = 0.505, p; = 0.495, a = 0.01, A4p = 0.1, Vs, = 0.5and 0 = 0.1. A
third component for v* is given by a random number between 0 and 0.01, which gives
the 3D nature of the problem to a small extent. The figure 8 above shows the system
evolution from ¢ = 0.5 to ¢ = 3.5 in four snapshots. It is important to note here that the
minmod reconstructor fails to capture the development of small structures in the system
in comparison to other high-order schemes [6].

So far, the code works to a limited extent, specifically, reproducing some macroscopic
phenomena. The following chapter will introduce a different approach in configurations
as well as add a microscopic scale to recreate an accurate configuration for heavy-

ion collisions, both geometrically and at the thermodynamic level; including impact
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parameters (the collision intersection) from r = 0 to all the transverse extension of the
incoming the beams in the former, and including the temperature for the equation of

state in the latter.
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3 Chapter II: Implementation

The equations that CAFE solves have great applicability in astrophysics research since
hydrodynamics, primarily a macroscopic framework, converges with fluid descriptions
at large scales. Instead of explicitly describing particle interactions, we describe the
evolution of continuous properties such as velocity, pressure, and density. For this
reason, the code must be adapted to cover microscopic scenarios, and reproduce the

thermodynamic values that heavy-ion collision experiments estimate.

It is imperative to re-scale the units to make measurements. To do so, the velocity units
are set to v = ¢ = 1, where c is the speed of light in vacuum, note that this setting makes
time and space have the same units. In this case, we will work with length in units of 1
fm = 107'°m and time in units of fm/c to avoid ambiguity. With these units in mind,
it is possible to re-scale the pressure and rest mass density. In microscopic scenarios
where relativistic dynamics is involved, energy and mass have the same units as well so
that 1 GeV = 1.8 x 10727 kg. Using natural units where 4 = 1 and including equations
of state in terms of the temperature, it is possible to obtain values for 7', usually in terms

of MeV or GeV.

For the case of an ultra-relativistic ideal gas, the adiabatic index is v = 4/3 [8], there-

fore, the ideal gas equation becomes:

62@

5=50+e (25)

p:

where € represents the energy density, which is expressed with its internal energy and

rest mass contributions.

One important factor to study is the evolution of the temperature 7" since its values give

us a close understanding of the QGP evolution. Since the QCD scale is in the order
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of Agep ~ 200 MeV — 300 MeV, it is expected that temperatures around that scale
would lead us to a deconfined state of matter [9] [10] . It is possible to calculate the
temperature from the energy density of a non-interacting gas consisting of quarks and

gluons, this is obtained according to the occupation number given by the distributions:

g
et +1

where the + sign is used for quarks and the — sign for gluons. In this way, the energy

n =

density is just the integral over energy levels from 0 to oo of £ times n. Therefore, the

energy density results:

7 T,
€gap = | 99 t+ g(gq + 97) %T

where the degenerate states are g, = 16 for gluons and g, + g; = 24 for quarks. With
these aspects in mind, the equation of an ideal gas in terms of the temperature for a
QGP finally becomes:

p= 377T—2T4 (26)
90

The next step is to use appropriate initial conditions to describe the hydrodynamical

evolution using the relativistic Euler equations described in Chapter 1.

3.1 Initial conditions for a simplified scenario

The first attempt to simulate the QGP dynamics neglected sub-atomic interactions be-
tween nucleons, relying purely on a confined ideal gas with the mass density following

the Wood-Saxon distribution over the radius of a cylinder [11] :

1

p(r) =p 27)
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The initial conditions for py, p and v, are the following:

<p07 p, v ) —
(p(r)7 p(r)/ga U) lf r < N
where 7 is the nuclear radius and 7,,,, corresponds to the boundaries of the domain

where the distribution p(r) reaches a minimum, that is, at * = +15 fmand y = 15 fm.

On the other hand, the conditions for v are:

0.99¢ if (x—=02+y><ry and O0fm <z <2ry/W fm

—0.99¢ if (x+b2+y><ry and —2ry/Wfm<z<0fm

The boundaries in z were taken considering the Lorentz contraction of the incident

pulse in such a way that at ¢ = 0, both pulses are positioned at the center of z.

Estimating the center-of-mass energy per nucleon from the initial pulse velocity is pos-

sible. Let’s calculate the kinetic energy of a nucleon with mass my ~ 0.9383 GeV /c*:
EK == mNC2(W - 1)

where W is the Lorentz factor, then each flow initially carries W = 1/4/1 — (222¢)2 ~

7.088, making a direct substitution in the equation above, we find that
Ex ~5.712 GeV

Now, in head-on heavy-ion collisions with identical particles and equal momentum, the

center-of-mass energy (COM) is easily computed as:

VSnn = 2Ek
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Therefore, the COM per nucleon in this simulation is estimated to be around /syy =

11.4

A simulation with 7y = 6.38 fm, the same radius as a gold nucleus, and an impact pa-
rameter b = 6.38 fm was initialized to test the previous implementation. The evolution

of p from ¢y to ¢; is shown in the following 3D display

Figure 9: Rest mass density evolution in the 3D shock-shock simulation in a domain defined
by [—15 fm, 15 fm] x [—15 fm, 15 fm]. From left to right, the snapshots correspond to times
t =0fm/c,t = 2.95 fm/c, t = 5.3 fm/c)

As seen, the test showed a successful implementation. Further tests with greater veloci-
ties, equivalent to /sy = 200 GeV were intended to be initialized, but so far, the code
showed a limitation in the initial velocities in this particular 3D implementation. Never-
theless, three particular simulations exploring head-on, peripheral, and ultra-peripheral
collisions, with impact parameters of b = 0.0 fm, b = 6.38 fm and b = 12.76 fm respec-

tively, were made to compare with a more sophisticated model in the next subsection.

3.2 Monte-Carlo Glauber initial conditions

To include nucleon-nucleon interactions, implementing MC-Glauber initial conditions

before the hydrodynamical evolution is a good approach. This model arises to solve the
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problem of scattering of composite particles such as nuclei, and in particular, to com-
pute geometric quantities such as the impact parameter, number of binary collisions,
and number of participants. The basic idea is to take a random sample of nucleons over
the wood-saxon distribution for two nuclei A and B; with this configuration, we obtain
an arrangement of two colliding nuclei in the domain with given parameters that charac-
terize the nature of the collision. The nucleons are labeled with the indexes 7 and j, and
the interaction between them is given if the condition (z; — ;)% + (y; + y;)* < onn /7
is fulfilled. To obtain an initial state within the Monte Carlo Glauber model and per-
form the hydrodynamic evolution, we need to translate the positions of the participant
nucleons into an initial energy density profile along the transverse plane at the initial
time 7y, given by a Gaussian distribution with a o smearing. The sum of each Gaussian
distribution, either is a participant nucleon or the total number of binary collisions, is

what determines the initial state of the system:

Npart 7 —»part>2 Neotr ( = —’coll)

(70, T) = 27?0' (1—-a) Zexp ]—i—aZexp[—TZ]} (28)

later is multiplied by a piece-wise function involving the rapidity of each energy density

contribution and the beam rapidity:

(

07 |/’7| Z Yi)eam
_p22
Fo) = oo -2 npar < 1l < Yieam (29)
\17 |77| < Nflat

where 1) = 1] = Nfiat/2, and Yieam = log Y2

To have a better understanding of the parameters of this implementation, it’s important

to emphasize that the parametrization of equations 28 and 29, involving the quantities
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Nfiat> Ons 0, K and «, is chosen to reproduce specific experimental results [12], there-
fore, great part of this setting arises from semi-empirical models. In particular, K is
a normalization parameter fixed to reproduce multiplicity results from RHIC experi-
ments. At the same time, « is the hardness fraction, such that « = 0 would lead to
low-momentum transfer interactions, in which soft scattering between nucleons occurs.
On the other hand, equation 29 displays a limit of the energy density profile in the lon-
gitudinal direction, particularly achieving full density at the shifted center given by 1;q¢
and gradually fading by a Gaussian distribution with smearing o,, until it reaches O at the
beam rapidity. Given that my is a fixed value, it is worth noting that the larger /sy,
the initial energy density distribution becomes longer, as seen in Fig. 11. An impor-
tant observation is t,hat unlike the simplified model in subsection 12, this MC-Glauber
initialization only takes part in the colliding area, ignoring all kinds contributionsion

coming from the spectator fraction of the nucleus.

Instead of implementing the MC-Glauber model inside the hydro code, the initializa-
tion was imported from an external hydrodynamical code for heavy-ion collisions called
ECHO-QGP [11]. Given a domain of the same size, it is possible to interpolate data
from the external code and run a simulation with the formalism seen in chapter 2 using

CAFE.

For its simplicity, the Lagrange polynomial interpolation was used to approximate the
initial conditions from the MC-Glauber model to the initial values in the hydrodynamic
Euler equations. The main idea is to perform a quadratic interpolation in each direction,
taking 3D cells every three steps in x, y, and z-directions over the domain, in other

words, to subdivide the domain into cubic cells of 3 x 3 x 3 nodes each.
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Figure 10: Three-dimensional interpolation cell with 27 nodes. Each node is associated with
a value of f, the finality of this proceeding is to approximate additional values of f between

nodes.

The generalization for a 3D Lagrange polynomial interpolation reads:

N

f,y,2) =Y fiw,y,2)Li(z,y, 2) (30)

=1

where

N
T — Tk Y — Yk Z— 2k
Luta,y,2) = 31)
) kzl;llf:# (ml_xk) (yz_yk) (Zz_zk;)

It is possible to perform this algorithm recursively in the y and z directions to obtain
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the approximation given in equation 30, using the previous interpolated function as the
input data. The pseudo-code for the One-dimensional Lagrange polynomial, which rep-

resents the first iteration in the three-dimensional case, is represented in the box bellow:

Algorithm 1: One dimensional Lagrange polynomial interpolation
Data: (x4, f1), ..., (T, fn)], point

; /* polynomial =/
Result: fyom = 7 () T}y e (200522

fpoim « 0;

l; < 1;

fori=1tondo

if point # x; then

for k =1tondo
if © # k then

___ 7., point—xy
‘ li =i * T~

end

end

fpoint = fpoint + fz * lz

else
‘ f point = f i

end

end

The previous steps may be used to develop the generalized 3D case. In this work, the
interpolation was issued as a complementary tool in the enhanced version of the CAFE

code.

Going back to the Monte-Carlo conditions in ECHO-QGP, we obtained different sam-
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ples of data from Au+Au simulations at energies of 11.4 GeV, 200 GeV, and 2.7 TeV,
to test the hydrodynamic model at low, intermediate, and high energies respectively.
The following figures show the 3D display from the MC-Glauber initial conditions at
t = 0.59 fm/c after the collision.

Figure 11: Rest mass density evolution in with the MC-Glauber initial data over a domain
defined by [—15 fm, 15 fm] x [—15 fm, 15 fm]. The snapshots from left to right correspond
to beam energies of 11.4 GeV, 200 GeV and 2.7 TeV. The snapshots on the top correspond to

t = 0.59 fm/c, while the ones on the bottom correspond to the final time £ = 5.9 fm/c
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4 Chapter III: Results

In this section, we analyze the results obtained after a series of simulations, either using
internal configurations in CAFE or interpolating initial data from ECHO-QGP. In the

following table, the basic configurations for a total of thirteen simulations are synthe-

sized:
SNN Model Nucleus type Impact parameter
MC-Glauber Au+Au b=11.90 fm, 2.92fm
11.4 GeV
Simplified Au+Au b=0fm, 6.38fm, 12.76 fm

200 GeV MC-Glauber Au+Au b=11.90 fm, 2.92fm, 10.83 fm, 5.88 fm

MC-Glauber Au+Au b=11.90fm, 2.92fm
2.7 TeV

MC-Glauber Pb+Pb b=11.90 fm, 2.92 fm

For the simplified model in section 3.1, three main simulations were executed with
different impact parameters of b = 0 fm, 6.38 fm, and 12.76 fm, for head-on, semi-
central, and peripheral events respectively, with 7y = 6.38 fm corresponding to the
gold (Au) nuclear radius. On the other hand, for the MC-Glauber simulations, the
previous value for Au was used, and ry = 6.66 fm corresponds to the lead (Pb) nuclear
radius. The following figure shows the temperature distribution in the transverse plane,
where each column represents a different impact parameter and each row has a different

evolution time.
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Figure 12: Temperature distributions in the macroscopic approach. The snapshots from top to
bottom correspond to times ¢ = 0.59 fm/c, ¢ = 2.95 fm/c and final time ¢ = 5.3 fm/c. From left

to right, correspond to impact parameters b = 0 fm, b = 6.38 fm and b = 12.76 fm

The first thing to note comparing temperatures in fig 12 is that the temperatures in all
snapshots in the event with b = 6.38 fm appear to be higher than those in the head-on
collision. Also, the peripheral event shows considerable high temperatures, even with
the peripheral nature of the collision; this result is inconsistent with empirical result,
since lower centralities (short impact parameters) are related to higher particle produc-

tion, and greater temperatures are inferred from the latter. Given the simplicity of this
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model, further simulations including nucleon-nucleon fluctuations must be analyzed

and compared with the ones in this section.

The next two simulations were executed using MC-Glauber initial conditions in an
attempt to emulate the previous scenario of Au+Au collisions, in this case with a center
of mass energy of \/syy = 200 GeV. One disadvantage of using the MC-Glauber
model is that the random samples lead to random impact parameters, therefore having
limited control over this initial data. Nevertheless, real heavy-ion collision experiments
lack this control as well, therefore in the case of these simulations, further analyses
can be done relying on statistics. The impact parameters for this simulations were

b=292fmand b = 11.90 fm:

Figure 13: Pressure distribution in the trans- Figure 14: Pressure distribution in the trans-
verse plane at a proper time 7 = 0.0 fm/c with  verse plane at a proper time 7 = 0.0 fm/c with

an impact parameter of b = 11.90 fm. an impact parameter of b = 2.92 fm.

Making a comparison between Figures 13 and 14, we can see that by adding nucleon-
nucleon interactions in the initial conditions, the maximum temperature increases the
more central the collisions are. However, the temperatures at initial times still surpass

the results using only ECHO-QGP for the two initial conditions and hydrodynamic evo-
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lution, as the maximum temperature is still around a few GeV. A review of the simula-

tions executed so far is needed to continue with the project and obtain consistent results.

Nevertheless, it is worth making a general analysis of the temperature evolution over
time, to do this the Query tool in the Visit 3D viewer was used to summarize the data
for each simulation. For each temperature distribution over time, three metrics: the
maximum, average, and minimum values, were considered. The first may suggest that
conditions for QGP production were reached at some point during the simulation; on
the other hand, the average value may show better accuracy for experimental results
given that it projects a collective behavior, and also makes a basis for a general thermal
profile; finally, the minimum value evolution makes possible to estimate a range of time
in which the cooling phase makes the hydrodynamical description non-viable (potential
hadronization), and in the best of cases, encourage a search for a more plausible system
description. The following figures correspond to the results of the simplified model

previously proposed:
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Figure 15: Thermal evolution over time for central (top), semi-central, and peripheral (bottom)
simulations using the simplified approach. The peripheral case shows temperature ranges that

make a possible QGP formation implausible.



In the first two distributions testing the simplified model, is is possible to observe a peak
in the temperature around 7 = 1 fm/C, which just reflects that at initial time, the cur-
rents haven’t interacted with each other. In the last distribution, that peak is not present
because neither of these currents have direct contact, moreover, the maximum profile
represented by dotted squares, seem to reach temperatures needed for QGP formation,
although ultra-peripheral events have little chance to evolve for this to happen as inter-

action is very limited.

In the case of the MC-Glauber simulations, the most extreme impact parameter events
were shown, that is, events with b = 2.92 fm (almost central) and b = 11.90 fm (nearly
peripheral). We took three collision energies to evaluate conditions similar to the data
obtained in RHIC (Au+Au at 200 GeV) and CERN (Pb+Pb at 2.7 TeV) facilities, with
an attempt to approach these results to some degree; for the case of the simulation with
Vsnvn = 11.4 GeV, so far there’s not enough experimental data available to compare
with the simulations. Therefore, only general speculations about the results can be
made. The following thermal profiles project the previous insight; each column shows
a different beam energy, and each row shows one extreme of the impact parameter case.
In figure 16, the average profile in the first row, representing events at \/syy =11.4
GeV, show values that surpass the empirical profiles with 200 GeV at RHIC.
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Figure 16: Thermal evolution over time for the MC-Glauber simulations. Each row correspond
to the beam energies of \/syny = 11.4 GeV, 200 GeV and 2.7 TeV. On the other hand, each

column represents the simulations with b = 2.92 fm and b = 11.90 fm



The final query was made to compare the evolution of temperature at energies of 200
GeV, in an attempt to reproduce experimental thermal profiles obtained at RHIC with
different centralities. For this particular case, a total of four impact parameters were

taken.

Figure 17: Average temperature evolution for semi-central events from ¢ = 0 fm/c to t =
10 fm/c. Four impact parameters were tested, showing a slow cooling behavior after a certain

time.

It is possible to perceive that the thermal profiles coincide with the main idea that the

greater the impact parameter, the lower the temperature and the lower the chances of
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producing conditions for QGP formation. Nevertheless, overall behaviour and initial
temperatures at either impact parameter are similar or surpass the ones obtained at the
center of the fireball in more sophisticated models and analytic solution for the temper-

ature in function of the proper time 7. [11] [13]
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5 Chapter IV: Conclusions

As seen in chapter 3 is that the simplified approach has considerable limitations; specif-
ically, the code breaks with initial velocities equivalent to events at \/syy = 200 GeV,
making it only possible to be tested with low energies. The principal disadvantage of
this limitation is that the data from heavy-ion collision experiments at low energies is
limited, making it hard to make parametrizations to reproduce experimental results as
seen at the beginning of chapter 4. Furthermore, the simplicity of this model leads to
inconsistent results, most likely due the uniformity of the initial mass density profile,
and also due the query taking areas in the peripheries that don’t interact and just con-

tinue to move in the beam direction, adding noise to the computing.

In the case of the MC-Glauber tests, simulations at 11.4 GeV were performed without
sufficient data to parameterized the initial energy density profile, therefore, inaccuracy
in those results were expected. As for the cases of 200 GeV and 2.7 TeV, both groups

of simulations show greater temperatures that the ones registered in the state of the art.

0.6 ™ RHIC V Sy = 200 GaV
0.55 | LHC sy = 2.76 TeV

0.5 1
0.45
04 r
0.35

0.3
0.25
0.2

0.15
0

T[GeV]

T (fm/c)

Figure 18: Tempreature profiles obtained from Ralph Rapp [14] (left), and Baoyi Chen et al [13]
(right).

Both of the previous figures were taken at the center of the fireball, were the tempera-

49



ture reaches its maximum values. In particular, the temperature profiles with \/syy =5
TeV, show different distributions depending on its centralities, if we compare them with
the ones in figure 17 at 200 GeV, we can see that the simulations made with the tools
described in this work show, overall, temperatures that exceed the ones with more com-
plex and accurate tools, and most importantly, with empirical results obtained directly
from facilities. The tools in this text that describe the evolution of thermodynamic prop-
erties were: the ideal gas and Euler equations of hydrodynamics. Both of them show
great utility at introductory level, for their simplicity and descriptive accuracy less com-
plex systems. It is important to emphasize that this work used ideal hydrodynamics as
its main work-frame to describe a fundamentally microscopic picture, it was intended
to test its limitations in events where there is an intersection of microscopic and macro-

scopic dynamics.

Three main paths of work can be taken here to make improvements in further research:
include viscous hydrodynamics, QCD equations of state and implement the hadroniza-
tion phase description. The great temperatures reached in the simulations may come
from the non-viscous evolution, thus suppressing energy dissipation internally because
the limited interaction inside the medium; with this in mind, the next step in complexity
could be implementing the Navier-Stokes equations of viscous hydrodynamics. The
ideal gas equation of state adds limitations to the thermodynamic properties, moreover,
it aims to describe a potentially liquid-like medium as a non interacting gas; different
energy approaches in QCD have been developed using interesting frameworks for the
space-time description (lattice-QCD), making the thermodynamical description more
specific for different beam energies. Finally, in experiments, the temperature profile
and QGP formation evidence are inferred indirectly by observables akin to particle de-
scription such as multiplicity, particle spectra and jet-quenching; these properties can’t

be obtained solely by hydrodynamics, therefore, adding the Cooper-Frye formula to
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making a descriptive switch from hydrodynamics to non-zero mass particles (hadroni-

sation phase).

We conclude this text with a philosophical proposal by stating that idealization aims for
araw description of nature, whereas reality not necessarily its subject to it. Furthermore,
nature is not subject to improvements, physics work is to describe nature as it comes,
either mild or extreme as this scenario. The ideal description is a great introduction to
describe simplified scenario, yet it is subject of improvements according to reality and
our continuous intention to get a minor glance to what some people call "the truth”;
when someone embrace the ideal, the truth slips through their fingers, paradoxically,
when someone embraces the truth, there’s no further work to be done: truth is meant to

slip through our fingers, otherwise will be condemned to an unchanged state.
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